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Various classical  methods e x i s t  f o r  e x t r a c t i n g  t h e  zeros  of a 

polynomial 

N-1 + 

e . .  + aN+l N 
. P(X) = alX + a2X 

are complex numbers, when N=1,2,3,4* N + l  where a # 0 and a l , a 2 9 e e e , a  1 

For polynomials of h ighe r  degree,  i terat ive numerical  methods must b e  

used. I n  t h i s  material f o u r  i terat ive methods are presented f o r  approxi- 

mating t h e  ze ros  of a polynomial using a d i g i t ' a l  c,omputer. 

method and Mul l e r ' s  method are two w e l l  known i terat ive methods which 

Newton's 

are presented.  They e x t r a c t  t h e  zeros  of a polynomial by gene ra t ing  a 

sequence of approximations converging t o  each zero.  However, bo th  of 

t h e s e  methods are ve ry  u n s t a b l e  when used on a polynomial which has 

m u l t i p l e  zeros.  

of t h e  ze ros ,  o r  they converge t o  ve ry  bad approximations of t h e  poly- 

That is, e i t h e r  they f a i l  t o  converge t o  some.or a l l  

nomial 's  zeros  @ 

I 

This  material in t roduces  two new methods, t h e  g r e a t e s  common 

d i v i s o r  (G.C.D.) method and t h e  repeated g r e a t e s t  common d i v i s o r  (repeated 

G.C.D.) method, which are s u p e r i o r  methods f o r  numerical ly  approximating 

t h e  zeros  of a polynomial having m u l t i p l e  zeros .  

The above methods were a l l  programmed i n  FORTRAN I V  and comparisons 

i n  t i m e  and accuracy are given.  These programs were executed on t h e  



IBM 360/50 computes as well as the UNIVAC 1108 and the CDC 6600 

computer 

This material also contains complete documentations for six 

FORTRAN N programs, Flow charts, program listings, definition of 

variables used in the program, and instructions for use of each program 

are included, 



PREFACE 

Four iterative methods for approximating the zeros of a polynomial 

using a digital computer are presented in this material, 

an introduction. 

Chapter I is 

Chapters 11 and I11 contain Newton's and Muller's 

methods, respectively. 

depend upon finding the greatest common divisor of two polynomials, 

Chapter VI contains a comparison of the four methods, Flow charts, 

FORTRAN IV programs, and complete program documentations for these four 

methods are presented in appendicies A through H. 

Chapters IV and V present two new methods which 
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In particular, 
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CHAPTER I 

INTRODUCTION 

Frequent ly  i n  s c i e n t i f i c  work i t  becomes necessa ry  t o  f i n d  t h e  

ze ros ,  real o r  complex, of t h e  polynomial of degree N 

M - 1  + 

o o o  + a# + aN+l N P(X> = alX + a 2 X  

where a are complex numbers. 

Various c l a s s i c a l  methods c a l c u l a t e  t he  exac t  r o o t s  of polynomials of 

degree 1 , 2 , 3 ,  o r  4 .  For polynomials of h i g h e r  degree,  no such methods 

e x i s t .  Thus, t o  s o l v e  f o r  t h e  zeros  of such polynomials, numerical  

methods of i t e r a t i o n  based on success ive  approximations must be 

employed. I n  t h e  fol lowing material f o u r  such methods are given which 

are p a r t i c u l a r l y  s u i t e d  f o r  modern h igh  speed computers. 

# 0 and t h e  c o e f f i c i e n t s  a l , a 2 J . o m 9 a  1 N f l  

Newton's method i s  an i t e r a t i v e  procedure which g e n e r a t e s  a 

sequence of success ive  approximations of a zero of P(X> by us ing  t h e  

i t e r a t i o n  formula 

'n+l 

An i n i t i a l  approximation t o  

- - xn - p(xn> /p '  (xn> a 

t h e  zero i s  r equ i r ed  t o  start t h e  i t e r a t i v e  

p rocess ,  Under c e r t a i n  cond i t ions  t h i s  sequence w i l l  converge quadrat-  

i c a l l y  t o  t h e  d e s i r e d  r o o t .  It i s ,  however, necessa ry  t o  compute t h e  

v a l u e  of t h e  polynomial and i t s  d e r i v a t i v e  f o r  each s t e p  i n  t h e  

P 
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i t e r a t i v e  procedure.  

out  of P(X), g iv ing  a d e f l a t e d  polynomial of lower degree,  P(X) is  

rep laced  by t h e  d e f l a t e d  polynomial and t h e  i t e ra t ive  p rocess  i s  

a p p l i e d  t o  e x t r a c t  another  zero of P(X). 

u n t i l  a l l  ze ros  of P(X> have been found. 

checked and t h e i r  accuracy p o s s i b l y  improved by using them as i n i t i a l  

approximations with Newton's process  app l i ed  t o  t h e  f u l l  (undeflated)  

polynomial. 

Once a zero of P(X) h a s  been found, i t  is d iv ided  

This procedure is  repeated 

The ze ros  may then be re- 

Mul l e r ' s  method is  a l s o  an i t e ra t ive  procedure gene ra t ing  a 

sequence X 1 9 X 2 p . l . 9 X n , . . a  of success ive  approximations of a r o o t  of 

P(X). This method converges almost q u a d r a t i c a l l y  nea r  a zero and does 

n o t  r e q u i r e  t h e  e v a l u a t i o n  of t h e  d e r i v a t i v e  of t h e  polynomial. 

Mul l e r ' s  method r e q u i r e s  t h r e e  d i s t i n c t  approximations of a r o o t  t o  

start t h e  p rocess  of i t e r a t i o n .  A q u a d r a t i c  equa t ion  i s  cons t ruc t ed  

through t h e  t h r e e  given p o i n t s  as an approximation of P(X) 

of t h e  q u a d r a t i c  c l o s e s t  t o  X is  taken as Xn+lp t h e  nex t  approximation 

t o  t h e  zero.  This process  is then r epea ted  on t h e  l a s t  t h r e e  p o i n t s  of 

t h e  sequence. 

and replaced i n  t h e  above procedure by t h e  d e f l a t e d  polynomial. A f t e r  

a l l  ze ros  of P(X) are found from success ive  d e f l a t i o n s ,  they are 

improved as i n  Newton's method. 

The r o o t  

n 

A f t e r  a roo t  of P(X) has  been found, P(X) i s  d e f l a t e d ,  

The g r e a t e s t  common d i v i s o r  method reduces t h e  problem of f i n d i n g  

a l l  zeros  (poss ib ly  m u l t i p l e  ze ros )  of P(X) t o  one of e x t r a c t i n g  t h e  

ze ros  of a polynomial P (X) = P(X)/D(X) a l l  of whose ze ros  are simple.  

D(X) t h e  g r e a t e s t  common d i v i s o r  of P(X) and i t s  d e r i v a t i v e ,  P ' (X>,  i s  

ob ta ined  by r epea ted  a p p l i c a t i o n  of t h e  d i v i s i o n  algori thm. Once P1 (X) 

i s  ob ta ined ,  some s u i t a b l e  method such as Newton's o r  Mul l e r ' s  method 

1 
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is used t o  f i n d  t h e  zeros  of P1(X). 

a l l  t h e  zeros  of P(X) are ob ta ined ,  

By f ind ing  a l l  t h e  ze ros  of P1(X), 

The m u l t i p l i c i t y  of each zero may 

then  b e  determined. 

The r epea ted  g r e a t e s t  common d i v i s o r  method r epea ted ly  uses  t h e  

g r e a t e s t  common d i v i s o r  method t o  e x t r a c t  t h e  ze ros  of P(X) and t h e i r  

m u l t i p l i c i t i e s  a t  t h e  same t i m e .  That i s ,  t h e  repeated g r e a t e s t  

common d i v i s o r  method reduces the  problem of f i n d i n g  t h e  ze ros  of P(X), 

which p o s s i b l y  has m u l t i p l e  ze ros ,  t o  one of f i n d i n g  t h e  z e r o s  of a 

polynomial which has  only simple ze ros  and t h e  ze ros  of t h i s  polynomial 

are a l l  t he  z e r o s  of P(X) of a g iven  m u l t i p l i c i t y n  The r epea ted  

g r e a t e s t  common d i v i s o r  method must a l s o  use  a suppor t ing  method such 

as Newton's method o r  Mul l e r ' s  method. 

Chapters 1 1 - V  con ta in  t h e  examinations of t h e s e  methods. Each 

examination i n c l u d e s  a development of t h e  method toge the r  w i t h  the  

cond i t ions  necessa ry  f o r  convergence of t h e  method. Chapter V I  con ta ins  

a comparison of the methods g i v i n g  advantages and disadvantages of 

each method. 

A complete set  of documentations i s  given f o r  s i x  FORTRAN I V  

programs i n  Appendices A-H. Flow c h a r t s ,  program l i s t i n g s ,  d e f i n i t i o n  

of v a r i a b l e s  used i n  t h e  program, and i n s t r u c t i o n s  f o r  use of each 

program are included.  

It should a l s o  be noted t h a t  t h e  expres s ions  ' 'zero of a polynomial" 

and "root  of a polynomial" and t h e  words "zerort  and "root" are used 

interchangeably i n  t h i s  material a 



CHAPTER I1 

NEWTON'S METHOD 

1, Derivat ion of t he  Algorithm 

Newton's method is  probably t h e  most popular i terat ive procedur 

f o r  f i n d i n g  the  zeros  of a polynomial. This f a c t  is due t o  t h e  excel-  

l e n t  r e s u l t s  obtained,  t he  s i m p l i c i t y  of t h e  computational r o u t i n e ,  an4 

t h e  f a s t  ra te  of convergence ob ta ined  provided t h e  i n i t i a l  approxima- 

t i o n  of a zero i s  c l o s e  enough. Also, tFe method can be app l i ed  t o  t h e  

e x t r a c t i o n  of complex as w e l l  as real ze rose  

Consider t h e  polynomial 

N-1  -o- 
o e e  f a X -k aNdl N 

N P(X)  = a lX  + a2X (2-11 

where al # 0 and the  c o e f f i c i e n t s  a 1 9 a 2 8 s o o 9 a  

algori thm f o r  Newton's method can be der ived by approximating P(X) by a 

Taylor series expansion about an  approximation, Xop of a zero,  a, of 

P ( X ) .  

are complex, The W l  

Using only t h e  f i r s t  two terns of t he  expansion, t he  expres s ion  

P(X) L P(X0) f PS(X0)(X - xol 

is obtained. I f  t h i s  equat ion is  solved f o r  P(X)  = 0, then 

0 2 P(XO) 9 P 8  (X0)(X - X0) 

r e s u l t s .  Rearranging terms produces 

4 
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f ollowad by 

P g  (x,) xo - P(X,) & P 9  (X,) x 

from which d i v i s i o n  by P'(Xo) produces 

xo - P(X0)/P1 (X,) d x 

which is t h e  b a s i c  formula f o r  Newton's method. Thus, i n  g e n e r a l ,  we 

ob ta in  t h e  (n+l)th approximation, Xn+lp of a from 

t i o n ,  X by n' 

As a r e s u l t  of repeated use of t h i s  a lgori thm, we 

xo,x19x2'e.., Xn 9 . * e  

t h e  nth approxima- 

o b t a i n  t h e  sequence 

(2-3) 

of successive approximations of t h e  r o o t ,  a. It should b e  noted t h a t  

an i n i t i a l  approximation i s  necessary t o  s tar t  t h e  i t e r a t i v e  process  

f o r  each new ze ro ;  t h a t  is a polynomial of degree N may r e q u i r e  N 

i n i t i a l  approximations. 

I n  o rde r  t o  use equat ion (2-2), it is  necessary t o  compute, f o r  

each Xn, the  va lue  of t h e  polynomial, P(X ),  and i t s  d e r i v a t i v e ,  

P s  (X,) a The d i v i s i o n  a lgo r i thm states t h a t  i f  P(X) and G(X) are 

polynomials, t h e n  t h e r e  e x i s t s  polynomials M(X) and K(X) such t h a t  

P(X) = H(X) G(X) + K(X) where K(X) = 0 o r  deg. K(X) deg, G( 

t h i s  expressPon of P(X), t h e  fol lowing remainder theorem $5 obtained:  

n 
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Theorem 2.1, I f  P(X) is  a polynomial and c is  a complex number, then 

t h e  remainder obtained from d iv id ing  P(X) by (X - c) is  P(c) ,  

The proof of Theorem 2.1 is  given i n  &13,.P. 1021. 

be w r i t t e n  as P(X) = (X - c) H(X) + R where P (c )  = R, 

obtained by t h e  fol lowing theorem, t h e  proof of which can be found i n  

Thus,, P(X)  can 

P'(X) is  then  

[b,  PP. 105-1061. 

.I 

Theorem 2.2, If P(X) and H(X) are polynomials and c is a complex num- 

b e r  such t h a t  P (X) = (X - c) H(X) + 'R where P (c )  = R ,  then t h e  remain- 

d e r  ob ta ined  from d iv id ing  H(X) by (X - c)  is P ' ( c ) .  

From s y n t h e t i c  d i v i s i o n ,  an algori thm known as Horner's Method is  

acquired f o r  computing P (X,) and PI (Xn) 

Theorem 2.3, 

complex number. 

L e t  P(X) b e  def ined as i n  equat ion (2-1) and l e t  d be a 

b N + l  by Define a sequence bl9b2#@ 

bl = al 

bi = ai' + db (i = 2 , 3 , a e e s i W 1 ) e  i-1 

Define another sequence c 1 , c c 2 ~ ~ ~ ~  , c  by N 

( j  = 2,3, . . .pN).  
j -1 

cj = b j  + d e  

and P ' ( d )  = c N e  Then P(d)  = bN+l 

c o e f f i c i e n t s  of t h e  polynomial H(X) i n  Theorem 2,2 when P (  

by (X - d) .  

The elements b l s b 2 g " o e p b  are t h e  N 
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These formulas are der ived i n  1 3 ,  PP, 106-1071, Thus wi th  equat ion 

(2-2) and t h e  i t e r a t i o n  formulas of t he  previous theorem, Newton's 

method can now be app l i ed  t o  gene ra t e  the sequence (2-3) which w i l l  

converge t o  t h e  r o o t ,  a9  if t h e  convergence cond i t ions  given i n  

Theorem 2.4 are s a t i s f i e d .  

A c r i t e r i o n  is needed t o  determine when t o  terminate  t h e  sequence 

(2-3); t h a t  i s ,  when has  a z e r o  been found? 

sequence, t h e r e  must e x i s t  a term i n  the  sequence beyond which t h e  

d i f f e r e n c e  between any two success ive  terms is a r b i t r a r i l y  small. 

Therefore ,  i t  i s  d e s i r a b l e  t o  make t h e  q u o t i e n t  IX / X  

For convergence of t h e  

I s u f f i c i e n t l y  n n+l 

nea r  1. From equat ion (2-2) 

l =  

Thus 

1 +  
X n 

'n+1 
- 

1 
where P (Xn) and Xn+l P 0. Thus, i t e r a t i o n s  are continued u n t i l  an 

is obtained such t h a t  ]P(Xn) /P ' (Xn) 1 I Xn+,] is as small as d e s i r e d ,  

n 

After a z e r o ,  a, of P(X) has been found, t h e  term (X - a) is syn- 

t h e t i c a l l y  divided ou t  of P(X) by d e f l a t i o n  using Theorem 2,3 ob ta in ing  
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a polynomial, Pl(X), of degree N-1, 

repeated t o  extract a zero,  alp of P,(X), 

The r o o t  f iradi process  is  t h  

P(X) c a n . b e  writte 

P(X) e (X  - a )  P,(X) -4- R 

where R = P(a). But P(a)  = 0, Therefore ,  s u b s t i t u t i o n  produces 

P(X) = (X - a) P1(X). 

Now P1(al) = 0 impl i e s  t h a t  P(al) = 0. Hence, a i s  a zero of P(X). 

By t h e  process  of r o o t  f i nd ing  and successive d e f l a t i o n s ,  zeros  

1 

a O B a l s * . e s a  of t h e  d e f l a t e d  polynomials 1 H-1 

r e s p e c t i v e l y ,  are e x t r a c t e d ,  

P(X) s i n c e  each ai is  a zero of Pi,l(X) ,Pi-2 (XI $ .  ,P,(X) ,P(X) e 

A f t e r  a l l  zeros  o f  P(X) have been found, i t  may be p o s s i b l e  t o  

Each ai (i = Q , l , 2 , e . a s N - l )  is a zero of 

improve t h e i r  accuracy by qsing them as i n i t i a l  approximations wi th  

Newton's method app l i ed  t o  t h e  f u l l  (undeflated)  polynomial, P(X), T h i  

should c o r r e c t  any l o s s  of accuracy which may have r e s u l t e d  from t h e  

successive d e f l a t i o n s ,  

2. Convergence of Newton'a Method 

L 

me following theorem from [ 2; PP. 79-81] g ives  s u f f i c i e n t  condi- 

t i o n s  f o r  t he  convergence of sequence (2-3).  

Theorem 2.4 ,  

be s a t i s f i e d  on t h e  closed interval [a ,b] :  

L e t  P(X) be a polynomial and l e t  t h e  following cond i t ions  
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1. P ( a )  P(b) c 0 

2. 

3 ,  

4 .  

P'(X) # 0, X E [ a , b ]  

P"(X) is  e i t h e r  - > 0 or  

If c denotes t h e  endpoint of [a ,b)  a t  which ]P'(X)l 

is  smaller, then  ]P(c) /P ' ( (c)]  5 b - a. 

0 for a l l  X e [a,b] 

Then Newton's method converges t o  t h e  (only) s o l u t i o n ,  a ,  of P(X) = 0 

f o r  any choice of Xo i n  [a ,b] .  

When convergence is  obtained,  i t  is  quadra t i c ;  t h a t  i s ,  

1 
where F(Xi) = Xi - P(Xi)/P (Xi) ni is between Xi and t h e  zero,  a ,  and 

e 

(i+l) th i t e r a t i o n  of Newton's a lgori thm is propor t iona l  t o  t h e  square 

of t h e  e r r o r  obtained i n  t h e  ith i t e r a t i o n .  

is  t h e  e r r o r  i n  Xi" This means t h a t  t h e  e r r o r  obtained i n  t h e  i 

A proof of q u a d r a t i c  con- 

vergence can be found i n  [I, PP, 31-33]. 

3. Procedure f o r  Newton's Method 

The gene ra l  procedure f o r  applying Newton's method i s  enumerated 

s e q u e n t i a l l y  as fo l lows ,  s t a r t i n g  w i t h  i n i e i a l  

n+l le, Calcu la t e  a new approximation X 
f 

'n+l = xn - P(Xn) /P <Xn) 4 

approximation XO: 

by 

2 ,  Test f o r  convergence; t h a t  is ,  test 

IP(Xn)/PW an) I1 lx*+ll E: 

f o r  some E chosen as small as d e s i r e d ,  

3 .  If convergence i s  ob ta ined ,  perform t h e  following: 
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ae  Save Xn+l as the  d e s i r e d  approximation 

a zero of P(X), 

b. D e f l a t e  P(X) using Xn+l. 

c. 

d. Return t o  s t e p  1 with a new i n i t i a l  

Replace P(X) by the  d e f l a t e d  polynomial. 

approximation. 

4 .  I f  no convergence is obtained,  i n c r e a s e  n by 1 and 

r e t u r n  t o  s t e p  1, 

I n  order t o  prevent an unending i t e r a t i o n  process i n  case t h e  

method does no t  produce convergence, a maximum number of i t e r a t i o n s  

should be s p e c i f i e d .  I f  convergence is  n o t  obtained w i t h i n  t h i s  number 

of i t e r a t i o n s ,  change t h e  i n i t i a l  approximation and r e t u r n  t o  s t e p  1 

above. 

4 .  Geometrical I n t e r p r e t a t i o n  of Newton's Method 

A geometr ical  i n t e r p r e t a t i o n  of Newton's method is given i n  

F igu re  2.h..Xi is  an approximation t o  the ze ro ,  a. 

of t h e  l i n e  tangent  t o  P(X) a t  Xi" 

tangent l i n e  wi th  t h e  x a x i s .  

P'(Xi) i s  t h e  s l o p  

Xi+l is t h e  i n t e r s e c t i o n  of t h e  

5. Determining Mult iple  Roots 

I P(X) has  m d i s t i n c t  ze ros ,  t hen  P(X) can be w r i t t e n  as 

where ai is a zero of P(X) and ei i s  the  m u l t i p l i c i t y  of 

a (i = 1 9 2 9 r . s 9 m ) 0  Consider t he  r o o t  a Dividing o u t  t h e  tam 
1 d e  



(x - a,) by d e f l a t i n g  P(X) g ives  P1(X) of degree%-1 which c 

w r i t t e n  as 

J 

e . e  1 e 
P,(X) = (X - al) (X - a2) 2...(x - olj)eP"'(x - am) 

Evaluating P (X) a t  t h e  ze ro ,  g ives  P (a ) = 0 i f  e ' > 1, 
1 1 3  j 

a f t e r  a zero,  a ,  of P(X) 'is determined by Newton's i t e r a t i v e  process  

and t h e  c u r r e n t  polynomial is d e f l a t e d  giving P (X),  then P,(a) is 

evaluated,  

1 

I f  P,(a) 5 E f o r  some s m a l l  number E ,  a is a roo t  ob P,(X)' 

and thus  has  m u l t i p l i c i t y  a t  least  equa l  t o  two. 

f l a r e d  g iv ing  P2(X)e I f  P2(a)  < E ,  a i s  of m u l t i p l i c i t y  a t  

P,(X) is t hen  de- . . 

t three. - 
This process.  is  

t e r e d  such t h a t  

of m u l t i p l i c i t y  

continued u n t i l  a d e f l a t e d  polynomial P,(X) is :encoun- 
I' 

e i t h e r  deg. Pk(X) - 0 o r  Pk(a) > E .  

k+l  

a is t hen  a zero 

to 
X. 

2 

Figure  2.1, Geometrical I n t e r p r e t a t i o n  of Newton's Method 



CHAPTER 111 

MULLER ’ S METHOD 

1. Der iva t ion  of t h e  Algorithm 

Mul le r ’s  method i n  [ 4 ]  is  an i te ra t ive  procedure designed t o  f i n  

any p resc r ibed  number of ze ros ,  real o r  complex, of a polynomial. 

method does not  r e q u i r e  t h e  eva lua t ion  of the  d e r i v a t i v e  and near a 

The 

zero t h e  convergence i s  almost quadra t i c .  

Consider t h e  polynomial 

N-1 + P(X> = alxN + a2X 

wi th  complex c o e f f i c i e n t s  such t h a t  al 

e + a$ + aN+l 

# 0, Given t h r e e  d i s t i n c t  

apProximations B xn-2 Y X 

determine X i n  such a way as t o  genera te  a sequence 

9 X 9 t o  a r o o t ,  a, of P(X), t h e  problem is $a 

n+l  

of approximations converging t o  a:? 

(Xn-l ,P (Xn-l)) 

Q(X) 

proof of t h i s  can be found i n  [ 2 ,  PP, 133-1341. Thus, t h e  zero8 of Q( 

The p o i n t s  (Xn - 2J?(Xn-2))  a 

and (X ,P (X,) determine a uQique quadra t i c  p o ~ y n o m ~ ~  n 

approximating P(X) i n  t h e  v i c i n i t y  of Xn .__ *,Xn - lgXn. A 

w i l l  be approximations of t h e  zeros  of P(X) i n  t h i s  r eg ion  sf apg 

t i o n ;  From t h e  gene ra l  r e p r e s e n t a t i o n  in  12, P,  1841 of th 

i n t e r p o l a t i n g  polynomial,  t he  representati 



which can be rewritten as 

Q(X) Q(X - Xn + Xn) 

In order to simplify th is  expression, introduce the quantities 

Then 



h 2 + 2hhn + hhn + hn 2 + hnhnel - 
Eli 

2 
hn + hnhn-l 

Collecting terms containing l i k e  powers of h produces 

h2 



and combinin 8 Using t h e  common denominator, hn hnml + hnhnmls 

y i e l d s  

2 

h P(Xn> 
2 

(hn hn-l + hn-l n 
2 2 + 

hn hn-l + hnhn-l 

Mult iplying by h,/hn21 r e s u l t s  i n  

QCX, + h) = 

+ 



16 

and q = - Then hn 
h e  L e t  q, = - 

hn-l n 

+ 9 

Now l e t  

Then 

and 



Solving t h e  q u a d r a t i c  equat ion Q(X + qh ) = 0 and denoting the reeu%$ n n 

by qn+l gives:  

a 
%+I 

and t h e  new approximation i s  found as fol lows:  

J - P  h n + ~  'n+I - 'n 

'n+l hn hn 
e 

Thus 

can be w r i t t e n  i n  a %+I I n  order  t o  avoid l o s s  of accuracy 

b e t t e r  form as fol lows:  

- 4AnCn 2 2 - B  + B n  n = 

- 2cn 
a 

%l e 

Bn 

(3-3) 

The s i g n  i n  t h e  denominator should be chosen such t h a t  t h e  ma 

the  denominator is l a r g e s t ,  thus causing Iqn+l] t o  be smalles 

i n  t u r n ,  w i l l  make X c l o s e s t  t o  X n+l n 



Note t h a t  each i t e r a t i o n  of t h i s  process  r e q u i r e s  t h r e e  apgroxim-  

Thus, when X is  

t h a t  i s ,  t h e  las t  t h r e e  

n+l n 9 l  t i o n s ,  xn-2P X *-I' X n 9  i n  order  t o  compute X 

found, Xn-1sXn9Xn+l are used t o  compute X 

terms of the generated sequence are used t o  compute t h e  next team, 

n+2 ' 
convergence of the sequence (3-2) t o  a zero is  obtained when the  

elements 5 and \+l of the  sequence are found such t h a t  

t ba t  i s ,  t h e  r a t i o  of t h e  change i n  t h e  approximation t o  t h e  approxima- 

t i o n  i t s e l f  i s  as small as des i r ed ,  

In  o rde r  t o  use t h e  i t e r a t i v e  formulas,  i t  i s  necessary t o  compute 

t h e  value,  P(X.) of t h e  polynomial P(X) a t  t h e  approximation X The 

procedure f p r  doing t h i s  i s  discussed i n  Chapter 11, § 1. The itera- 
J 3 "  

t i o n  formulas are given i n  Theorem 2.3 of Chapter 11. 

A f t e r  a zero,  a ,  of P(X> has  been found, P(X) i s  d e f l a t e d  as 

desc r ibed  i n  Chapter 11, § 1, and the  process  repeated t o  extract a 

ze ro ,  a pf P,(X). By applying Mul l e r ' s  method t o  success ive ly  

d e f l a t e d  polynomials, a l l  t h e  zeros  of P(X) are obtained. For more 

d e t a i l e d  d i scuss ion  of t h i s  procedure see Chapter 11, § 1, keeping i n  

1 

wind t h a t  Muller ' s  i n s t e a d  of Newton's method i s  used, 

Mul l e r ' s  method r e q u i r e s  t h r e e  i n i t i a l  approximations t o  a zero in 

orde r  t o  sfart  t h e  i t e r a t i o n  process ,  I f  t h r e e  are not  known, t h e  

values  X = -1, X2 = 1, X3 = 0 can be used. 3 
Convergence of Muller ' s  method is almost q u a d r a t i c  provided the 

t h r e e  i n i t i a l  approximations are s u f f i c i e n t l y  c l o s e  t o  a zero of P ( X ) ,  

This i s  n a t u r a l  t o  expect s i n c e  P(X) i s  being approximated by B 
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q u a d r a t i c  polynomial. Quadratic convergence means t h a t  t h e  e 

obtained i n  the  (n+l)th s t e p  of t h e  i terat ive process  is proportfonal  

t o  t h e  square of the e r r o r  obtained i n  the nth i t e r a t i o n .  

gene ra l  proof of convergence has been obtained f o r  Muller ' s  method, 

However, ne 

It 

has produced convergence i n  t h e  majori ty  of t h e  cases t e s t e d ,  

I n  a p p l i c a t i o n  of Muller 's  method, an a l t e r a t i o n  should be made 

handle t h e  case i n  which the  denominator of equa t ion  (3-3) is  zero (0). 

This occurs  whenever P(Xn> = P(Xn-l ) = P(X, - 2 ) o  I f  t h i s  hap.pensB sat  

qn+1 = 

Another a l t e r a t i o n  which should be made i n  a c t u a l  p r a c t i c e  is t o  

compute t h e  q u a n t i t y  IP(Xn+l) I /  IP(Xn) 1 whenever t h e  va lue  P(Xn+l) i s  

c a l c u l a t e d ,  qn+l is  halved 

and hn9 

I f  the former quan t i ty  exceeds t e n  (10) 

and P(Xn+l) are recomputed accordingly.  'n+i 9 

2. Procedure f o r  Mul l e r ' s  Method 

The b a s i c  s t e p s  performed by Mul l e r ' s  method are l i s t e d  sequen- 

t i a l l y  as fo l lows ,  s t a r t i n g  wi th  i n i t i a l  approximations X 1 9  x p  and X3" 

1. 

2 .  Compute the  next  approximation X by 

Compute h n 9  q n 9  DnP Bns 'ns qn+1 as def ined previously,  

n+l 

'n+l 'n + hn qn+ia 

3. Test f o r  convergence; t h a t  i s ,  tes t  

f o r  some s u i t a b l y  small number E. 

4 .  I f  t he  test f a i l s ,  r e t u r n  t o  s t e p  1 with t h e  l as t  

t h r e e  approximations X n+19 'n' 'n-10 



5. I f  t he  test passes ,  do the  following: 

a. Save X as the  d e s i r e d  approximation nf I 
t o  a zero.  

b. Def la te  the cu r ren t  polynomial using X 

c. Replace the  c u r r e n t  polynomial by t h e  

n+l 

d e f l a t e d  polynomial. 

d. Return to  s t e p  1 wi th  a new set of i n i t i a l  

approximations.  

I n  order  t o  avoid an  unending i t e r a t i o n  process  i n  case t h e  method 

does not  produce convergence, a maximum number of i t e r a t i o n s  should be 

s p e c i f i e d .  I f  convergence is no t  obtained wi th in  t h i s  number of itera- 

t i o n s ,  t h e  i n i t i a l  approximations should be a l t e r e d .  

3 .  Geometrical I n t e r p r e t a t i o n  of Muller ' s  Method 

Figure  3 , P ,  shows the  geometr ical  i n t e r p r e t a t i o n  of Mul l e r*s  method 

f o r  real  r o o t s  of P(X) and the  quadra t i c  Q ( X ) .  The r o o t  of  Q(X) c l o s e s t  

t o  X is chosen as the  next  approximation X i+l i 

4 Determining Mul t ip le  Roots 

For a d iscuss ion  concerning mul t ip l e  r o o t s  see Chapter I%, 0 5, 
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~ f g u r e  3,1,Geometr ical  I n t e r p r e t a t i o n  of Mul le r ' s  Method 



CHAPTER I V  

GREATEST COMMON D I V I S O R  METHOD 

1. Der iva t ion  of  t h e  Algorithm 

The g r e a t e s t  common d i v i s o r  (g .c .d , )  method reduces t h e  problem of 

f i n d i n g  a l l  t h e  ze ros  of a polynomial ,  poss ib ly  having m u l t i p l e  z e r o s ,  

t o  one of s o l v i n g  f o r  ze ros  of a polynomial a l l  of  whose zeros  are 

s imple 

Consider t h e  Nth degree polynomial 

N N-1 P(X> = a p X  + a 2 X  + e . C  + a X + aN+l N 

where al # 0 and a1,a29 

d i s t i n c t  ze ros ,  01 1 , ~ 2 ,  a 

e ,a 

,clc 

are complex numbers a I f  P(X> has  m N+l 
then P (X) can be  expressed  i n  the form m '  

where e i s  the m u l t i p l i c i t y  of c1 i = 9,2, a ,m. The d e r i v a t i v e  of 

P(X> i s  

i i' 

which can a l s o  be  expressed  as 

22 
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1 

The g r e a t e s t  common d i v i s o r  of P(X) and P (X) is  obta ined  from t h e  

fol lowing theorem. 

Theorem 4.1.  

zeros  a19a29 * .  ,a of  m u l t i p l i c i t y  elPe2, * .  . $e r e s p e c t i v e i y .  Then t h e  

polynomial 

L e t  P(X) be  an Nth degree polynomial having m d i s t i n c t  

m m 

e -1 e -1 m 
0 . 0  (X - am) 2 e -1 1 

( x  - a2> D(X) = (X - 9 )  

i s  t h e  unique monic g r e a t e s t  common d i v i s o r  of P(X) and i t s  d e r i v a t i v e  

P'  (X) 

Proof .  Since t h e  set  of a11 polynomials over  t h e  complex number f i e l d  

i s  a unique f a c t o r i z a t i o n  domain. and s i n c e  each f a c t o r  X - ct 

due ib le ,  it fo l lows  frOm(4-E) and (4-2) t h a t  D(X) i s  t h e  unique monfc 

g r e a t e s t  common d i v i s o r  of P(X) and P (X) .  

i s  frre- 
i 

1 

It fo l lows  from Theorem 4.1 that  each ze ro  of D(X) i s  a l s o  a 
f 

zero of  P(X) and P (XI. Hence we  have t h e  fo l lowing  r e s u l t .  

Theorem 4.2. 

t i v e l y  prime if and on ly  i f  P(X) h a s  no m u l t i p l e  zeros ,  

I f  P(X) i s  a polynomial,  t hen  P(X) and P'(X) are rela- 

Consider t h e  polynomial. H(X) obta ined  by d i v i d i n g  P(X) by  i t s  

monic g.c ,d ,  D(X) 
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m 

i=l 

The ze ros  of H(X)  are a l l  s imple ze ros  and are a l s o  a l l  t h e  d i s t i n c t  

ze ros  of  P(X). U s e  of t h e  g .c ,d .  method involves  computation of H(X) 

when g iven  P(X), 

In o r d e r  t o  o b t a i n  H(X), a computat ional  a lgo r i thm i s  necessa ry  t o  
i 

f i n d  t h e  g.c .d .  of P(X) and P (X). The g e n e r a l  method f o r  computing 

t h e  g.c .d .  of two polynomials i s  as fo l lows:  

two polynomials having degrees  N 

N L Nos The g.c .d ,  of Ro(X> and %(X) i s  d e s i r e d ,  By t h e  d i v i s i o n  

a lgor i thm,  t h e r e  exis ts  polynomials S1(X) and R (X) such t h a t  

L e t  RO(X) and R1(X) be  

and N1 r e s p e c t i v e l y  such t h a t  0 

1 

2 

where e i t h e r  R2 (X) = 0 or  deg. R2 (XI 

R2(X) # 0 ,  t h e r e  e x i s t s  polynomials S2(X) and R (X) such t h a t  

deg. R1(X) S i m i l a r l y  i f  

3 

where e i t h e r  R3(X) = 0 o r  deg. R3(X) < deg. R2(X) e 

above manner, suppose R .  (X) and Ri+l(X) have been found where 

deg. Ri+l (X) < deg. Ri(X). 

Continuing i n  t h e  

1 

Then t h e r e  exis ts  polynomials Ri+2(X) and 

(X) such t h a t  %+l 
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where e i t h e r  R 

a sequence RO(X) ,R1(X), . 
deg. Ri(X) < deg. Ri-l (X), i = 1 3 2 3 0 e ~ , K + 1 0  

have degree less than  ze ro ,  t h e  above p rocess ,  i n  a f i n i t e  number of 

(X) = 0 or  deg. Ri+2(X) < deg. Ri+l (X). Then we o b t a i n  i+2 

,%(X) ,%+l(X) such t h a t  

S ince  a polynomial cannot 

s t e p s  (at most N,), r e s u l t s  i n  polynomials %-l(X)9 SK(X) and %(X) 

w i th  deg. RK(X) < deg, %-l.(X) such t h a t  

and R (X) = 0. 
K+1 

Theorem 4.3.  

as above. 

R1 (XI 

L e t  t h e  sequence Ro(X) ,R1(X), e e e ,%(XI ,%+l(X) b e  def ined 

Then %(XI i s  t h e  g r e a t e s t  common d i v i s o r  of R (X) and 0 

Proof.  I f  %(X) d i v i d e s  Ri(X) 

f o r  0 Thus, $(X> 

d i v i d e s  R.(X) and i t  folPows by i n d u c t i o n  t h a t  %(X) d i v i d e s  both RO(X) 
J 

and R1(X). By r eve r s ing  t h e  i n d u c t i v e  argument given above, i t  i s  easy 

t o  see t h a t  i f  L(X) d i v i d e s  RO(X) and R1(X), t h  L(X) d i v i d e s  Ri(X) f o r  

i = O , l ,  ..., K. Therefore ,  L(X)  d i v i d e s  %(X) which shows t h a t  RK(X) i s  

t h e  g r e a t e s t  common d i v i s o r  of Ro (XI and R1(X) 

It i s  clear t h a t  $(XI d i v i d e s  %-l(X) e 

j < f < k, then R.(X) = Rj+a(X> Sj+l(X) + Rj+2(X). 
J - - 

The above theorem te l ls  how t o  o b t a i n  the  g r e a t e s t  common d i v i s o r  

of two polynomials. A machine o r i e n t e d  method i s  now developed f o r  

computing t h e  sequence of R.(X)'s ,  Beginning t h e  sequence wi th  R (X) J 0 

and Rl(X), t h e  polynomial R (XI of t h e  sequence i s  der ived from Ri(X) i + P  
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Ni-1’1 
X i - 1 , 2  X + *. . )  + r i-1 , N  + ‘i-l9Nie1+l i-1,1 
Ni-l + 

i-1 
= r  

and Ri(X) of degree N5. be given by 

N ~ -1 
Ri(X) = E i , l  X Ni -I- ‘ i ,2  x 1  + . . @  + r 

‘ i , N . + l  
- 1  

i , N  i 

where Ni 2 Ni-lo Define UP (X) by 

Then d e f i n e  T1(X) by 

Ni-l 
- r  r > I  x - - 

b , l  i,l %l,l/ i,l 

where r = 0 f o r  j Ni+l .  
i 9 3  

W e  consider  t h r e e  cases .  

(1) I f  Tl (X)  = 0 ,  t hen  Ri(X) = %(X) ; t h a t  i s ,  Ri(X) i s  

t h e  g,c .d .  of Ro(X) and R1(X). 

(2 )  I f  T1(X) # 0 and deg. T1(X) Ni9 then R (X) = T1(X). i+l 



(3) I f  T1(X) # 0 and deg. T1(X) = M1 2 Ni, then d e f i n e  

where 

M1- 1 
T1(X) = t X M1 + t X + ... + t ’ x + tl$M1+l* 

1 9 1  192 1 3 M 1  

Define T2(X) = T1(X) - U (X) R .  (X) which can be expressed by 2 1 

where r = 0 f o r  j P N i + l .  We aga in  cons ide r  t h e  fol lowing t h r e e  
i ,j 

cases 

(1) If T 2 ( X )  = 0 ,  t hen  R . ( X )  i s  t h e  g.c.d. of Ro(X)  
1 

and R1(X) a 

(2) I f  T 2 ( X )  # 0 and deg. T2(X) deg. R i ( X ) ,  t h e n  

Ri+l (XI  = T 2 ( X ) 4  

(3) I f  T 2 ( X )  # 0 and deg. T 2 ( X )  = M2 2 Ni, then d e f i n e  
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where 

M2-1 

t2,M2+1 + 0 0 0  + t M2 T2(X) = t X + t X 
2 $1 292 2 3M2 

Since deg. Ti+l (XI < deg. T .  (X) , t hen  t h i s  p rocess  is  f i n i t e  (not t o  

exceed Ni 

1 

ending, f o r  some i n t e g e r  S, i n  T (X) such t h a t  
S - 

(1) 

(2) 

TS(X) = 0 and R.(X) is  t h e  g.c.d.  of Ro(X) and R1(X) o r  

TS(X) # 0 b u t  deg. TS(X) < deg. R .  (X) 

TS (XI = Ri+l (X) e 

1 

i n  which case 
1 

Thus, using t h i s  a lgo r i thm and given RO(X) and Rl(X) , t h e  sequence 

R ~ ( X )  ,R1(X) rR2(X) * .  , R .  (XI ,Ri+l(X) can be generated such t h a t  e i t h e r  
1 

(I) R ~ + ~ ( X )  = 0 and R.(X) i s  t h e  g . c e d .  of RO(X) and 
1 

R1(X) 01: 

(2) Ri+l(X) # 0 and N c: N e I n  a f i n i t e  number of 

i t e r a t i o n s ,  $(XI , t h e  g . c o d .  of RO(X) and R1(X), 

can be ob ta ined .  

i+l i 

Recall t h a t  we wanted t o  o b t a i n  the  polynomial H(X) = P(X)/D(X) 

where D(X) is  t h e  g . c , d .  of P(X) and P'(X). 

by t h e  above a lgo r i thm,  i t  i s  necessary t o  d i v i d e  P(X) by D(X) obtain-  

Thus, a f t e r  o b t a i n i n g  D(X) 

ing  H(X) a l l  whose ze ros  are simple.  

Once H(X) is ob ta ined ,  an a p p r o p r i a t e  method such as Newton's 

method o r  Mul l e r ' s  method i s  app l i ed  t o  e x t r a c t  t h e  ze ros  of H(X). 

g ives  a l l  the ze ros  of  P(X) e 

This 

A s  i n  Newton's o r  Muller ' s  method, t h e  ze ros  may b e  checked f o r  

accuracy and p o s s i b l y  improved by us ing  them as i n i t i a l  approximations 

with t h e  p a r t i c u l a r  method app l i ed  t o  t h e  f u l l  (undeflated)  polynomial 

(XI * 
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2. Determining M u l t i p l i c i t i e s  

Af t e r  a l l  zeros  of P(X) are found, t he  m u l t i p l i c i t y  of each ze ro  

can be determined by t h e  p rocess  o u t l i n e d  i n  Chapter 11, I 5. 

3 .  Procedure f o r  t h e  G.C.D. Method 

The b a s i c  s t e p s  performed by the  g r e a t e s t  common d i v i s o r  method 

are l i s t e d  s e q u e n t i a l l y  as fo l lows  : 

1. Given a polynomial, P(X) , i n  t h e  form 

N-1 + 

N+1' . a n  + a X f a N 
P(X) = a l X  + a 2 X  N 

2. Ca lcu la t e  t h e  d e r i v a t i v e ,  P '  (X) , of P (X) i n  t h e  form 

N-1 N-2 
1' P'(X) = blX + b2X + . . a  + b where bl = N a  N 

b2 = (N-l)a2, . - . ,b  N = a N' 

3 .  Find D(X) , t h e  g.c.d. of P(X) and P '  (X),using t h e  

algori thms developed above. 

4 .  c a l c u l a t e  H(X) = P (X)/D(X) , t h e  polynomial having 

only simple ze ros .  

5, U s e  some a p p r o p r i a t e  method t o  e x t r a c t  t h e  ze ros  

of H(X) . 
6 .  Determine t h e  m u l t i p l i c i t y  of each of t h e  ze ros  

ob ta ined  i n  s t e p  5. 



CHAPTER V 

REPEATED GREATEST COMMON DIVISOR METHOD 

1. Der iva t ion  of t h e  Algorithm 

The repeated g r e a t e s t  common d i v i s o r  ( r epea ted  g. c.d.1 method makes 

repeated use of t h e  g.c.d.  method t o  e x t r a c t  t h e  zeros  and t h e i r  mul- 

t i p l i c i t i e s  of a polynomial w i th  complex c o e f f i c i e n t s .  That i s ,  t h e  

r epea ted  g.c.d. method reduces t h e  problem of f i n d i n g  t h e  ze ros  of a 

polynomial, P (X) , which p o s s i b l y  h a s  m u l t i p l e  ze ros ,  t o  one of f i n d i n g  

t h e  ze ros  of a polynomial which has  only simple ze ros  and t h e  zeros  of 

t h i s  polynomial are a l l  t h e  zeros  of P(X) of a given m u l t i p l i c i t y .  

L e t  

P(X> = al XN + a2XN-' + 
4- aNX + %+l 

e = al(X - al) el (X - a2) 2 e . .  (X - am) m e 

where a # 0 ,  each a i s  a complex number, and U ~ , ~ ~ ~ . . . ' M  are t h e  1 i m 

d i s t i n c t  ze ros  of P(X) having m u l t i p l i c i t y  e19e29e.a ,e  

I f  D (X) i s  t h e  monic g r e a t e s t  common d i v i s o r  of P(X) and P ' (X> ,  then 

Theorem 4 . 1  shows t h a t  

r e s p e c t i v e l y .  m y  

1 

where w e  assume t h a t  i f  e = 1, then  X - a. does not  appear i n  t h e  
j J 

30 
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r e p r e s e n t a t i o n .  L e t  D (X) b e  the monic g r e a t e s t  common d i v i s o r  of  

D1(X) and D1(X) Then 

2 
? 

where w e  assume t h a t  i f  e 2 ,  then X - a does no t  appear i n  t h e  

r e p r e s e n t a t i o n .  From the  above i t  i s  clear t h a t  t h e  zeros  of D (X) are 
j j 

1 

j u s t  t h e  m u l t i p l e  ze ros  of P(X) t o  one lower power. The ze ros  of D (X) 2 

are j u s t  t h e  m u l t i p l e  zeros  of D (X) t o  one lower power. 'Thus, t h e  1 

ze ros  of Dz(X) are j u s t  t h e  ze ros  of P(X) which have m u l t i p l i c i t y  

g r e a t e r  than two, and t h e i r  m u l t i p l i c i t y  i n  D2(X) i s  reduced by two. 

Therefore ,  i t  fol lows t h a t  

has  only s imple ze ros  and they are j u s t  t h e  simple zeros  of P(X). I n  

g e n e r a l  i f  D.(X) h a s  been de f ined  f o r  1 < j < i and i f  D (X) is  t h e  if1 - -  J 

monic g r e a t e s t  common d i v i s o r  of D .  (X) and D i ( X )  then the ze ros  of 
1 

(X) are t h e  m u l t i p l e  ze ros  of D.(X) t o  one lower power. Thus, t h e  Di+l 1 

zeros  of D 

g r e a t e r  t han  i+l and t h e i r  m u l t i p l i c i t y  i n  Di+l(X) is  reduced by i+l. 

It fol lows t h a t  

(X) are j u s t  t h e  ze ros  of P(X) which have m u l t i p l i c i t y  i+1 

h a s  simple zeros  and they are j u s t  t he  zeros  of P(X> t h a t  have 

m u l t i p l i c i t y  i. Thus, w e  have proven t h e  fol lowing theorem. 
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N-1 + + %X + aNS1 where al # 0 N Theorem 5.1, L e t  P(X> = alX + a2X 

and al,a2). e ,a are complex numbers. I f  DO(X) = P (X) and i f  N+1 

(X) i s  t h e  monic g r e a t e s t  common d i v i s o r  of D.(X) and D:(X) f o r  Di+l 1 I. 

i - > 0 ,  t hen  

has  on ly  simple ze ros  and they are j u s t  t h e  ze ros  of P(X) t h a t  have 

m u l t i p l i c i t y  i. 

Thus, by t h e  above theorem we can g e n e r a t e  a sequence of polynomials 

G1(X) ,G2 (X) , . , , ,G (X) where t h e  set of zeros  of P(X) is  t h e  same as t h e  

set of zeros  of t h i s  sequence and the m u l t i p l i c i t y  of each ze ro  i n  

P(X) is  given by t h e  corresponding s u b s c r i p t  on G(X), Therefore ,  by 

us ing  a method such as Newton's method o e  Mul le r ' s  method t o  c a l c u l a t e  

t h e  zeros  of each Gi(X), w e  w i l l  have t h e  ze ros  of P(X) along wi th  

t h e i r  m u l t i p l i c i t i e s .  

K 

2 .  Procedure f o r  t h e  Repeated G.C.D. Method 

The b a s i c  s t e p s  performed by the  g r e a t e s t  common d i v i s o r  method 

are l i s t e d  s e q u e n t i a l l y  as fo l lows :  

1. Given a polynomial, P(X) , i n  t h e  form 

N - 1  + 

N + l  * 
e e e  + a X +  a N 

N P(X) = alX + a 2 X  

2. 

3 .  

S e t  DO(X) = P (X) 

Ca lcu la t e  t h e  d e r i v a t i v e ,  Di(X), of DO(X) i n  t h e  

form 

D;)(X) = b1?-' + b2XM-2 + a + bM 
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where deg. Do(X) = M, DO(X) = dlX? + * .  + dM+19 

and bl = Md19 b2 = (M-l)d2' a bM = dM. 

4 .  Find D1(X), t h e  g.c.d. of DO(X) and D b ( X )  u s ing  t h e  

algori thms developed i n  Chapter I V .  
? 

5. S i m i l a r  t o  3 . ,  c a l c u l a t e  D1(X) e 

? 

6 .  Find D 2 ( X ) ,  t h e  g.c.d. of D1(X) and D1(X) us ing t h e  

algori thms developed i n  Chapter I V .  

Ca lcu la t e  G ( X )  = Do(X) D2(X)/[D1(X)]  . 2 
7. 

8. Use some a p p r o p r i a t e  method t o  e x t r a c t ' t h e  ze ros  of 

G(X) and a s s i g n  t h e s e  ze ros  t h e  c o r r e c t  m u l t i p l i c i t y  

as z e r o s  of P ( X ) .  

S e t  DO(X) = D1(X), DA(X) = D;(X), and D1(X) = D 2 ( X ) .  

Then r e p e a t  5 . 4 .  above u n t i l  a l l  t h e  zeros  of P ( X )  

9 .  

are found. 



CHAPTER V I  

CONCLUSION 

I n  o r d e r  t o  compare Newton's, M u l l e r ' s ,  t h e  g r e a t e s t  common 

d i v i s o r ,  and t h e  r epea ted  g r e a t e s t  common d i v i s o r  methods, w e  cons ide r  

t h e  polynomials as being d iv ided  i n t o  t h e  fol lowing classes: 

1. polynomials w i th  a l l  d i s t i n c t  zeros .  

2 .  polynomials w i th  m u l t i p l e  ze ros .  

The comparisons i n  the  fo l lowing  material are r e s u l t s  of tests 

made on t h e  I B M  360/50 computer which h a s  a 32 b i t  word. The programs 

w e r e  s u c c e s s f u l l y  run on t h e  CDC 6600 and t h e  UNIVAC 1108 which have a 

60 b i t  word and a 36 b i t  word r e s p e c t i v e l y .  

UNIVAC 1108 is  about 15 t i m e s  f a s t e r  t han  t h e  I B M  360/50. The CDC 6600 

i s  f a s t e r  t h a n  t h e  UNIVAC 1108 b u t  t h e  d i f f e r e n c e  is  n o t  as g r e a t  as 

t h a t  between t h e  UNIVAC 1108 and t h e  I B M  360/50.  

It w a s  noted t h a t  t he  

1. Polynomials With a l l  D i s t i n c t  Zeros 

F i r s t  w e  cons ide r  t h e  class of polynomials having d i s t i n c t  ze ros  

Newton's method is  p a r t i c u l a r l y  s u i t e d  f o r  t h i s  class of polynomials.  

I ts  q u a d r a t i c  convergence i s  ve ry  f a s t  which can save t i m e  and money t o  

the  u s e r .  The accuracy ob ta ined  i s  e x c e l l e n t  as shown i n  E x h i b i t  6 , 1  

which presents t h e  ze ros  of a 15th degree polynomial i n  double p r e c i s i o n .  

In most cases, t h e  method produces convergence f o r  almost any i n i t i a l  

approximation given.  

34 
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Mul l e r ' s  method a l s o  produces good r e s u l t s  on t h i s  class of poly- 

nomials.  The rate of convergence i s ,  however, somewhat s lower  than  

Newton's method. This f a c t  i s  e s p e c i a l l y  s i g n i f i c a n t  when working w i t h  

polynomials o f  h igh  degree.  

i s  comparable t o ,  b u t  does n o t  exceed t h a t  o f  Newton's method. In most 

cases, the accuracy of t h e  two methods does n o t  d i f f e r  by more than  one 

o r  two decimal p l a c e s .  

f o r  t h e  polynomial of Exh ib i t  6.1. 

i s  produced f o r  a lmost  any i n i t i a l  approximation given.  

The accuracy  obta ined  by Mul le r ' s  method 

Exh ib i t  6 ,2  shows r e s u l t s  of Mul l e r ' s  method 

A s  i n  Newton's method,,convergence 

The g.c.d.  method, whether used w i t h  Newton's o r  Mul l e r ' s  method 

as a suppor t ing  method on t h i s  class of polynomials ,  is  no b e t t e r  t han  

Newton's o r  Mul l e r ' s  method alone.  The reason  f o r  t h i s  i s  t h a t  t h e  

g r e a t e s t  common d i v i s o r  of t h e  polynomial ,  P(X),  and i t s  d e r i v a t i v e  i s  

1. Thus, H(X)  = P(X)/g.c.d.  P(X) = P(X); t h a t  i s ,  t h e  polynomial 

so lved  by the suppor t ing  method i s  t h e  same as t h e  o r i g i n a l  polynomial.  

Thus, i n  t h i s  case t h e  g.c.d. method w i l l  n o t  produce b e t t e r  r e s u l t s  

than  t h e  suppor t ing  method used a lone .  The above comments a l s o  hold  

f o r  t h e  r epea ted  g.c .d .  method. 

Thus, t h i s  class of polynomials p r e s e n t s  no d i f f i c u l t y  t o  any of 

t h e s e  f o u r  methods. Newton's method, because of  i t s  speed ,  i s  there-  

f o r e  recommended. 

2.  Polynomials With Mul t ip l e  Zeros 

Next cons ide r  t h e  class of polynomials con ta in ing  m u l t i p l e  zeros .  

E x h i b i t s  6 . 3  - 6.26 i l l u s t r a t e  ou tput  from s i x  d i f f e r e n t  programs us ing  

the  methods desc r ibed  i n  Chapters I1 - V. Four polynomials are used 

where t h e  z e r o s  of t h e s e  polynomials are l i s t e d  below. The number i n  
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paren theses  i n d i c a t e s  t h e  m u l t i p l i c i t y  of t h a t  zero.  

Polynomial #l Polynomial 112 Polynomial /I3 Polynomial i14 

2+2i ( 3 )  -2.33 (1) 2+2i ( 3 )  l+i (6)  
1+2i (2) .003 (2) 1+2i (2)  1-i (6) 

-1+.5i (1) i (2) -1+5i (3) 
1 . 5 i  (2) 

-1.5i (2) 
3 i  (3) 

-1-i (3) 

Note t h e  r e l a t i o n s h i p  between polynomials 81 and 113. 

This  class p r e s e n t s  cons ide rab le  d i f f i c u l t y  f o r  Newton's method, 

e s p e c i a l l y  those  polynomials containing. z e r o s  af high m u l t i p l i c i t y  o r  

con ta in ing  a cons ide rab le  number of m u l t i p l e  ze ros .  The i t e r a t i o n  

formula f o r  Newton's method i s  

'n+l = x n - P(Xn)/P'(Xn). 

I f  c is  a 

P(Xn) -f 0 

r e s u l t i n g  

m u l t i p l e  z e r o  then  P(c)  = P ' ( c )  = 0. 

and P'(Xn) -+ 0 and t h e  i t e r a t i o n  formula may be u n s t a b l e ,  

i n  no convergence o r  bad accuracy. A s  t h e  number of m u l t i p l e  

Hence, as X -+ c y  n 

ze ros  i n c r e a s e s ,  t h e  polynomial becomes more i l l - c o n d i t i o n e d ,  conver- 

gence becomes more d i f f i c u l t ,  and accuracy is l o s t .  Thus, t h e  poss i -  

b i l i t y  of convergence decreases .  This a l s o -  h o l d s  t r u e  i f  t h e  mult i -  

p l i c i t i e s  of t h e  ze ros  are inc reased .  The rate of convergence of 

Newton's method i s  much slower f o r  m u l t i p l e  ze ros  than f o r  d i s t i n c t  

zeros  e Exhib i t  6 .3  shows a polynomial (111) con ta in ing  two m u l t i p l e  

zeros  so lved  i n  double p r e c i s i o n ,  Note t h e  fol lowing from Exh ib i t  6 , 3 .  

1. Roots #2 and 1 3  are g r e a t l y  impraved by i t e r a t i n g  

on t h e  o r i g i n a l  polynomial. D i s t i n c t  r o o t s  are 

u s u a l l y  improved i n  t h i s  manner 
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2. The t i m e  taken t o  s o l v e  t h i s  6th degree equa t ion  wi th  

m u l t i p l e  r o o t s  i s  g r e a t e r  t h a n - t h e  t i m e  taken by t h e  

same program t o  s o l v e  a 15 . . . .  degree polynomial w i t h  

a l l  d i s t i n c t  r o o t s  (Exh ib i t  6, 

Root 112 d i d  n o t  pass  t h e  conveegence test  a f t e r  200 

i t e r a t i o n s  even though i t  was improved. This is  

probably due t o  the  f a c t  t h a t  t h e  polynomial from 

which r o o t  2 w a s  e x t r a c t e d b a d  on ly  one m u l t i p l e  

r o o t  b u t  t h e  o r i g i n a l  polynornTa1 from which i t  was 

e x t r a c t e d  t h e  second t i m e  had two m u l t i p l e  r o o t s ;  

t h a t  i s ,  t h e  o r i g i n a l  polynomial is  more i l l - c o n d i t i o n e d .  

t h  

3. 

4 .  The accuracy of t h e  r o o t s  b e f o r e  t h e  at tempt  t o  

improve accuracy is  v e r y  poor;:. Root 112 is  a c c u r a t e  

t o  on ly  t h r e e  decimal p l a c e s  as-compared t o  t h e  15 

decimal p l a c e s  i n  E x h i b i t  6.1 f o r  d i s t i n c t  r o o t s .  

Root #3 is  e s p e c i a l l y  bad, the- imaginary p a r t  being 

accurate t o  only one decimal 

E x h i b i t  6 . 4  uses  polynomial #2. Note t h e - p o o r  r e s u l t s  ob ta ined  

b e f o r e  t h e  a t t empt  t o  improve accuracy and t h e  improvement af terward.  

Also n o t e  t h a t  a f t e r  t h e  a t t empt  t o  improve accuracy, one of  t h e  z e r o s ,  

namely 31, i s  l o s t  and an extra z e r o ,  namely_.il;fi, i s  included i n  t h e  

l i s t ,  (See Appendix A, § 4 , )  A convergence requirement of 10 w a s  

used on t h i s  polynomial t o  g e t  i t  t o  converge t o  a l l  of t h e  ze ros  i n  a 

maximum number of 200 i t e r a t i o n s .  

-5 

I n  many cases, Newton's method f a i l s  t o  converge a l t o g e t h e r .  

Polynomial i13 could n o t  b e  so lved  using Newton's method wi th  a maximum 
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number of 200 i t e r a t i o n s  and a convergence req.uixement of lo-' e 

Exhib i t  6.5 i l l u s t r a t e s  t h e  bad r e s u l t s  €ar- a- convergence requirement 

of which w a s  needed i n  o r d e r  t o  geL..comcr.gence. I n  E x h i b i t  6 , 6  

a convergence requirement of 10 

t o  t h e  zeros  of polynomial # 4 e  

-3 was needed i n  o r d e r  t o  g e t  convergence 

Mul l e r ' s  method a l s o  encounters  d i f f i c u l t y ,  although t o  a lesser 

degree than Newton's method, on t h i s  class -of  .polynomials. 

cases, Mul l e r ' s  method produces convergence even when Newton's method 

completely f a i l s .  Newton's method completely f a i l e d  f o r  polynomials 

# 3  and 114 wi th  a convergence requirement of PO" b u t  convergence w a s  

ob ta ined  using M u l l e r ' s  method as shown i n . E x h i b i t s  6.9 and 6.10. 

accuracy ob ta ined  by Mul l e r ' s  method is  n o t  goad b u t  u s u a l l y  b e t t e r  

than Newton's method using the  same conveqgance requirement.  The rate 

of convergence of Mul l e r ' s  method i s  cons ide rab ly  slower f o r  m u l t i p l e  

zeros  than f o r  d i s t i n c t  ze ros .  However, f o r  m u l t i p l e  z e r o s ,  M u l l e r ' s  

method i s  as f a s t  o r  f a s t e r  t han  Newton's 

I n  most 

The 

The g,c.d. method i s  p e r f e c t l y  s u i t e d  f o r  polynomials w i t h  m u l t i p l e  

ze ros .  A l l  m u l t i p l e  zeros  are removed 1eav ing .on ly  a polynomial of 

class 1 ( a l l  d i s t i n c t  r o o t s )  t o  b e  solved.  This i n d i c a t e s  t h a t  b e s t  

r e s u l t s  should be ob ta ined  by using Newton'.s-method as t h e  suppor t ing  

method, s i n c e  Newton's method enjoys t h e  advantage of speed over 

Mul l e r ' s  method f o r  d i s t i n c t  ze ros .  This  h a s - i n b e d  proved t o  be t r u e .  

The accuracy of t h e  zeros  ob ta ined  dec reases  ,- samewhat when t h e  number 

of m u l t i p l e  zeros  i s  inc reased .  This  i s  due t o  accuracy l o s t  i n  

computing t h e  g , c . d .  and t h e  q u o t i e n t  polynamial and n o t  as a r e s u l t  

of t h e  support ing method, It i s  easy t o  see t h a t  t h e  accuracy of t h e  

g.c .d .  method i s  b e s t  when the degree of t h e  g r e a t e s t  common d i v i s o r  of 



P(X) and P '  (X) is maximum. 

t h e  g r e a t e s t  common d i v i s o r  
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This is due t o  the-.f.act t h a t  t h e  e r r o r  i n  

i s  minimized i n  thks  case. The accuracy 

ob ta ined  using Newton's method and MulLeu.'.s.method--as suppor t ing  

methods i s  about t h e  same. This i s  verif.Led by..Exhibits 6.11 - 6.14 

(g.c.d. method wi th  Newton) and E x h i b i t s  6.15 - 6.18 (g.c.d. method w i t h  

Muller) .  

M u l t i p l i c i t i e s  are determined wi th  e x c e l h n t  accuracy. The g.e.d.  

method i s  n o t  as s e n s i t i v e  t o  zeros  of h igh . a tuL t ip l i c i ty  o r  polynomials 

con ta in ing  a l a r g e  number of m u l t i p l e  z e r o s  as are both Newton's and 

Muller ' s  methods. 

6.15 - 6.18 w i t h ,  E x h i b i t s  6 .3  - 6.6 and 6. --6.10 show t h a t  t h e  g.c.d.  

method wi th  e i t h e r  suppor t ing  method is much more a c c u r a t e  than e i t h e r  

Newton's o r  Mul l e r ' s  method. 

polynomial #3 f o r  which Newton's method and Mul l e r ' s  method bo th  gave 

poor convergence, 

A quick comparison of .Exhibf ts  6.11 - 6.14 and 

For example ,...Exhibits 6 , 5  and 6.9 show 

But Exh ib i t s  6 .13 and 6.17 show ve ry  a c c u r a t e  r e s u l t s  

f o r  polynomial ii3* I .  . 

The r epea ted  g o c o d ,  method i s  a l s o  s u i t e d  ve ry  w e l l  f o r  polynomials 

w i th  m u l t i p l e  ze ros .  E x h i b i t s  6.19 - 6.22 and .Exh ib i t s  6.23 - 6.26 

are r e s u l t s  of t h e  r epea ted  g.c.d. method with-.Newton's method and 

Mul l e r ' s  method as support ing methods, r e s p e c t i v e l y .  However, t h e  

r e s u l t s  of t h e  r epea ted  g.c ,d .  method are n o t  .as good as those  ob ta ined  

from t h e  g.c.d. method. Since t h e  r epea ted  g,.e;d. method r epea ted  

uses  t h e  g.c.d.  a lgori thm, t h e  e r r o r  t e n d s  t o  b u i l d  up i n  t h i s  method 

when a polynomial has  s e v e r a l  ze ros  of d i f f e r e n t  m u l t i p l i c i t i e s ,  This  

can be observed by comparing E x h i b i t s  6.20 and 6.24 wi th  E x h i b i t s  6.12 

and 6.16 on polynomial #2 and by comparing E x h i b i t s  6 .21 and 6.25 wi th  

E x h i b i t s  6.13 and 6,17 on polynomial # 3 e  A s  was t h e  case of t h e  g.c.d.  
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method, t h e r e  i s  l i t t l e  d i f f e r e n c e  between t h e  r epea ted  g;c.d.  method 

w i t h  Newton's method o r  Mul l e r ' s  method as a suppor t ing  method. This 

can b e  observed by comparing E x h i b i t s  6-19 .T .6..ZZ(Hewton) w i t h  

E x h i b i t s  6.23 - 6.26 (Muller) e 

g.c.d.  method are n o t  q u i t e  as good as the r e s u t t s - o f  t h e  g.c ,d .  method, 

t hey  are f a r  s u p e r i o r  t o  t h e  r e s u l t s  of both Newton's method and 

Mul l e r ' s  method. 

Even though the-resul ts  of t h e  r epea ted  

Table 6 .  I g ives  a comparison o f  t h e  execut ion times c.f t h e  s i x  

methods f o r  polynomials #l - #4. 

METHOD 

Newton 

Muller 

G.C.D. w i th  Newton 

G.C.D. w i th  Muller 

Repeated G.C.D.  w i th  Newton 

Repeated G.C.D. w i th  Muller 

TABLE 6 .1  

EXECUTION TIME* 

104.16 seconds 

96.79 seconds 

7.51 seconds 

8.91 seconds 

7.71 seconds 

15 16  seconds 

It i s  clear from Table 6 .1  t h a t  t h e  g.c..d. .and t h e  r epea ted  g.c.d.  

methods are much f a s t e r  than both Newton's and Mul l e r ' s  method on 

*. 
These t i m e s  are from execu t ion  runs on t h e  I B M  360/50 WATFOR system. 



polynomials with multiple zeros. Therefore, €crr:-.psTpomtals with 

multiple zeros, the order in which the methods are recommended is as 

follows D 

1. G.C.D, with Newton, 

2.  G.C.D. with Muller. 

3. Repeated G.C.D. with Newton, 

4 .  Repeated G.C.D. with Muller. 

5. Muller. 

6. Newton. 

1 .  
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APPENDIX A 

SPECIAL FEATURES OF NEWTON'S AND MULLER'S PROGRAMS 

Seve ra l  s p e c i a l  f e a t u r e s  have been provided i n  each program as a n  

a i d  t o  t h e  u s e r  and t o  improve accuracy of the r e s u l t s .  These are 

exp la ined  and i l l u s t r a t e d  below. * 

1. Generating Approximations 

I f  t h e  u s e r  does n o t  have i n i t i a l  approximations a v a i l a b l e ,  sub- 

r o u t i n e  GENAPP can s y s t e m a t i c a l l y  g e n e r a t e ,  f o r  an Nth degree poly- 

nomial,  N i n i t i a l  approximations of increasing-magnitude,  beginning 

wi th  t h e  magnitude s p e c i f i e d  by XSTART. I f  XSTART is O . ,  XSTART is  

au tomat i ca l ly  i n i t i a l i z e d  t o  0.5 t o  avoid t h e  approximation 0. + 0.i. 
The approximations are gene ra t ed  according t o  t h e  formula: 

% = (XSTART + 0,5K) (COS B + i S i n  B )  

where 

II rI B = - - f  K z  12 K = 0,1,2, . . .  

To accomplish t h i s ,  t h e  u s e r  d e f i n e d  t h e  number o f - i n i t i a l  approxima- 

t i o n s  t o  b e  r e a d  (NIAP) on t h e  c o n t r o l  c a r d  t o  b e  ze ro  (0) o r  t h e s e  

*These i l l u s t r a t i o n s  are r e p r e s e n t a t i v e  of Newton's method i n  
double p r e c i s i o n .  
prepared. 

The c o n t r o l  c a r d s  f o r  Mul l e r ' s  method are s i m i l a r l y  
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columns (7-8) may b e  l e f t  blank. I f  XSTART is  l e f t  b l ank ,  i t  is  i n t e r -  

p r e t e d  as 0.  

For example, a p o r t i o n  of a c o n t r o l  c a r d  whi.ch gene ra t e s  i n i t i a l  

approximations beginning a t  t h e  o r i g i n  f o r  a seventh degree polynomial 

i s  shown i n  Example A.1.  

Va r i ab le  Name r +ard Columns 

L E x a m p l e  

Example A . l  

The approximations are gene ra t ed  i n  a s p i r a l  c o n f i g u r a t i o n  as i l l u s t r a t e d  

i n  F igu re  A.1. 

generated approximations.  

Exh ib i t  6 . 1  i s  an example of ou tpu t  r e s u l t i n g  from 

Example A . 2  shows a p o r t i o n  of a c o n t r o l  card which generated 

i n i t i a l  approximations beginning a t  a magnitude of 25.0 f o r  a s i x t h  

degree polynomial. 



Example A . 2  

Note t h a t  i f  t h e  approximations are gene ra t ed  beginning a t  t h e  

o r i g i n ,  t h e  o r d e r  i n  which t h e  r o o t s  are found w i l l  probably be of 

i n c r e a s i n g  magnitude. Roots ob ta ined  i n  t h i s  way are u s u a l l y  more 

aceu ra t e .  

2. A l t e r i n g  Approximations 

I f  an  i n i t i a l  approximation, Xo, does n o t  produce convergence t o  

a ze ro  w i t h i n  t h e  maximum number of i t e r a t i o n s ,  i t  i s  s y s t e m a t i c a l l y  

a l t e r e d  a maximum of f i v e  t i m e s  u n t i l  convergence i s  p o s s i b l y  obtained 

according t o  t h e  following formulas:  

I f  t h e  number of the a l t e r a t i o n  i s  odd: ( j  = 1 ,3 )  

= ]X,l (Cos B + i S i n  B) where 'j+l 

II 
3 

I m  Xo 
+ K - ;  K = l i f j = l , 2 i f j = 3 .  = Tan-' - R e  Xo 

If t h e  number of t h e  a l t e r a t i o n  is even: ( j  = 0 , 2 , 4 )  
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Each a l t e r e d  approximation i s  then taken as a s t a r t i n g  approximation. 

Each i n i t i a l  o r  a l t e r e d  approximation which does. .not: produce convergence 

is p r i n t e d  as i n  Exh ib i t  A . 1 .  I f  none of t h e  s i x - s t a r t i n g  approximations 

produce convergence, t h e  nex t  i n i t i a l  appraximatfon-.is  taken,  and t h e  

p rocess  repeated.  The s i x  approximations are spaced 60 degrees a p a r t  

on a c i rc le  of r a d i u s  IX 1 cen te red  a t  the o r i g i n  as i l l u s t r a t e d  i n  

Figure A.2. 

0 

3. Searching t h e  Complex P lane  

By use of i n i t i a l  approximations and t h e  a l t e r i n g  technique,  any 

r eg ion  of t h e  complex plane i n  the  form of an annulus centered a t  t h e  

o r i g i n  can be searched f o r  r o o t s .  This procedure can be accomplished 

i n  two ways. 

The f i r s t  way is more versati le bu t  r e q u i r e s . m a r e - e f f o r t  on t h e  

p a r t  of t h e  u s e r .  S p e c i f i c a l l y  s e l e c t e d  i n i t i a l  approximations can be 

used t o  d e f i n e  p a r t i c u l a r  regions t o  be searched.. .F.or example, i f  t h e  

r o o t s  of a p a r t i c u l a r  polynomial are known t o  have magnitudes between 

20 and 4 0 ,  an annulus of i n n e r  r a d i u s  20 and o u t e r  r a d i u s  40 could b e  

searched by us ing  t h e  i n i t i a l  approximations 20. + i, 23. + i, 26, + i, 
29. + i, 32. + i, 35. + i, 38. + i, 40. + i. 

By gene ra t ing  i n i t i a l  approximations i n t e r n a l l y ,  t h e  program can 

sea rch  an annulus centered a t  t h e  o r i g i n  of i n n e r  r a d i u s  XSTART and 

o u t e r  r a d i u s  XEND. Values f o r  XSTART and XEND are s a p p l i e d  on the  

c o n t r o l  card by t h e  use r .  Example A . 3  shows a p o r t i o n  of a c o n t r o l  card 

t o  sea rch  t h e  above annulus of i n n e r  r a d i u s  20.0 and o u t e r  r a d i u s  40.0. 



90 

Example A . 3  

Note t h a t  s i n c e  n o t  less than  N i n i t i a l  approximations can b e  

gene ra t ed  a t  one t i m e ,  t h e  o u t e r  r a d i u s  of t h e  annulus.  a c t u a l l y  

searched may b e  g r e a t e r  t han  XEND b u t  n o t  g r e a t e r  .than XEND f .5N. 

Example A . 4  shows a c o n t r o l  ca rd  t o  sea rch  a c i r c l e  of r a d i u s  15. 

Example A . 4  

Figure A . 3  shows t h e  d i s t r i b u t i o n  of i n i t i a l  and a l t e r e d  approxima- 

t i o n s  f o r  an annulus of width 2 and i n n e r  r a d i u s  a. 



91  

4 .  Improving Zeros Found 

A f t e r  t h e  zeros  of a polynomial are found, t hey  are p r i n t e d  under 

t h e  heading "Before t h e  Attempt t o  Improve Accuracy." 

used as i n i t i a l  approximations wi th  Newton's (Muller'-s) method app l i ed  

each t i m e  t o  t h e  f u l l  (undeflated)  polynomial. Lnmos t  cases, ze ros  

t h a t  have l o s t  accuracy due t o  roundoff e r r o r  i n  t h e  d e f l a t i o n  p rocess  

are improved. The improved zeros  are then  p r i n t e d  under t h e  heading 

"After t h e  Attempt t o  Improve Accuracy." 

approximation t o  t h e  o r i g i n a l  (unde f l a t ed )  polynomial , i t  i s  p o s s i b l e  

t h a t  t h e  r o o t  may converge t o  an e n t i r e l y  d i f f e r e n t  r o o t .  This  i s  

e s p e c i a l l y  t r u e  where several ze ros  are c l o s e  toge the r .  Therefore ,  

t h e  u s e r  should check both l i s ts  of zeros  t o  determine whether o r  n o t  

t h i s  has  occurred.  See E x h i b i t  6 . 4 .  

They are then 

Since each r o o t  is  used as an  

5.  Solving Quadrat ic  Polynomial 

A f t e r  N-2 r o o t s  of an Nth degree polynomial have been e x t r a c t e d ,  

2 t h e  remaining q u a d r a t i c ,  a X  + bX + c ,  is  solved us ing  t h e  q u a d r a t i c  

formula 

f o r  t h e  two remaining r o o t s .  These are i n d i c a t e d  by t h e  words "Solved 

By Direct Method" i n  t h e  i n i t i a l  approximation column. 

nomial of degree 1 i s  t o  be so lved ,  t h e  s o l u t i o n  i s  found d i r e c t l y  as 

( X  - C) = 0 impl i e s  X - C. 

I f  on ly  a poly- 
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6 .  Missing Roots 

I f  no t  a l l  N r o o t s  of an Nth degree polynomial .are- found, t h e  

c o e f f i c i e n t s  of t h e  remaining d e f l a t e d  polynomial aze .pxinted under 

t h e  heading "Coef f i c i en t s  of Def l a t ed  Polynomial.Eoz.Which No Zeros 

Were Found." 

t o  f i n d  t h e  remaining r o o t s .  The c o e f f i c i e n t  of t h e  h i g h e s t  degree 

t e r m  w i l l  be p r i n t e d  f i r s t  (Exhibi t  A.2). 

The u s e r  may then work wi th  t h i s  polynomial i n  an at tempt  

7. Miscellaneous 

By using v a r i o u s  combinations of va lues  f o r  NLAP, XSTART, and 

XEND, t h e  use r  h a s  several o p t i o n s  a v a i l a b l e  as i l l u s t r a t e d  below. 

Example A . 5  shows t h e  c o n t r o l  card f o r  a seventh degree polynomial. 

Three i n i t i a l  approximations are supp l i ed  by t h e  u s e r .  A t  most t h r e e  

d i s t i n c t  r o o t s  w i l l  be  found and t h e  remaining d e f l a t e d  polynomial w i l l  

be  p r i n t e d  (Exhibi t  A.2) 

1 2  

N 
0 
P 
0 
L 
Y 

1 

7 

I_ 

_I 

Example A . 5  
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Note t h a t  i f  several r o o t s  are known t o  the user, they may be 

"divided out" of t h e  o r i g i n a l  polynomial by u s i n g  .tMs pGocedure. 

Example A.6 i n d i c a t e s  t h a t  2 i n i t i a l  approximatdons are supp l i ed  by 

t h e  u s e r  t o  a 7th degree polynomial. 

used t h e  c i rc le  of r a d i u s  15 w i l l  be searched f o r  t h e  remaining r o o t s .  

A f t e r  t h e s e  appraximations are 

XSTART 

Example A . 6  

By d e f i n i n g  XSTART between 0. and 15. an annulus i n s t e a d  of the 

circle  w i l l  b e  searched (Exhibi t  A.3). 
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. .  

Figure +.le, Generating Initial Approximations 
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Ffgure 8 . 3 ,  Distribution of Approximations 



-I-- 

t rir n o o n  p n o n o  
0 0 0 0  n o o o  



98 

0 0 0  

"8; 8 0 0  0 0 0  

:;z 
ifis 

f zgis 
9 ?Y? 

c 0 0 0  a 0 0  

m n n  

L P O P  . .  
+ c 9  

0 0 0  
- I -  

Q 
9 * *  

0 0 0  .. 0 0 0  

0 0 0  

2 .._d 

f X Z O ,  
222  
g s g  0 0 0  

X8 8 

d d d  

0 0 0  
0 0 0  n m n  9llN-I 

I I  

2 

0 0 0  g f f  
8Z8 

8 8 8  

12: 
P O P  

0 0 0  
0 0 0  
0 0 0  
0 0 0  0 0 0  

0 0 0  0 0 0  ' 
n n n  

rl 
I 
a 

.rl m 
II 

m 
I t' 

i 8 L1 

*d m 
I 

,..I- -- r. 
w 0 0 0  2s; y ,...--- ----.."I" 

8 ~ ~ r n - m ~ ~  
O O O O O O O  cu 

I 
ul 

8 W L yl 

; 
N 

. B  
4 

I E w 
c 

4 a 
Y 

0 0 0 0 0  

e o * * +  
- ICNNN 
0 0 0 0 0  

I 1  
c 

o n o o o o n o  
0 P - 0 - 0 0 0  
0 0 0 0 " 0 0 0  
0 0 0 0 0 0 0 0  

8 2 8 Z 8 8 8 2  
8 I: 2 8 2 Z 8 
8 8 8 8 8 8 8 2  
0 0 0 0 0 0 0 8  
8 Z 8 : 8 ; l : g  zzO,zcO:z.l: 

O O O O O O O O  
O O O O O O O  

I . . . . . . .  
0 0 0 0 0 0 0 0  

I I  I 

H 
L : 

J 

t 
0 c 

* c 

I"- 

C C L  

3823 
e 
0 

K 

111 

B la W 

U 

U 

6 u ,.c x w 
w 
c 



99 

a o o o o o o a  
0 0 0 0 0 I 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  

O O O O O Q r n D  
o + D a & R m a  
o - N - c ~ ~ . -  
0 0 0 0 0 0 0 0  

0 0 0 0 0 0 N N 

. . . . . . . .  
1 1  I t  

* + * * * + e +  
- - N m N I  I U 
0 0 0 0 0 0 0 0  

N001.4-N 
0 0 0 0 0  

o o o a n  
2 Y .... 
w 0 4 0 0  

" A b 0 0  

- 
0 

Y U 

- 
x 
0 
" 

B 
n 
LI 
W N 

UI 

c 
* 
Y ; 
4 

Y 

0 

P 
" 
P 

w u )  
0 1 -  

W K  
2 : :  

1-11" 

--..I.. 
0 0 0 0 0  

oa e + + + *  
- - r + r o  O O O O O X ?  

c c  
o O o o o w ~  0 0 - o c 2 r  
ooIra* o o C C * c c  
o o m * l n u u  
oo-(DlYy1 
O O R C I U U  
0 0 - * 0 1 - -  
O O ~ Q ~ P O  
o o h a m  
0 0 0 0 - t >  
o o m o a n m m  
oo~rnrn 
O O - m O o o  
a o * o C - w w  
v L . n C - m o > >  
m r v a a N - 1 - 1  . . . .00 o o o o o n n  

----la'.- 

,.."----" 
r - - . o . r * r .  
0 0 0 0 0 0 0  

. . . . . . .  
0 0 0 0 0 0 0  
I 1 1 l 1 I  
+ . + + + * *  
..#..I..Oe- 
o o n o o o o  

Y U 

I 
I 
I n 

3 
n 

U 
Y N 

Y 

I- 

z " 
s 
u 

Y -. 0 

2 - 
0 P- 

e 
0 
K w 

I- 

Y) 

I- 

U 
c 
4 

....... 

. .  
0 0 0 0 0 0 0  . . . . . . .  
4 I I I I 1  
* * e . . + *  
----oo" 
O O O O ~ O O  



APPENDIX B 

NEWTON'S METHOD 

1. U s e  of t h e  Program 

A double p r e c i s i o n  FORTRAN I V  program using Newton's method is 

p resen ted  he re .  

wh i l e  Table B . V I I I  g i v e s  a FORTRAN I V  l i s t i n g  o€ t h i s  program. S i n g l e  

p r e c i s i o n  v a r i a b l e s  are l i s t e d  i n  some of t h e  t a b l e s .  

Flow c h a r t s  f o r  t h i s  program are given i n  F igu re  B.6 

The s i n g l e  

p r e c i s i o n  v a r i a b l e s  are used i n  t h e  flow c h a r t s  and t h e  corresponding 

double p r e c i s i o n  v a r i a b l e s  can be ob ta ined  from t h e  a p p r o p r i a t e  t a b l e s .  

The program i s  designed t o  s o l v e  polynomials of degree 25 o r  less. 

Both t h e  c o e f f i c i e n t  of t h e  h i g h e s t  degree term and t h e  cons t an t  

c o e f f i c i e n t  should be non-zero. I n  o r d e r  t o  s o l v e  polynomials of 

degree N ,  where N > 25, c e r t a i n  a r r a y  dimensions must be changed. 

These are l i s t e d  i n  Table B . 1  f o r  t h e  main pr'ogram and subprograms i n  

double p r e c i s  i on .  
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TABLE B . 1  

PROGRAM CHANGES FOR SOLVING POLYNOMIALS 
O F  DEGREE GREATER THAN 25 

BY NEWTON' S METHOD 

D o u b l e  P rec is ion  

M a i n  P r o g r a m  

RA(N+l)  VA(N+l )  
RB ( N + l )  , VB (NS.1) 
RC(N+l )  , VC(N+l )  
RD (N+l )  , VD (N+1) 
R C O E F ( N + l ) ,  VCOEF(N+l)  
MULT (N) 
RXZERO (N) , VXZERO (N) 
=(N) $ m ( N )  
R X I N I T  (N) , V X I N I T ( N )  

Subroutine HORNER 

R A ( N + l ) ,  VA(N+l) 
RB ( N + l )  , VB ( N f l )  
RC (N+1) , VC (N+1) 

Subroutine BETTER 

RXZERO (N) , VXZERO (N) 
R X ( N ) ,  m ( N )  
R A ( N + l ) ,  VA(N+1) 
RCOEF (N+l )  , VCOEF (N4-1) 
RC (N+l)  VC (N4-1) 
RB(N+l )  , VB (N+l)  

Subroutine GENAPP 

APPR(N)  $ APPI (N) 

Subroutine QUAD 

UA(N+l)  VA(N+l)  
UROOT (N) , VROOT (N) 
MULTL (N) 

Table B . 1 1  l i s ts  the s y s t e m  functions used i n  t h e  p r o g r a m  of N e w t o n ' s  

m e t h o d ,  In  the table "d" denotes a double p rec i s ion  var iable  n a m e .  
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TABLE B . 1 1  _ .  

SYSTEM FUNCTIONS USED I N  NEWTON'S METHOD 

Double P r e c i s i o n  

DABS (d) - o b t a i n  a b s o l u t e  v a l u e -  

DCOS (d) - o b t a i n  c o s i n e  of angle 

DSIN (d) - o b t a i n  s i n e  of ang le  

DATAN2 (dl ,d2) 

DSQRT (d )  - squa re  r o o t  

- a rc t angen t  of dl/d2 

2. Inpu t  Data f o r  Newton's Method 

The i n p u t  d a t a  f o r  Newton's method i s  g r o u p e d - i n t o  polynomial d a t a  

sets. Each polynomial d a t a  set c o n s i s t s  of t h e  d a t a  € o r  one and only 

one polynomial. A s  many polynomials as t h e  u s e r  d e s i r e s  may b e  so lved  

by p l ac ing  t h e  polynomial d a t a  sets one behind t h e . o t h e r .  

nomial d a t a  set c o n s i s t s  of t h r e e  k inds  of information p l aced  i n  t h e  

fo l lowing  o rde r :  

Each poly- 

1. Control  i n fo rma t ion .  

2 .  C o e f f i c i e n t s  of t he  polynomial. 

3. I n i t i a l  approximations. These may be omit ted as 

desc r ibed  i n  Appendix A, § 1. 

An end card fol lows the  e n t i r e  c o l l e c t i o n  of d a t a  sets. It i n d i c a t e s  

that t h e r e  i s  no more d a t a  t o  fo l low and t e rmina te s  execu t ion  of t h e  

program. This information i s  displayed i n  Figure B . l  and desc r ibed  

below. For t h e  double p r e c i s i o n  d a t a ,  t h e  D-type s p e c i f i c a t i o n  should 
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b e  used. A l l  d a t a  should be r i g h t  j u s t i f i e d .  The recommendations 

given i n  Table B . 1 1 1  are those  found t o  g i v e  b e s t  r e s u l t s  on t h e  I B M  

360/50 computer which has  a 32 b i t  word. 

Control  Information 

The c o n t r o l  card is t h e  f i r s t  ca rd  of t h e  polynomial d a t a  set  and 

c o n t a i n s  t h e  information given i n  Table B . 1 1 1 .  See Figure B.2. 

TABLE B . 1 1 1  

CONTROL DATA FOR NEWTON'S METHOD 

Variable  Name 

NOPOLY 

N 

NIAP 

MAX 

EPSCNV 

Card Columns Desc r ip t ion  

C.C. 1-2 

C.C.  4-5 

C . C .  7-8 

C.C. 19-21 

C . C .  30-35 

Number of t h e  polynomial. 
I n t e g e r  e 

Right j u s t i f i e d .  

Degree of t h e  polynomial e 

I n t e g e r .  
Right j u s t f f i e d  . 
Number o €  i n i t i a l  approxi- 
mations t o - b e  read.  
I n t e g e r  e 

I f  no approximations are 
g iven ,  t h i s  should be l e f t  
blank. 

Maximum numher of i t e r a t i o n s .  
Integer.  e 

Right j u s t  i f  i e d  e 

200 is recommended, 

Convergence requirement.  
Double p r e c i s i o n .  
1 D-10 is  recommended e 
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TABLE B.111 (Continued) 

V a r i a b l e  Name  

EPSQ 

EP SMUL 

XSTART 

XEND 

KCHE CK 

Card Columns 

C . C .  37-42 

C.C.  44-49 

C . C .  64-70 

C . C .  72-78 

C.C.  80 

C o e f f i c i e n t s  of t h e  Polynomial 

The c o e f f i c i e n t  ca rds  fol low 

polynomial, N + l  c o e f f i c i e n t s  must 

c o e f f i c i e n t  of t h e  h i g h e s t  degree 

i f  t h e  polynomial X? + 3X + 2 X  + 4 

Desc r ip t ion  . 

Tolerance check f o r  z e r o  
(0) i n  .sub.r.aotine QUAD. 
Double pr-ecisicm. 
Right j us  t i f  y . 
1. D-20 is .recommended, 

M u l t i p l i c i t J t  . requirement ., 
Double .pxe&sion-e - 
Right j us t i f  y . 
1 e D-02 is. xecomm-ended. 

Magnitude .at which t o  begin 
gene ra t ing  i n i t i a l  approxi- 
mations e 

Double p r e c i s i o n .  
Right j u s t i f y  e 

This  is a s p e c i a l  f e a t u r e  
of t h e  program and may b e  
omit ted . 
Magnitude a t  .which t o  end 
t h e  gene ra t ing  of i n i t i a l  
approximations.  
Double p r e c i s i o n .  
Right j us t i f  y . 
This  i s  a s p e c i a l  f e a t u r e  
of t h e  program and may b e  
omit ted e 

This  should b e  l e f t  blank,  

t h e  c o n t r o l  card.. 

be  e n t e r e d  one per. card.  

term i s  e n t e r e d  f i r s t .  

5 were t o  be so lved ,  t h e  o r d e r  i n  

For. an Nth degree 

The 

For example, 

which t h e  c o e f f i c i e n t s  would be e n t e r e d  is: 1, 3, 0 ,  0 ,  2 ,  5 ,  Each 
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c o e f f i c i e n t  i s  e n t e r e d ,  one p e r  c a r d ,  as desc r ibed  i n  Table B . I V  and 

i l l u s t r a t e d  i n  Figure B . 3 .  

TABLE B . I V  

COEFFICIENT DATA FOR NEWTON'S METHOD 

Var i ab le  N a m e  

RA (A i n  s i n g l e  p r e c i s i o n )  

VA (A i n  s i n g l e  p r e c i s i o n )  

Card Columns Desc r ip t ion  

C.C.  1-30 Real p a r t  of complex 
c o e f f i c i e n t  . 
Double p r e c i s i o n .  
Right j u s t i f y .  
I f  none, l e a v e  b l ank  o r  
e n t e r  0.ODOO. 

C . C .  31-60 Imaginary p a r t  of complex 
c o e f f i c i e n t  ., 
Double p r e c i s i o n .  
Right j u s t i f y .  
I f  none, l e a v e  blank o r  
e n t e r  O.ODO0. 

I n i t i a l  Approximations 

The i n i t i a l  approximation c a r d s  fo l low t h e  set of c o e f f i c i e n t  ca rds ,  

The number o f  i n i t i a l  approximations read must be t h e  number s p e c i f i e d  

on t h e  c o n t r o l  ca rd  and are e n t e r e d ,  one p e r  c a r d ,  as given i n  Table 

B.V and i l l u s t r a t e d  i n  Figure B.4. 
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TABLE B.V 

INITIAL APPROXIMATION DATA FOR NEWTON'S MF2THOD 

Var i ab le  Name Card Columns Desc r ip t ion  

RXZERO (XZERO i n  s i n g l e  C.C. 1-30 Real p a r t  of complex number. 
p r e c i s i o n )  Double p r e c i s i o n .  

Right j us t i f  y . 
I f  none, leave b lank  o r  
e n t e r  0.ODOQ. 

VXZERO (XZERO i n  s i n g l e  C.C. 31-60 Imaginary p a r t  of complex 
p r e c i s i o n )  number . 

Double p r e c i s i o n .  
Right j us  t i f y  . 
I f  none, l eave  b l ank  o r  
e n t e r  O.ODOO. 

End Card 

The end ca rd  is t h e  last  card of t he  i n p u t  d a t a  t o  t h e  program. It 

i n d i c a t e s  t h a t  t h e r e  is no more d a t a  t o  b e  r ead .  When t h i s  card i s  

r ead ,  program execut ion i s  terminated.  This  card i s  desc r ibed  i n  

Table B . V I  and i l l u s t r a t e d  i n  F igu re  B . 5 .  

TABLE B . V I  

DATA TO END EXECUTION OF NEWTON'S METHOD 

Var i ab le  Name  Card Columns Desc r ip t ion  

KCHECK C.C. 80 Mus t . eon ta in  t h e  number 1, 
I n t e g e r .  
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3. Variables  Used i n  Newton's Method 

The d e f i n i t i o n s  of t h e  major v a r i a b l e s  used i n  Newton's method are 

given i n  Table B.VII. The symbols used t o  i n d i c a t e  type are: 

R - real v a r i a b l e  

I - i n t e g e r  v a r i a b l e  

C - complex v a r i a b l e  

D - double p r e c i s i o n  

L - l o g i c a l  v a r i a b l e  

A - alphanumeric v a r i a b l e  

When two v a r i a b l e s  are l i s t e d ,  t he  one on t h e  l e f t  i s  t h e  real p a r t  of  

t h e  corresponding s i n g l e  p r e c i s i o n  complex v a r i a b l e ;  t h e  one on the r i g h t  

i s  t h e  imaginary p a r t .  The symbols used t o  i n d i c a t e  d i s p o s i t i o n  are: 

E - e n t e r e d  

R - r e tu rned  

ECR - e n t e r e d ,  changed, and r e tu rned  

C - v a r i a b l e  i n  common 

4 .  Desc r ip t ion  of Program Output 

The ou tpu t  from Newton's method programs c o n s i s t  of t h e  fo l lowing  

information.  

The number and degree of t h e  polynomial are p r i n t e d  i n  t h e  heading 

(Exh ib i t  6.1) ., 

The c o e f f i c i e n t s  are p r i n t e d  under t h e  heading "THE COEFFICIENTS 

OF P(X) ARE." The c o e f f i c i e n t  of t h e  h i g h e s t  degree t e r m  is  l i s t e d  

f i r s t  (Exh ib i t  6.1) e 
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A s  an a i d  t o  ensu re  t h e  c o n t r o l  information is c o r r e c t ,  t h e  number 

of i n i t i a l  approximations g iven ,  maximum number of i t e r a t i o n s ,  test f o r  

convergence, test f o r  m u l t i p l i c i t i e s ,  r a d i u s  t o  s tar t  sea rch ,  and r a d i u s  

t o  end sea rch  are p r i n t e d  as read from t h e  c o n t r o l  c a r d  (Exh ib i t  6.1).  

The ze ros  found b e f o r e  and a f t e r  t h e  at tempt  t o  improxze-accuracy 

are p r i n t e d .  See Appendix A, § 4 f o r  f u r t h e r  exp lana t ion  (Exh ib i t  6.1).  

I f  n o t  a l l  zeros  of t h e  polynomial are found, t h e  c o e f f i c i e n t s  of  

t h e  remaining unsolved polynomial w i l l  b e  p r i n t e d ,  w i t h  c o e f f i c i e n t  of 

h i g h e s t  degree t e r m  f i r s t ,  under t h e  heading "COEFFICIENTS OF DEFLATED 

POLYNOMIAL FOR WHICH NO ZEROS WERE FOUND." See Appendix A, § 6. This 

i s  i l l u s t r a t e d  i n  Exh ib i t  A.2. 

The m u l t i p l i c i t y  of each zero i s  given under t h e  t i t l e  "MULTIPLI- 

CITIES" (Exh ib i t  6 .1 ) .  

The i n i t i a l  approximation producing convergence t o  a r o o t  i s  

p r i n t e d  t o  t h e  r i g h t  of t h e  corresponding r o o t  and headed by " I N I T I A L  

APPROXIMATION." 

u s e r ,  o r  generated by t h e  program, o r  a combination of both (Exh ib i t  

A.3). See Appendix A ,  § 1 and § 2 f o r  d i scuss ion  of approximations.  

The message "SOLVED BY DIRECT METHOD" i n d i c a t e s  t h a t  t h e  corresponding 

r o o t  o r  roots w a s  obtained by Subrout ine QUAD. See  Appendix A, § 5, 

The i n i t i a l  approximations may b e  t h o s e  supp l i ed  by t h e  

I f  an approximation does no t  produce convergence w i t h i n  t h e  maxi- 

mum number of i t e r a t i o n s ,  i t  is  p r i n t e d  under t h e  heading "NO CONVER- 

GENCE FOR THE FOLLOWING APPROXIMATIONS AFTER XXX ITERATIONS." XXX i s  

r e p l a c e d  by t h e  maximum number of i t e r a t i o n s .  

mation, t h a t  i s ,  i n i t i a l  approximation o r  a l t e r e d  approximations i s  

given (Exhibi t  A.1). See Appendix A, § 1 and 0 2 f o r  d i scuss ion  of 

approximations.  

The t y p e  of t h e  approxi- 
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5. Informative and Er ro r  Messages 

The ou tpu t  may c o n t a i n  in fo rma t ive  o r  e r r o r  messages. These are 

intended as an a i d  t o  t h e  u s e r  and are desc r ibed  as fol lows:  

" I N  THE ATTEMPT TO IMPROVE ACCURACY, ROOT(X) = YYY D I D  NOT CONVERGE 

THE PRESENT APPROXIMATION AFTER ZZZ ITERATIONS I S  PRINTED BELOW." X is 

t h e  number of t h e  ze ro ,  YYY i s  t h e  va lue  of t h e  zero b e f o r e  t h e  at tempt  

t o  improve accu racy ,  ZZZ i s  t h e  maximum number of i t e r a t i o n s .  This 

message i n d i c a t e s  t h a t  a ze ro  found b e f o r e  a t tempting t o  improve 

accuracy d i d  n o t  converge s u f f i c i e n t l y  when being used as an i n i t i a l  

approximation on t h e  f u l l  (unde f l a t ed )  polynomial. The c u r r e n t  approxi- 

mation i s  p r i n t e d  i n  t h e  l i s t  of improved ze ros .  I n  many cases, t h i s  

f a i l u r e  t o  converge i s  a r e s u l t  of an i l l - c o n d i t i o n e d  polynomial and 

t h i s  c u r r e n t  approximation of t h e  r o o t  may b e  b e t t e r  t han  i t s  approxi- 

mation b e f o r e  the  at tempt  t o  improve accuracy. I n  most cases, t h e  

polynomial from which t h i s  r o o t  w a s  f i r s t  e x t r a c t e d  had fewer m u l t i p l e  

r o o t s  due t o  d e f l a t i o n s ,  than t h e  o r i g i n a l  polynomial. 

"THE VALUE OF THE DERIVATIVE AT XO = XXX IS ZERO." 

This  message is  p r i n t e d  as a r e s u l t  of t h e  va lue  of t h e  d e r i v a t i v e  

of t h e  o r i g i n a l  polynomial a t  an approximation, XXX, being ze ro  (0 ) "  

It occurred i n  t h e  at tempt  t o  improve t h e  accuracy of a zero.  The 

previous message is  then  p r i n t e d .  
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End Cord 

i_i. 

Figure B.1, Sequence of Input Data f o r  Newton's Method 
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M A I N  PROGRAM 

Figure B, 6 (I Flow Chans far Newtont s Method 
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Figure l3 0 6 e (Continued) 
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HORNER NEWTON 

Figure B. 6 .  (Continued) 
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GENRPP LTER 

Figure B. 6, (Continued) 
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Figure 3.6. (Continued) 



126 

PROGRAM FOR NEWTON'S METHOD 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

000 1 

0002 

0003 
0004 
0005 

,0006 

0007 
0008 
0009 
0010 

0012 
0013 
0014 
0015 
0016 
00 17 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
0 0 2 6  
0027 
0028 
0 0 2 9  
0030 
0031 
0032 
0 0 3 3  
0034 
0035 
0036 
0037 
0 0 3 8  

0039 
0040 

o m  1 

* * 
** * * * * * 
9 * 

* 
* * 

NEWTONS METHOD EXTRACTS THE ZEROS AND T H E I R  M U L T I P L I C I T I E S  OF A * 
P O L Y N O M I A L  OF MAXIMUM DEGREE 25 B Y  COMPUTING A SEQUENCE OF APPROX- * 
I M A T I O N S  CONVERGING T O  A ZERO OF THE P O L Y N O M I A L  U S I N G  THE I T E R A T I O N  * 
FORMULA * 

X I N 4 l I  = X ( N I - P ( X I N ) ) / P ' ( X ( N l ) r  * * 

DOUBLE PRECISION PROGRAM FOR NEWTON'S METHOD * 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
DOUBLE P R E C I S I O N  R A ~ V A , R X Z E R O ~ V X Z E R O , R B , V B 1 R C O E F ~ V C D € F , R X ~ V X ~ R X ? N S  

1 T ~ V X I N I T c R C ~ V C t R O ~ V D ~ R P X r V P X r R D P X a V D P X t R X N E U t V X N E W ~ R X O t V X 0 , E P S C H K r  
2EPSCNV,EPSQ,EPSMULeXSTART,XENDIABPX,ABDPX 

D I M E N S I O N  R A ~ 2 6 l ~ V A ~ 2 6 ~ ~ R 8 ~ 2 6 ~ ~ V 8 ~ 2 6 ~ ~ R C l 2 6 ~ ~ V C l 2 6 l ~ R D ~ 2 6 ~ ~ V O ~ 2 6 ~ ~  
1 R C O E F ~ 2 6 l ~ V C O E F ~ 2 6 ~ t H U L T l 2 5 ~ a R X Z E R O ~ 2 5 l ~ V X Z E R O ~ 2 5 l ~ R X ~ 2 5 ~ ~ V X ~ 2 5 ~ ~ R  
2 X I N I T ( 2 5 1 , V X I N I T ( 2 5 l  

COMMON E P S C H K t M A X s I O Z  
101=5 912 
1 0 2 = 6  116 

1 R E A D ( I O l ~ 1 0 0 0 )  N O P O L Y ~ N ~ N I A P ~ M A X ~ E P S C N V s E P S Q ~ E P S M U L e X S T A R ~ ~ X E N O ~ K C  
l H E C K  

IFIKCHECK.EQ.1 B STOP 
N A = N t  1 130 
R E A O ( 1 0 1 ~ 1 0 1 0 )  ( R A ( I ) r V A ( I ) r I f l , N A b  132 
W R I T E ( 1 0 2 , 1 0 3 3 )  N O P O L Y t N  
W R I T E l 1 0 2 r l 0 4 0 )  ( I , R A ( I I I V A I I ) , I = ~ ~ N A ~  
WRITEL I02,2060) 
W R I T E ( 1 0 2 , 2 0 0 0 1  N I A P  
W R I T E (  102q2010) MAX 
WRITE( 102,2020) EPSCNV 
WRITE(  10212030) E P S H U L  
W R I T E (  102,2040) XSTART 
W R I T E ( 1 0 2 ~ 2 0 5 0 )  XEND 
I F ( N I A P . N E . 0 )  GO TO 3 

C A L L  G E N A P P f  RXZEROt  VXZERO, NIAPIXSTART ) 

3 R E A O ( I O l s 1 0 2 0 )  ~ R X Z E R O ( I l , V X Z E R O l I ) ~ ~ ~ l ~ N I A P )  

N I A P = N  

GO TO 4 

4 NOEF=N 
L= 1 
ITER=O 
NROOT=O 
I ROOT=O 
ITKME=O 
NO=O 
I A L T E R = O  
K=O 
RXO=RXZERO(L)  
V X O = V X L E R O ( L l  
DO 5 I = l t N A  
R C O E F l  I l = R A (  I 1  

5 V C O E F l  I l = V A (  I )  
10 C A L L  H O R N E R ~ R C O E F ~ V C O E F r R X O 1 V X O I N D E F ~ R 8 ~ V 8 ~ R C ~ V C ~ R P X ~ V P X ~ R D P X ~ V D P X  

1) 
ABPX=OSPRI (RPX*RPX4VPX*VPXt  
A8OPX=DSPRT(ROPX*RDPX+VDPX*VDPX*VDPX I 

152 
154 
160 

164 
168 
180 
181 
188 
190 
191 
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TABLE B e  VI11 (Continued) 

OU41 
0042 
0043 
0044 
0045 
0046 
0047 
0048 
0049 
0050 
0 0 5 1  
0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
0067 
0068 
0069 
0070 
0071 

0072 
0073 
0074 
0075 
0076 
0077 
0078 

0079 
0080 
0081 
0082 
0083 
0084 
0085 
0086 
0087 
0088 
0089 
0090 
0091 
0092 
009 3 
0094 
0095 
0096 

iF(A6~PX.NE.0~01 GO TO 20 
IF(A~PX.EQ.OIO~ GO TO 70 
GO TO 110 

I T E R = I  TER+1  
RXO=RXNEW 
VXO=VXNE W 
EPSC HK= E P SC NV 

20 CALL NEWTON(RPX~VPX~ROPX~VOPXIRXOlVXO~VXO~RXNEk4~VXNEW) 

CALL CHECKlRPX9VPX~ROPX,VOPXIRXO,VXO~VXO~KANS) 
IF(KANS.EO.1) GO TO 70 
IF(ITER.GE.MAX) GO TO 40 
GO TO 10 

40 CALL A L T E R ( R X Z E R O ( L I ~ V X Z E R O ( L ) r I A L T E R I I T I H E )  
IF(IALTER.GTe5) GO TO 110 
RXO=RX ZERO1 L )  
VXO=VXZERO( L )  
I TER=O 
GO TO 10 

60 NO=NDEF+l 
00 65 J = l t N D  
RD( JJ=RCOEF( J )  

65 V O I  J)=VCOEF( J )  
GO TO 140 

70 NROOT=NROOTtl 
K=K+l 
MULT ( K )= 1 
RX(  K) =RXO 
VXlK)=VXO 
R X I  N I  T (  K 1 =RX ZERO( L 1 
VXINIT(K)=VXZERO(L) 
CALL H O R N E R ~ R C O E F ~ V C O E F ~ R X O ~ V % O ~ N O E F , R B I V B I R t ~ V C ~ R P X t V P X ~ R O P X ~ V O P X  

1) 
80 IF(NROOT.GE.Nl GO TO 147 

NDEF=NDEF-l 
NUH=NOEF+l 
DO 105 I=l,NUM 
RCOEFt I ) = R B (  I )  

105 VCOEF(I)=VB(I) 
CALL H O R N E R ~ R C O E F ~ V C O E F ~ R X O ~ V X O I N D E F 1 R B , V B , R C ~ V C ~ R P X ~ V P X ~ ~ O P X ~ V O P X  

1 )  
ABPX=OSQRT(RPX*RPX+VPX*VPX I 
A8OPX=DSQRT(ROPX*RDPX+VOPX*VOPX~ 
IF(A8DPX.NE.O.O) GO TO 107 
IF(ABPX.EO.O.0) GO TO 130 
GO TO 110 

EPSCHK=E PSMUL 

IF(KANS.EQ.11 GO TO 130 
110 IF(NOEF.GT.2) GO TO 113 

IROOT=K 

GO TO 150 

IF(XEND.EQ.O.0) GO TO 60 
1FlXSTART.GT.XEND) GO TO 60 
NIAP=N 
CALL C E N A P P ( R X Z E R O s V X Z E R O I N I A P t X S T A R T 1  

107 CONTINUE 

CALL CHECK(RPXIVPX,RDPX~VDPX.RXO,VXO~VXO~KANS~ 

CALL Q U A O ( R C O E F ~ V C 0 E F ~ N D E F ~ R X ~ V X ~ K ~ M U L T ~ E P S Q J  

113 iF(L.LT*NIAP) GO TO 115 

200 
204 
205 

1 9 4 ,  

208 

244 
248 

268 
272 
2 76 
280 
28 1 
288 
289 

294 
296 
297 

300 
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TABLE B. VI11 (Continued) 

0097 
0098 
0099 
0 100 
0101 
0102 
0103 
0104 
0105 
0106 
0107 
0108 
0109 
01 10 
0111 

0112 
0113 
0114 
0115 

0116 
0117 
0118 
01 19 

0120 
0121 
0122 
0123 
0124 
0125 
0126 
0127 
0128 

0 1 2 9  
01 3 0  
0131 

0132 

0 1 3 3  

0134 

0 1 3 5  

0 1 3 6  

0 1 3 7  
0130 
0 1 3 9  
0140 
0141 
01 42 
0143 
0144 
0145 

L=O 

RXO=RX ZERO( L 1 
VXO=VXZERO(L)  
I TER=O 
1 ALTERSO 
GO TO 10 

130 M U L T ( K  )=MULT f K ) tl 
NROOT=NROOT+ 1 
GO TO 80 

115 L=L+1 

140 IF IK .EQ.0 )  GO TO 
147 IROOT=K 
150 WRITE(  102r1025) 

WRITE( 1 0 2 ~ 1 0 5 0 )  
W R I T E ( I 0 2 ~ 1 0 6 0 )  t 

101 I 

60 

312 
313 
316 
320 
324 
328 
332 
3 3 6  
338 

KKK= I R O O T t 1  

EPSCHK=EPSCNV 
IF( IROOT.1T.K)  W R I T E I I O Z ~ 1 0 6 2 )  ( I o R X ~ l ~ s V X I I ) r M U L T ~ I ~ ~ I ~ K K K ~ K ~  

C A L L  8 E T T E R l K i R X Z E R O ~ V X Z E R O s R X ~ V X ~ N A o R A ~ V A 1 R C O E F ~ V C O E F ~ N r R C r V C ~ R B ~  
1 V B )  

160 IF(K.EP.0) GO TO 170 
W R I T E ( 1 0 2 ~ 1 0 6 5 )  
WRITE4  102r1050) 
W R I T E (  1 0 2 , 1 0 6 3 )  f I v R X f I 1 , V X I  I I o M U L T I  I ) s R X I N I T ( I J r V X I N I T (  1) v I = l t I R O  

101) 
K K K = I R O O T + l  
I F ( I R O O T * L T . K )  W R I T E ( I O 2 ~ 1 0 6 2 )  ( I ~ R X ( l ) r V X ( I ) o M U L T 1 I J ~ l = K K K I K )  

170 1FINO.EP.OJ GO TO 1 
WRITE(  102,1010) 396 
W R I T E l I O Z s 1 0 7 5 )  ~ J u R O l J )  s V D ( J l ~ J = l r N O J  
GO TO 1 444 

1000 F O R M A T ~ 3 ~ 1 2 r l X ~ ~ 9 X ~ I 3 , 8 X 1 3 ~ O 6 ~ O ~ l X ~ ~ l 3 X s 2 ~ O 7 ~ O ~ ~ X J r I l ~  

1030 FORMAT~lHlv8X~43HNEWTONS METHOO TO F I N O  ZEROS OF P O L Y N O M I A L S / 9 X o 1 8  
1 H P O L Y N O H I A L  NUMBER r I 2 1 l l H  O F  DEGREE , 1 2 . / / / / 1 X s 2 8 H T H E  C O E F F I C I E N T  
2 5  O f  P ( X )  ARE/ )  

1010 FORMAT 12030.0) 

1040 F O R M A T ( ~ X I Z H P (  (12.4H) = t O 2 3 . 1 6 r 3 H  + v D 2 3 . 1 6 s 2 H  I )  

1025 F O R M A I l / / / l X , 6 1 H B E F O R E  THE ATTEMPT TO IMPROVE ACCURACY* THE ZEROS 

1050 F O R M A T ( / / / 2 X o l 3 H R O O T S  OF P ~ X ~ ~ ~ ~ X ~ ~ ~ H M U L T I P L I C I T I E S S ~ ~ X I ~ ~ H I N I T I A L  

1060 F O R M A T ~ ~ X ~ S H R O O T L I I ~ ~ ~ H )  = ,023.16~3H t r023.16r2H 1 ~ 7 X ~ 1 2 ~ 7 X s 0 2 3 ~  

1062 F O R H A T ( ~ X , ~ H R O O T ( ~ I ~ S ~ ~ J  = r023.16r3H + o O Z 3 . 1 6 * 2 H  I i 7 X o 1 2 v S X t 2 3 H S  

1065 F O R M A T ( / / / l X s 6 1 H A F T E R  THE ATTEMPT TO IMPROVE ACCURACY. THE ZEROS 

1 0 2 0  FORMAT (2030 .0  1 

1OF P ( X 1  ARE) 

1 A P P R D X I H A T I O N / / J  

11613H + , 0 2 3 . 1 6 ~ 2 H  I )  

l O L V E 0  BY D I R E C T  METHOO) 

1OF P t X )  ARE) 

lEROS W E R E  FOUND/ )  
1070 FORMATI///lX,65HCOEFFICIENTS O F  D E F L A T E 0  P O L Y N O M I A L  FOR WHICH NO 2 

1075 F O R M A T ( ~ X U ~ H O ( , I ~ I ~ H )  r 0 2 3 . 1 6 r 3 H  + s023.16,ZH 1 )  
2000 F O R M A T ( l X ~ 4 1 H N U M B E R  OF I N I T I A L  A P P R O X I H A T I O N S  GIVEN.  ,IZ) 
2010 F O R H A T ( l X s 2 9 H M A X 1 H U M  NUMBER OF I T E R A T I O N S ~ s 1 l X ~ I 3 )  
2020 F O R M A T ( l X , Z l H T E S T  FOR CONVERGENCE.~13Xe09 .21  
2030 F O R M A T ~ I X I Z ~ H T E S T  FOR MULTIPLICITIES.~lOXrO9.2~ 
2040 F O R M A T 1 1 X s 2 3 H R A D I U S  TO START SEARCH., l lXv09.2)  
2050 f O R M A T ( 1 X ~ 2 1 H R A O I U S  TO END SEARCH.e l3XrO9 .2 )  
2060 F O R M A T ( / / l X )  

END 450 
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TABLE Bo VI11 (Continued) 

0001 

0 0 0 2  
0003 
0004 
0005 
0006 
0 0 0 7  
0008 
0009 
0010 
001 I 
0012 
0 0 1 3  

000 1 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
00 16 
0017 
00 18 
0019 
0020 
0021 
0022 
0023 
0024 

0025 
0026 

SUBROUT I NE GENAPP I APPRe A P P  I i NAPP *XST ART) 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * SUBROUTINE GENAPP GENERATES N I N I T I A L  A P P R O X I M A T I O N S e  UHERE N t S  THE 4 
C * DEGREE OF T H E  O R I G I N A L  POLYNOMIAL.  * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C I S  I O N  APPRI APP l e  XSTARTeDUMMY*BfTA 
D l M E N S l O N  A P P R ( Z S J e A P P I ( 2 5 J  
COMMON DUMMY e M A X i  102 
IF(XSTART.EP.3.0) XSTARTsO.5 
B E T A = 0 . 2 6 1 7 9 9 4  
00 10 I ' l I N A P P  
A P P R ( I  l = X S T A R T * O C O S ~ B E T A J  
A P P I ( I ~ = X S T A R T * D S I N ( B E T A ~  
BETA=BETAtO.  5 2 3 5 9 8 8  

RETURN * 
END 

10 X START=XSTART+O. 5 

SUBROUTINE A L T E R ~ X O L D R ~ X O L D I I N A L T E R ~ I T I M E I  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * SUBROUTINE ALTER ALTERS THE I N l T l A L  A P P R O X I M A T I O N S  M H I C H  PRODUCE NO * 
C * CONVERGENCE TO A ZERO. T H I S  IS DONE A MAXIMUM OF 5 'TIMES FOR EACH ROOT. * 
c *  * 
c ****4********************~************************************************** 

DOUBLE P R E C I S I O N  XOLDR, X O L O I  I DUMMY eABXOLDeBETA 
COMMON O U M M Y t M A X t I O Z  
I F ( I T I M E . N E . 0 )  GO TO 5 

W R I T E 1 1 0 2 r 1 0 1 0 )  MAX 

W R I T E (  I02r1000)  XOLOReXOLDl  

I T l M E  = I  

5 IF (NALTER.EP.O l  GO TO 10 

GO TO 20 
10 ABXOLO=DSQRT~XOLDR*XOLOR+XOLDI*XOLDl~ 

B E T A = O A T A N ~ ~ X O L D I I X O L O R I  
W R 1 T E l I 0 2 1 1 0 2 0 J  XOLORIXOLDI 

2 0  N A L T E R = N A L T E R t l  
IF INALTER.GT.51 RETURN 
GO TO 1 3 0 ~ 4 0 1 3 0 e 4 0 ~ 3 0 J ~ N A L T E R  

30 XOLDR=-XOLDR 
XOLO I =- XOLOI  
GO TO 5 0  

XOLDR=ABXOLO*DCOSl B E T A )  
XOLD I = A B X O L  D*OS I N  f B E T A )  

40 BETA=BETA+1 .0471976  

5 0  RETURN 
1000 F 0 K M A T ( l X e 0 2 3 . 1 6 1 3 H  + r023.16r2H I 
1010 F O R M A T I / / / ~ X I ~ ~ H N O  CONVERGENCE FOR 

1020 F O R M A T ( / l X e O 2 3 . 1 6 e 3 H  + r D 2 3 . 1 6 * 2 H  
LTER 113e!2H I T E R A T I O N S . / / )  

€NO 

1 0 X e Z l H A L T E R E O  A P P R O X I M A T I O N )  
THE FOLLOWING APPROXlMATIONS A F  

r l O X , Z l H I N I T I A L  A P P R O X I H A T I O N )  
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TABLE B. VI11 (Continued) 

0001 

0002 

0003 
0004 
000 5 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
00 16 
0017 
0018 
00 19 
0020 
0022 
0022 
0023 
0024  
0025 
0026 
0027 
0028 
0 0 2 9  
00 30 
0031 
0032  
0033 
0034  
0035 
0036  
0037 
0038 
0039 
0040 
0041 
0042 
0043 
0044  
0045 

SUBRUUTI  N E  QUAO(UA~VAINAIUROOT t VROOT e NROOT. NUL T I t E P S T  J 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * SUBROUTINE QUA0 SOLVES O I R E C T L Y  FOR THE ZEROS AND T H E I R  M U L T I P L I C I T I E S  * 
C * O F  E I T H E R  A P U A O R A T I C  POLYNOMIAL  OR A L I N E A R  FACTOR. S O L U T I O N  OF THE * 
C * P U A D R A T I C  IS DONE U S I N G  THE P U A D R A T I C  FORMULA. * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE 

OIMENS ION U A  (26 I t  V A I  26 1 t UROOT ( 25 ) s VROOT( 25 b t MULT I 1 25 J 
IF4NA.EP.Z)  GO TO 7 
IF lNA.EP.1 I  GO TO 5 
UROOT~NROOT+ l )=O.O 

P R E C I S 1  ON U A t V A t U R O O T t  VROOT. BBBIUAAAI VAAAIUOI SCI V O I  SC tUDUWM 
lY tVOUMWY~ROUMMYtSOUMMYtEPST~UBBBtVBBB 

V R O O T ~ N R O O T + l l = 0 . 0  
MUL TI (NROOT* 1) = l  
NROOT=NROOT+l  
GO TO 50 

U R O O T ~ N R O O T + 1 ~ = I - U A I 2 ~ * U A ~ l ~ - V A O * V A ~ l l ~ / B B B  
V R O O T ~ N R O O T + 1 ~ = ~ - V A ~ 2 l * U A o * V A ~ 2 ~ * V A l l ~ l / B B ~  
H U L T I ( N R O O T + l I = l  
NROOT=NROOTt l  
GO TO 50 

5 BBB=UA~lJ*UAIl)+VA(l~*VA(l~ 

7 U O I S C ~ 4 U A ~ 2 l * U A l 2 ~ ~ V A ~ 2 t * V A ( 2 ~ ~ ~ l 4 ~ O * ~ U A l l ~ * U A ~ 3 l ~ V A ~ l ~ * V A l 3 ~ ~ ~  
V O I  S C E ( V A ( ~ ) * U A I ~ I + U A ( ~ ~ * V A ( Z ~  1 - 1 4 . 0 * ( V A l l  l * U A ( 3 I + U A f  l ) * V A (  3) ) I 
8BB=DSQRT( UD I S C * U O I  SC + V D l  SC*VDI  SC 1 
IF lBBB.LT .EPST1 GO TO 10 
C A L L  C O H S P T I U O I S C ~ V O I S C ~ U O U M M Y ~ V O U M M Y ~  
UBBB=-UA lZ I+UOUMHY 
VBBB=-VA12)+VOUMMY 
RDUMHY=-UA~2) -UOUHHY 
SOUMMY=-VA(2)-VOUMMY 
UAAA=2.0*UA( 1) 
V A A A = 2 . 0 * V A I l )  
BBB=UAAA*UAAA+VAAA*VAAA 
UROOT(NROOT+l)=(UBBB*UAAA+VBBB*VAAAl/BBB 
VROOT(NROOT+1)=4VBBB*UAAA-UBBB*VAAA)/BBB 
UROOT(NROOTt2~=(RDUMMY*UAAA+SOUHMY*VAAAl/BBB 
VROOTI NROOT+L) =( SDUMMY*UAAA-ROUHMY*VAAAl/0BB 
H U L T I  1 N R O O T + l ~ = l  
MUL 1 I 1 NROOT+2 1 =1 
NROOT=NROOT+Z 
GO TO 50 

10 UAAA=2 .O*UA ( 1 I 
VAAA=Z.O*VA( 1) 
BBB=UAAA*UAAAtVAAA*VAAA 
VROOTtNROOT+11=I-UA(2l*UAAA-VA(2)*V4AAA~/BBB 
V R O O T ~ N R O O T + 1 ) = ( - V A I Z ) r U A A A + U A ~ 2 ~ * V A A A ~ / B B B  
H U L T I  l N R O O T + l ) = 2  
NROOT=NROOT+ 1 

50 RETURN 
E NO 
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000 1 

0002 
0003 
0004 
0005 
0006 
0007 * 

0006 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
002 1 
0022 
0023 
0024 
0025 

TABLE B. VI11 (Continued) 

.&_ 

SUBROUTlNE C O H S V T i U X c V X t U Y r V Y  0 
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *~**~*** *4~***~**4*** * *~~**~~ 
c *  * 
C * T H i S  SUBROUTINE COMPUTES T H E  SQUARE ROOT OF A COMPLEX NUMBER. * 
c *  * 
c *************************************************~***************4~****~***~ 

DOUBLE P R E C I S I O N  U X , V X ~ U V I V Y ~ O U M M Y I R I A A A ~ B B ~  

AAA=OSORT (DABS I (R+UX ) / 2 . 0  I B 
B B B ~ O S O R T t O A 8 S l ~ R - U X 1 / 2 . 0 ) )  
I F I V X )  10*20r30 

VY=- l.O*BBB 
GO TO 100 

2 0  I F t U X )  40r50160 

R=DSPRT( UX*UX+VX*VX)  

10 UY=AAA 

30 UY=AAA 
VY=BBB 
GO TO 100 

uv=o .o 
VY=DSORT(DUMMY) 
GO TO 100 

50 UY=OeO 
vv=o.o 
GO TO 100 

60 OUHHY = DABS I UX 1 
UY=DSORT(OUHHV) 
VYsO.0 

100 RETURN 
END 

40 DUMMY=OABStUX) 
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0001 
C 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
001 7 
OOlB 
0019 
0020 
0021 

000 I 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 

TABLE B. VI11 (Continued) 

... 
SUBROUTI  N E  HORNER RA r VA ~RXOIVXOI N O E f *  RBI V B I R C ~  VCc RPX r V P X e  ROPXc VOPX 

- 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  * * * HORNER'S METHOD COMPUTES THE VALUE OF A P O L V N O M t A L  P I X )  A T  A P O I N T  D AND C * I T S  O E R I V A T I V E  AT 0. S Y N T H E T t C  O I V I S l O N  IS USED TO D E F L A T E  THE * * POLYNOMIAL BY D I V I O I N G  OUT T H E  FACTOR (X-01. * * * . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
1) 

DOUBLE PREC IS I O N  VOP X sRXOIVXOIRB *%B e RC r VC r R P X s V P X  ~RDPXIRAI VA 
D I H E N S f O N  RA(26)rVA126)rRBf26).VB126).Rt(26)rVt/26)~VC~Z6) 
R B ( l J = R A ( l )  516 

10 

20 
25 

V B (  l l = V A (  1) 
NUH=NOEF 41 
00 10 I z 2 , N U M  
RE( I ) = R A (  f l  t ( R B (  1-1 l *RXO-VB( f - l l * V X O b  
VB~I)=VA(I1+~VB(I-1)*RXO+RBlI-l~*VXOl 
RPX= AB ( NUM ) 
VPX=VB( N U H t  
R C t l ) = R B ( l )  
V C ( l ) = V B ( l )  
IF(NDEF.LT.2) GO TO 25 
00 20 J = 2 * N O E F  
R C ( J 1 = R B ( J ) + ( R C ( J - l ) * R X O - V C ( J - l ) * V X O )  
V C ~ J ~ = V B l J ) + ( V C f J - l ) * R X O + R C ~ J - l ) * V X O ~  
ROPX=RC ( NOEF ) 
VOPX=VCl  NOEF b 
RETURN 
E N 0  

s i i  
520 
524 

532 
533 
540 
54 1 

544 

553 
572 
5 80 

SUBROUTINE N E H T O N ~ R P X I V P X ~ R O P X ~ V O P X ~ R X O ~ V X O ~ R X N E H ~ V X N E ~ ~  690 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * THIS SUBROUTINE C A L C U L A T E S  A N E H  A P P R O X I M A T I O N  FROM THE O L D  APPROX- * 
C * l M A T I O N  BY U S I N G  THE I T E R A T I O N  FORMULA * 
c *  X i N + 1 )  = X I  N) -P(  X f  N I  1 /P '  L X t N )  )e * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C I S I O N  R P X t V P X ~ R D P X r V O P X s R X O ~ V X O ~ R X N E H c V X N E H r A R G  
DOUBLE P R E C I S I O N  DO0 
ARG=RDPX*RDPX+VOPX*VOPX 
OOO=DSPRT(ARG) 
IF(DOO.EO.O.OI RETURN 
RXNEU=RXO-( (RPX*RDPXtVPX*VOPXI/ARG) 
VXNEU=VXO-l(VPX*RDPX-RPX*VDPXld*RG) 
RETURN 
E N 0  

616 
620 
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0001 

0 0 0 2  

0 0 0 3  
0004 
0 0 0 5  
0006 
0007 
0008 
0009 
0010 
001 1 
0 0 1 2  
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0 0 2 0  
0021 

TABLE B e VI11 (Cont hued)  

SUBROUTI N E  CHECK( RPX t VPXs ROPX ~VDPXIRXOIVXO~KANS)  
********************************************************4*4***************** * * 
8 T H I S  SUBROUTINE CHECKS FOR CONVERGENCE OF T H E  SEPUENCE OF APPROX- * * I H A T I O N S  BY T E S T I N G  THE E X P R E S S I O N  8 * ABSOLUTE VALUE O f  l P l X t N ) ) / P ' l X I N ) ~ ) / A B S O L U T E  VALUE OF XLN41) .  * 
@ WHEN I T  IS AS S H A L L  AS OESIREOe CONVERGENCE IS OBTAINED. * * 16 
dr****************~*****************************************************16**4** 

DOUBLE P R E C I S I O N  RPXIVPX~ ROPXe VOPXI RXOeVXO ~ABSXOIABSQUOI RDUHHY e V 0 U  749 
lHMY 9 EPS 750 

DOUBLE P R E C I S I O N  ARG 
DOUBLE P R E C I S I O N  000 

A B S X O = O S Q R T ( R X O * R X O + V X O * V X O ~  

ARG=ROPX*RDPX+VOPX*VOPX 
OOD=DSQRT(ARG) 
IF(DDD.EP.O.0) GO TO 25 
RDUMHV- RPX*ROPX+VPX*VOPX) /ARG 
V O U M M Y = t V P X * R O P X - R P X * V O P X ) / A R G  
A 8 S Q U O = O S 4 R T ~ R O U M M Y * R O U M M Y + V D U H H V ~  
I f  IABSPUO/ABSXO.LT.EPS) GO TO 10 
KANS=O 
RETURN 

10 K A N S = l  
RETURN 

2 5  KANS=O 
RETURN 

COMMON EPSIMAXIIO~ 

IFlA8SXO.EQ.O.) GO TO 25 

760 
764 
768 
772 

END 
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TABLE B. VI11 (Continued) 

0001 

0002 

0003 

0004 
0005 
0006 
000 7 
0008 
0009 
00 10 
0011 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
0026 
0027 
0 0 2 8  
0029 
0030 
0031 
0032 
0033 
0034 
0035 
0036 
0037 
0038 

0039 

0040 

0041 

SUBROUTINE 8 E T T E R l K ~ R X Z E R O v V X Z E R O s R X . V X I N A . R A ~ W A ~ R C O E F ~ V C O E F ~ N ~ R C e  
1 VC * RBs V 8 )  

c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

c *  * 
C * SUBROUTINE BETTER ATTEMPTS TO IMPROVE THE ACCURACY O F  THE ZEROS FOUND * 
C * B Y  U S I N G  THEM AS I N I T I A L  A P P R O X I M A T I O N S  W I T H  NEWTON'S METHOD A P P L I E D  TO * 
C * THE FULLa UNDEFLATEO POLYNOMIAL. * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C I S I O N  R X Z E R O ~ V X Z E R O , R X ~ V X e R A l V A o R C O E F I V C O E F p R C p V C a R B ~ V 8  805 

D I M E N S I O N  R X Z E R 0 l 2 5 l ~ V X Z E R 0 ~ 2 5 l ~ R X ~ 2 5 ~ ~ V X ( 2 5 ~ ~ R A ~ 2 6 ~ e V A l 2 6 ~ ~ R C O E F ~  
~ , R X O ~ V X O ~ R P X ~ V P X I R D P X ~ V O P X ~ R X N E U ~ V X N E U S E P S  

126 1 VCOEF I26 ), RC 126) ,VC( 26 1 vRB( 26) t V B (  261 
o o u a L E  PRECISION A B P X ~ A B D P X  
COMMON E P S  9 MAX p IO2 

R X Z E R O ( 1  l = R X ( I )  
10 VXZEROI  I ) = V X (  I b 

R C O E F I  I )=RA(  1 )  
20 VCOEF( I l = V A (  I 1  

00 10 Iz1.K 

00 20 I = l t N A  

00 50 J=1,K 
RXO=RX ZERO( J t 
VXO=VX ZERO( J b 
NN=N 
1TER=O 

ABPX=OSPRTlRPX*RPXtVPX*VPX)  
A8OPX=OSQRT(ROPX*RDPX4VOPX*VOPX~ 
IF(ABOPX.NE.Oe0)  GO TO 33 
IFIABPX.EQ.O.OI GO TO 40 
GO TO 34 

I T E R = I T E R + l  
RXO=RXNEW 

30 C A L L  H O R N E R ~ R C O E F ~ V C O E F ~ R X O v V X O p N N . R B I V B s R C s V C ~ R P ~ ~ V P X  

33 C A L L  N E W T O N ( R P X ~ V P X I R D P X V V O P X ~ R X O ~ V X O ~ R X N E U ~ V X N E U I  

VXO=VXNEW 
C A L L  CHECK(RPXpVPX,ROPXpVDPXIRXOIVXO~VXOtKANS) 
IF(KANS.EQ.1)  GO TO 40 
1Ft ITER.GE.HAX) GO T O  35 
GO TO 30 

34 WRITE(102s1112) RX0,VXO 
35 WRITE1 1 0 2 ~ 1 0 0 )  J S R X Z E R O l J ) r V X Z E R D 1 J )  

WRITEII02,200) MAX 
40 R X ( J I = R X O  

V X I  J) =VXO 
50 C O N T I N U E  

AFT URN 

RDPX WDPX) 

812 
815 
816 

824 
825 
828 
832 
833 
834 
836 

856 
860 
861 

844 

866 

870 
871 
872 
876 

1112 F&MAT11HO136HTHE VALUE OF THE D E R l V A T I V E  AT XO = ,023.16v3H + * 0 2  
13.16,ZH 1.lOH IS ZERO.) 

1e1613H 4 8023.16~2H I t l B H  010 NOT CONVERGE.) 

l R I N T E 0  BELOW.) 

100 F O R M A T ( 4 2 H O I N  THE ATTEMPT TO IMPROVE ACCURACYp R O O T ( r 1 2 r 4 H )  = so23 

200 FORHAT133H THE PRESENT A P P R O X I M A T I O N  AFTER r I 3 9 2 9 H  I T E R A T I O N S  I S  P 

E N 0  880 



APPENDIX C 

MULLER'S METHOD 

2 .  Use of t h e  Program 

A double p r e c i s i o n  FORTRAN I V  program us ing  Mul l e r ' s  method is  

p resen ted  i n  t h i s  appendix. Flow c h a r t s  f o r  t h i s  program are given i n  

F igu re  C . 1 w h i l e  Table  C.V g ives  a FORTRAN I V  l i s t i n g  of t h i s  program. 

S i n g l e  p r e c i s i o n  v a r i a b l e s  are l i s t e d  i n  some o f  t h e  t a b l e s .  

s i n g l e  p r e c i s i o n  v a r i a b l e s  are used i n  t h e  flow c h a r t s  and t h e  

corresponding double p r e c i s i o n  v a r i a b l e s  can b e  ob ta ined  from t h e  

a p p r o p r i a t e  t a b l e s .  

The 

The program is  designed t o  s o l v e  polynomials of degree 25 o r  

less. Both t h e  c o e f f i c i e n t  of t h e  h i g h e s t  degree term and t h e  cons t an t  

c o e f f i c i e n t  should b e  non-zero. I n  o r d e r  t o  s o l v e  polynomials of 

degree N ,  where N > 25, c e r t a i n  a r r a y  dimensions must be changed. 

These are l i s t e d  i n  Table C . 1  f o r  t h e  main program and subprograms i n  

double p r e c i s i o n .  

E35 
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TABLE C . 1  

PROGRAM CHANGES FOR SOLVING POLYNOMIALS O F  
DEGREE GREATER THAN 25 

BY MULLER'S METHOD 

D o u b l e  Precis ion  

M a i n  P r o g r a m  

UROOT (N) , VROOT (N) 
MULT (N) 
UAPP (N,  3) ,VAPP (N , 3) 
WORK (N+1) , WORK ( N f l )  
UB (N+l)  ,VB (N+l)  
UA(N+l)  ,VA(N+l)  
U R A P P ( N , 3 )  , V W P ( N , 3 )  

Subrout ine BETTER 

UROOT (N) ,VROOT (N) 
UA(N+l)  ,VA(N+l)  
UBAPP(N,3)  , V B A P P ( N , 3 )  
UB (N+l)  ,VB (N+l)  
UROOTS (N) ,VROOTS (N) 
URAPP(N,3)  , V R A P P ( N , 3 )  
MULT (N) 

Sub rou t ine  GENAPP 

A P P R ( N , 3 )  , A P P I ( N , 3 )  

Subrout ine HORNER 

UA (N+1) , VA (N+l  ) 
UB (N+1) ,VB (N+1) 

Subrout ine QUAD 

UA (N+1) VA (N+1) 
UROOT (N) VROOT (N) 
MLTLTI (N) 

Table C . 1 1  l ists  the s y s t e m  func t ions  used i n  the p r o g r a m  of 

M u l l e r ' s  m e t h o d .  

n a m e  e 

In  t h e  t a b l e  "d" denotes a double p rec i s ion  variable 
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TABLE C . 1 1  

SYSTEM FUNCTIONS USED I N  MULLER'S METHOD 

Double P r e c i s i o n  

DABS (d)  - o b t a i n  a b s o l u t e  v a l u e  

DATAN2(dl,d2) - a rc t angen t  of d1/d2 

DSQRT (d) - square r o o t  

DCOS (d) - cos ine  of ang le  

DSIN(d) - s i n e  of ang le  

DSQRT (d) - square r o o t  

2. Input  Data f o r  Mul l e r ' s  Method 

The inpu t  d a t a  f o r  Mul l e r ' s  method is  i d e n t i c a l  t o  t h e  i n p u t  d a t a  

f o r  Newton's method as desc r ibed  i n  Appendix B ,  8 2 except f o r  t h e  

v a r i a b l e  names. The correspondence of i n p u t  v a r i a b l e  names is given 

i n  Table C . 1 1 1 .  

g iven f o r  each r o o t .  

cons t ruc t ed  w i t h i n  t h e  program and are .9X0 and l . l X o .  

Only one (not t h r e e )  i n i t i a l  approximation, Xo, i s  

The o t h e r  two r equ i r ed  by Mul l e r ' s  method are 

3. Variables  Used i n  Mul l e r ' s  Method 

The d e f i n i t i o n s  of t h e  major v a r i a b l e s  used i n  Mul l e r ' s  method are 

given i n  Table C . W .  

t a b l e  see t h e  d e f i n i t i o n s  of v a r i a b l e s  f o r  t h e  corresponding subrou t ine  

i n  Table B . V I I .  The n o t a t i o n  and symbols used h e r e  are t h e  same as 

f o r  Table B . V I I  and are desc r ibed  i n  Appendix B ,  § 3 .  

For d e f i n i t i o n s  of v a r i a b l e s  n o t  l i s t e d  i n  t h i s  
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TABLE C . 1 1 1  

CORRESPONDENCE OF NEWTON'S AND m L E R ' S  
INPUT DATA VARIABLES 

Newton's Method 

NOPOLY 
N 
NIAP 
MAX 
EPSCNV 
EP SQ 
EP SMUL 
XSTART 
XEND 
KCHECK 

Control  Card 

Coef f i c i en t  Card 

I n i t i a l  Approximation Card 

XZERO (RXZERO) 
XZERO (VXZERO) 

Muller ' s  Method 

NOPOLY 
NP 
NAPP 
MAX 
EP S 
EPSQ 
EPSM 
XSTART 
XEND 
KCHECK 

APP (UAPP) 
APP (VAPP) 

End Card 

KCHECK KCHECK 

4 .  Descr ip t ion  of Program Output 

The output  from Mul le r ' s  method i s  t h e  same as t h a t  f o r  Newton's 

method as descr ibed  i n  Apptendix B, 5 4 .  Only one i n i t i a l  approximation, 

Z ,  (not  t h ree )  i s  p r i n t e d  f o r  each roo t .  It i s  e i t h e r  t h a t  suppl ied  by 

t h e  use r  o r  generated by t h e  program. 

used were 0.9Z and lelZ. 

The o t h e r  two approximations 
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5. Informative and Error  Messages 

The output  may conta in  informat ive  messages p r i n t e d  as an a i d  t o  

the  use r .  These are: 

"NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER XX." 

XX i s  t h e  number of t h e  polynomial. 

of t h e  polynomial were found. 

This message is p r i n t e d  i f  no roo t s  

" I N  THE ATTEMPT TO IMPROVE ACCURACY, ROOT(X) = YYY 

D I D  NOT CONVERGE AFTER ZZZ ITERATIONS 

THE PRESENT APPROXIMATION I S  AAA" 

X is  t h e  number of t h e  r o o t  before  t h e  at tempt  t o  improve accuracy, YYY 

i s  t h e  va lue  of t h e  r o o t  be fo re  a t tempt  t o  improve accuracy, ZZZ is  t h e  

maximum number of i t e r a t i o n s ,  and A M  is  the  cu r ren t  approximation 

a f t e r  t h e  maximum number of i t e r a t i o n s .  This message has t h e  same 

meaning as t h e  corresponding message i n  Appendix B ,  § 5. 
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Figure C.1. Flow Charts f o r  Muller's Method 
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Figure C.1, (Continued) 
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Figure r ,1, (Continued) 
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TABLE C.V 

PROGRAM FOR MULLER‘S METHOD 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

000 1 

0002 

0 0 0 3  
0004 
0005 
0006 
0001 
0008 
0009 
00 10 
0011 
0 0 1 2  
00 13 
0014 
0015 
00 16 
0017 
0018 
0019 
0020 
0 0 2 1  
0022 
0023 
0024 
0025 
0026 
0027 
0 0 2 8  
0029 
0030 
0031 
0032 
0 0 3 3  
0034 
0035 
0036 
0037 
0038 
0 0 3 9  
0040 
0041 
0 0 4 2  

********************************~**********************************9***~***$ . ” * * 
* OOUBLE P R E C I S I O N  PROGRAM FOR MULLER*S METHOO * * * * * 
* MULLER’S  METHOD EXTRACTS THE ZEROS AND T H E I R  M U L T I P L I C I T I E S  OF A 9 * POLYNOMIAL  OF MAXIMUM D E G R E E  25. THROUGH THREE G I V E N  PO!NTS THE * * POLYNOMIAL  IS APPROXIMATED BY A QUAORATIC. THE Z E R O  OF THE QUADRATIC 9 * CLOSEST TO THE O L D  A P P R O X I M A T I O N  I S  1 A K E N  AS THE NEW APPROXIMATION. 9 * I N  T H I S  MANNER A SEQUENCE IS O B T A I N E D  CONVERGING TO A ZERO.  * * * . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C I S I O N  U P X 3 ~ V P X 3 ~ U P X 2 , V P X 2 ~ U R O O T ~ V R O O T ~ U X l ~ V X l , U A P P ~ V A P P  
1,UX2rVX2,UWORK9VWORK,UX3~VX3,U8,V8,UX4,VX4,UA,VA#UPXl,WPXl,URAPP,W 
2 R A P P s U P X 4 ~ V P X 4 , E P S R T ~ E P S O ~ E P S M , U H 3 ~ V H 3 ~ U Q 4 ~ V Q 4 ; A B P X 4 ~ A B P X 3  
3 t Q Q Q q  XSTART 8 XENO 

D I M E N S I O N  U R O O T l 2 5 l ~ V R 0 0 T ~ 2 5 I r M U L T l 2 5 l ; U A P P l Z 5 ~ 3 ~ ~ V A P P l Z 5 ~ 3 ~ ~ U ~ O R K  
1 l 2 6 l ~ V ~ O R K l 2 6 l ; U 8 ~ 2 6 ~ ~ V B l 2 6 ) 1 U A ( 2 6 ~ ~ V A ~ 2 6 l ~ U R A P P l 2 5 ~ 3 ~ ~ V R A P P l 2 5 ~ 3 ~  

DATA P N A M E r O N A N E / 2 H P l s 2 H D l /  
L O G I C A L  CONV 
COMMON EPSRT9EPS0,  EPS,102rHAX 
I01=5 
1 0 2 ~ 6  
EPSRT=0 .999  

10 NROOT=O 
I R 0 0 T = 0  
I P A T H = l  
NOMULT=O 
NALTER=O 
I T  I ME=O 
I A P P = I  
? T E R = l  
R E A D l I 0 1 ~ 1 0 0 0 1  NOPOLY,NP;NAPP,MAXtEPS,EPSO,EPSM~XSTART,XENDsKCHECK 
IF lKCHECK.EQ.1 I STOP 
K K K = N P + l  
R E A D l 1 0 1 ~ 1 0 1 0 )  l U A ( I ) r W A l I ) ~ I = l ~ K K K  
W R I T E l 1 0 2 ~ 1 0 2 0 1  NOPOLVsNP 
W R I T E 1  1 0 2 , 1 0 3 5 )  (PNAMEs I s U A l  I I s V A I  I 
WRITE1 1 0 2 1 2 0 6 0 )  
W R I T E 1  1 0 2 , 2 0 0 0 )  NAPP 
WRITE1  1 0 2 , 2 0 1 0 l  MAX 
W R I T E l I 0 2 # 2 0 2 0 )  E P S  
W R I T E 1  1 0 2 , 2 0 3 0 )  EPSM 
W R I T E l 1 0 2 ~ 2 0 4 0 l  XSTART 
W R I T E (  1 0 2 , 2 0 5 0 l  XEND 
IF lNP.GT.21  GO T O  I5 

, I s l e K K K  I 

C A 1  L QUA0 I U A  ,V A NP t M O O T  s V ROOT 
W R I T E 1  1 0 2 1 1 0 3 7 )  
W R I T E l I O 2 ~ 1 0 8 6 1  I I ~ U R O O T ~ I J ~ V R O O T l I l ~ M U L T l I J ~ I ~ l ~ N R O O T l  
GO TO 10 

NAPP=NP 

GO TO 2 7  

NROOT 9 MU L T  s E PSO 1 

15 1FINAPP.NE.OI  GO TO 2 0  

C A L L  GENAPP~UAPPIVAPP~NAPP,XSTART) 

20 R E A O I I O l ~ 1 0 3 0 )  I U A P P l I ~ 2 l r V A P P l I ~ 2 ~ ~ l = ~ , N A P P )  
00 2 5  I - l s N A P P  
U A P P l l r l l = 0 . 9 * U A P P ~ i r 2 1  
VAPP( I 9 1 I = O e  9 * V A P P (  I 8 2  I 
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TABLE C V (Continued) 

U A P P l 1 ~ 3 ) = 1 . 1 * U A P P l I 1 2 )  
2 5  V A P P l 1 1 3 1 = 1 . l ~ V A P P l l r 2 )  
27 K K K = N P + l  

00 3 0  I = I a K K K  
U W O R K l I l = U A l  I 1  

3 0  V W O R K l I l = V A l I l  
NWORK=NP 

40 U X l = U A P P l I A P P s L )  
V X l = V A P P I I A P P 9 1 )  
UXZ=UAPPl  I APP,Z l  
VXZ=VAPPI  I A P P s Z I  
U X 3 = U A P P I I A P P s 3 1  
V X 3 - V A P P I I A P P s 3 )  
C A L L  H O R N E R l N W O R K ~ U W O R K y V W O R K ~ U X l ~ V X l ~ U 8 ~ V 8 ~ U P X l ~ V P X l ~  
C A L L  H O R N E R ~ N W O R K S U W O R K ~ V W O R K , U X ~ ~ V X ~ , U ~ ~ V ~ ~ U P X ~ ~ V P X ~ I  
C A L L  H O R N E R l N W O R K ~ U W O R K , V W O R K , U X 3 . V X 3 , U 8 ~ V E ~ U P X 3 ~ V P X 3 )  

50 C A L L  C A L C I  UX19 VX 1 , U X ~ ~ V X ~ ~ U X ~ ~ V X ~ , U P X ~ S V P X ~ , U P X ~ ~ V P X Z ~ U P X ~ ~ V P X ~ ~ U X  

60 C A L L  H O R N E R l N W O R K , U W O R K , V W O R K ~ U X 4 ~ V X 4 , U 8 , V 8 ~ U P X 4 , V P X 4 ~  
I ~ , V X ~ , U Q ~ ~ V Q ~ , U H ~ Y V H ~ )  

ABPX4=OSQRTIUPX4*UPX4+VPX4rYPX*) 
A 8 P X 3 = O S Q R T l U P X 3 * U P X 3 t V P X 3 * V P X 3 )  
IFlA8PX3.EQ.O.O) GO TO 70 
QQQ=ABPX4/ABPX3 
IFIQQQ.LE.10.1 GO TO 7 0  
UQ4=0 .5*U04  
VQ4=0.5*V94 
U X 4 = U X 3 + l  UH3*UQ4-VH3*YQ41 
VX4=VX3 t I VH3*UQ4+UH3 W Q 4  1 
GO TO 60 

I F I C O N V )  GO TO 1 2 0  
I F l I T E R . L T . H A X 1  GO TO 110 

70 C A L L  T E S T L U X ~ S V X ~ , U X ~ ~ V X ~ , C O N V )  

C A L L  A L T E R l U A P P ~ I A P P y 1 l ~ V A P P l I A P P ~ l ~ ~ U A P P l I A P P ~ 2 ~ ~ V A P P l ~ A P P ~ 2 ~ ~ U A P  
l P l I A P P ~ 3 l ~ V A P P l I A P P ~ 3 ~ ~ N A L T E R ~ I T l M E l  

I F l N A L T E R . G T . 5 )  GO TO 7 5  
I TER=1 
GO TO 40 

7 5  I F l I A P P . L T . N A P P 1  GO TO 100 
IF lXEND.EQ.O.01 GO TO 7 7  
1FIXSTART.CT.XENOI GO TO 77 
NAPP=NP 
C A L L  GENAPPIUAPPIVAPPSNAPP,XSTART)  
I A P P = O  

0 0 4 3  
0044 
0 0 4 5  
0046 
0 0 4 7  
0048 
0049 
0050 
0051 
0052 
0053 
0054 
0 0 5 5  
0056 
0057 
0058 
0059 

0060 
0061 
0 0 6 2  
0063 
0064 
0065 
0066 
0 0 6 7  
0 0 6 8  
0069 
0070 
0071 
0 0 7 2  
0073 
0 0 7 4  

0 0 7 5  
0076 
0077 
0078 
0 0 7 9  
0080 
0081 
0 0 8 2  
0 0 8 3  
0 0 8 4  
0085 
0086 
0087 
0 0 8 8  
0089 
0090 
0091 
0 0 9 2  
0 0 9 3  
0094 
0095 
0096 
0097 
0 0 9 8  

GO TO 100 

KKK=NWORK+l  
7 7  W R I T E l 1 0 2 r 1 0 9 0 1  

W R I T E (  I 0 2 9  1035) 
80 IF INR001 .EQ.O)  GO TO 90 

W R I T E 1  1 0 2 , 1 0 6 0 )  
I F ( I P A T H . E Q . I l  GO TO 82 

C A L L  8 E T l E R l U A ~ V A ~ N P ~ U R O O T ~ V R O O T ~ N R O O T , U R A P P e V R A P P ~ I R O O T ~ M U L  
W R I T E I 1 0 2 , 1 2 0 ~ 1  

IF l IROOT.EQ.01  GO TO 85 
W R I T E I I O 2 s l O 8 0 )  
DO 55 I = l , I R O O T  

55 WRITE1 102,10851 

lDNAHE,JvUWORKl  J l  DVWORKI J I r J = l , K K K )  

8 1  I P A T H = 2  

8 2  I F ( N R O O T . E O ~ O I G 0  TO 90 

I tUROOT I I I 8VROOT I I I DMULT I I JsURAPPL I a 2 ) r V R A P P  

1 

112) 
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TABLE C .Vi (Continued) 

0049 
0100 
0101 
0102 
0 1 0 3  
0104 
0105 
0106 
0107 
0108 
0109 
01 10 
0111 
0112 
0113 
0114 
0115 
0116 
0117 
0118 
0119 
0 1 2 0  
0121 
0 1 2 2  
0123 
0 1 2 4  
0 1 2 5  
0126 
0 1 2 7  
0128 
0129 
0130 
0131 
01 32 
0133 
0134 
0135 
0136 
0137 
0138 
0139 
0140 
0 1 4 1  
0 1 4 2  
0 1 4 3  
0144 
0145 
0146 
0147 
0148 
0149 
0150 
0151 
0 1 5 2  
01 53 
0 1 5 4  
0155 
0156 

1 F I i R U O T . L T . N R O O T ~  GO TO 8 5  
GO TO 87 

85 K K K = I R O O T + l  
W R I T E 1  102,1086) ~ I ~ U R 0 0 ~ 1 I ~ r V R O O T I I ~ r H U L T l l ~ J ~ I ~ K K K ~ N R O O T ~  

8 7  I F ( I P A T H . E P . 1 )  GO TO 8 1  

90 W R I T E ( 1 0 2 ~ 1 0 7 0 )  NOPOLV 
GO T O  10 

GO TO 10 
100 I A P P = I A P P + l  

I T E R = 1  
NALTER=O 
GO TO 40 

120 NHOOT=NROOT+l 
IROOT=NROOT 
HUL T I N R O O T l = l  
NOHULT=NOHULTt  1 
UROOTINROOTl=UX4 
VROOT ( NROOT I =V X4 
URAPPINROOTI l l = U A P P (  IAPP.1 )  
V R A P P I  NROOT, 1 l = V A P P (  IAPP,  1 I 
U R A P P ( N R O O T ~ 2 I = U A P P (  IAPP.2 1 
V R A P P I N R O O T I ~ ) ~ V A P P I I A P P , ~ ~  
U R A P P I  NROOT, 3 1 = U A P P l  I A P P ,  3) 
VRAPPlNROOT,3 )=VAPP(  I A P P . 3 )  

GO TO 80 

NWORK=NWORK-l 
KKK=NWORK+l 

UWORKI I ) = U B l  I )  
140 V W O R K ( I ) = V 8 1 1 )  

1 2 5  IF (NONULT.LT .NPI  GO TO 130 

130 C A L L  HORNER(NWORK,UWORK,VUORK,UX4,VX4,UB,V8~UPX4~VPX4) 

00 140 I = l r K K K  

C A L L  HORNER(NWORK,UWORK,VWORK,UX41VX4rUB,VBrUPX4,VPX4) 
CCC=DSQRT (UPX4*UPX4+VPX4*VPX4)  
IF lCCC.LT.EPSt4)  GO TO 150 
IF(NWORK.GT.2) GO TO 75 
IROOT=NROOT 
C A L L  Q U A D l U H O R K ~ V W O R K ~ N W O R K ~ U R O O T r V R O O T ~ N R O O T ~ H U L T ~ E P S O ~  
GO T O  80 

150 H U L T (  NROOT) =HULT (NROOT) t1 
NOMULT=NOHULT+ 1 
GO TO 1 2 5  

110 ux1=uxz 
vx1=vx2 
u x 2 = u x 3  
v x 2 = v x 3  
ux3=ux4 
v x 3 = v x 4 
u P x l = U P x 2  
V P X l  =vpx 2 
upx2=upx3 
VPX2=VPX3 
u P x 3 = u P x 4  
V P X 3 E V P X 4  
I T E R = I T E R + l  
GO TO 50 

1010 FORMAT(203O.O) 
1020 F O R M A T l 1 H l r l X ~ 5 2 H H U L L E R S  METHOD FOR F I N D I N G  THE ZEROS OF A POLVNOH 
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TABLE C . V  (Continued) 

0157 
0158 

0159 

0160 
3161 

0162 
0163 
0164 

0165 
0166 
0167 
0168 
0169 
0170 
0171 
0172 
0173 
0174 
01 75 

1 1 A L / L H  , l X , l 8 H P O L V N O M I A L  NUMBER r I 2 1 l l H  OF DEGREE q12/ / /1H r l X e 2 8 H  
2 T H E  C O E F F I C i E N T S  O F  P ( X )  A R E / / )  

1030 F O R M A T I Z D 3 0 . 0 )  
1090 F O R M A T l / / / ~ l X ~ 6 5 H C O E F F I C I E N r S  O F  D E F L A T E 0  P O L Y N O M I A L  FOR WHICH NO 

1080 FORMAT( / / / I  X t 13HROOTS OF 

1070 F O R H A T l / / , 4 3 H  NO ZEROS WERE FOUNO FOR P O L Y N O M I A L  NUMBER 112)  
1086 F O R M A T I 2 X , 5 H R 3 U T I ~ I 2 r 4 H )  ,023.16,3H * v023.16,2H I q 8 X , I 2 r 9 X s 2 3 H S  

1037 F O R H A T I / / / ~ l X t 1 3 H Z E R O S  OF PlXl,51X,14HMULTIPLICITlES//~ 
1035 F O W M A T I 3 X t A Z r I Z e 4 H )  = v023.1693H + 1023 .16 ,ZH I )  
1085 F O R M A T l 2 X ~ 5 H R O O T l r I 2 r 4 H )  = ,023.16,3H * t023.16,2H IsBX,12 ,8X ,023e  

1000 Ff lRMAT I 3 (  I 2 , l X )  1 9 X ,  13, AX, 3I06.01 L X )  9 1 3 X ~ 2 I R 7 . 0 , l X )  ,111 

1200 F O R M A T I / / / l X v 3 7 H A F T E R  THE ATTEMPT TO IMPROVE ACCURACYJ 
2000 F O R M A T I l X , 4 l H N U M B E R  O F  I N I T I A L  A P P R O X I M A T I O N S  GIVEN.  12) 
2 0 1 0  F O R M A T I l X ~ 2 9 H t 4 A X I H U M  NUMBER OF I T E R A T I O N S . , ~ I X I I ~ )  
2020 F O R M A T I l X , Z l H T E S T  FOR CONVERGENCE.,13X,09.2) 
2030 F O R M A T ( l X v Z 4 H T E S T  FOR MULTIPLICITlfS..lOX~D9.2~ 
2 0 4 0  FORMAT I1 X, 2 3 H R A O I  US TO START SEARCH. t l l X 1 0 9 . 2 )  
2050 F O R M A T 1 1 X , Z l H R A O I U S  T O  E N 0  SEARCH.*13X,OY.2) 
2060 F O R M A T I / / l X )  

l Z E W f l S  WERE F O U N D / / )  

1 A P P R O X I M A T I O V / / )  
P( X J t 5 2 X  t 1 4 H H U L T I  PL I C  I T I E S  s 1 7 X  e21 H I N  1 T I  A L  

l D L V E 0  DY D I R E C T  METHOD) 

11693H + ,023.16,ZH I )  

1060 F O R M A T I / / / 3 5 H  BEFORE ATTEMPT T O  IMPRDVE ACCURACYl  

E N 0  
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TABLE C ,V (Continued) 

000 1 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
00 10 
001 1 
0012 
0013 
0014 
0015 
001 6 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
0026 
0027 

0028 

0029 

0030 

5 U B f f O U T t N E  A L T E R l X l R r X 1 I ~ X 2 R ~ X 2 l ~ X 3 R ~ X 3 l ~ N A L T E R ~ I T l M E l  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

c *  * 
C * S U B R O U T I N E  ALTER ALTERS T H E  I N I T I A L  A P P R O X I M A T I O N S  WHICH PRODUCE NO * 
C * CONVERGENCE TO A ZERO. T H I S  I S  OONE A MAXIMUM OF 5 T I M E S  FOR E A C H  ROOT. 4 
C 4  * 
c * * * * * * * * * * * * * * * * * * * + * * * * * * * * * * * * * * * * 4 * * * * * * * * * * ~ * * * * * * * * * * * * * * * * * ~ * * * * * * * * * ~  

OOUBLE P R E C I S I O N  X ~ R ~ X ~ I I X ~ R ~ X ~ I ~ X ~ R I X ~ I , E P S I , E P S ~ , E P S ~ ~ E P S ~ ~ R ~ ~ E T A  
COMMON E P S l i E P S 2 , E P S 3 . 1 0 2 1 M A X  
I F l I T I M E . N E . 0 1  60 TO 5 

W R I T E ~ 1 0 2 , l O l O ~  MAX 

WRITE( 102s 1000 t 

I T I M E = l  

5 IF lNALTER.EQ.0 )  GO TO 10 
X l R , X l I  I X Z R I X ~ I ~ X ~ R I X ~ I  

GO TO 20 
LO R = D S O R T ( X Z R * X 2 R * X 2 I * X 2 1 )  

B E T A = O A T A N Z I X Z I s X 2 R l  
W R I T E l 1 0 2 s 1 0 2 0 1  X ~ R , X ~ I ~ X ~ R , X ~ I , X ~ R I X ~ I  

20 N A L T E R = N A L T E R * l  
IF tNALTER.GT.51  RETURN 
GO TO ( 3 0 ~ 4 0 , 3 0 ~ 4 0 ~ 3 0 ) ~ N A L T E R  

30 X2R=-X2R 
x2 I = - X 2  I 
GO TO 50 

40 B E T A = B E T A + 1 . 0 4 7 1 9 7 6  
X2R=R* DCOS ( BET A I 
X 2 I = R * O S I N ( B E T A )  

50 X lR=0 .9*X2R 
x 1  I =o. 9*x2 I 
X 3 R = l .  l * X 2 R  
X31=1 .1*X21  
RETURN 

1000 F O R M A T ( ~ X I S H X ~  = ~ D 2 3 . 1 6 ~ 3 H  + ,D23.16,2H I , I O X I ~ Z H A L T E R E O  APPROXIM 
l A T I O N S / l X t S H X Z  = sO23.16,3H + s D 2 3 . 1 6 r 2 H  I / l X * 5 H X 3  ,023.16,3H t 
2,023.16~2H I / )  

1020 F O R M A T ( 1 H O ~ S H X 1  = ,023.16*3H * , 0 2 3 a L 6 e 2 H  I , l O X s 2 2 H I N I T I A L  A P P R O X I  
l M A T I O N S / l X , S H X 2  5 t D 2 3 . 1 6 ~ 3 H  * v D 2 3 . 1 6 s 2 H  I / l X i S H X 3  = s023.16r3H + 
2 r O 2 3 . l b v Z H  I / )  

1010 F O R H A T ( / / / l X s 5 4 H N 0  CONVERGENCE FOR THE F O L L O W I N G  A P P R O X I M A T I O N S  A F  
l T E R  , 1 3 1 l Z H  I T E R A T I O N S . / / )  

E N 0  
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TABLE C .V (Continued) 

0001 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
0017 
ooie  

SUBROUTINE G E N A P P ( A P P R I A P P ~ ~ N A P P ~ X S T A R T ~  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * SUBROUTINE GENAPP GENERATES N I N I T I A L  APPROXIUATKONSI UHERE N IS THE * 
C * DEGREE OF THE O R I G I N A L  POLYNOUIAL. * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C I S I O N  A P P R ~ A P P I ~ X S T A R T ~ E P S l ~ E P S 2 e E P S 3 v B E T A  
DIU ENS I ON A PPRI  2 59 3) * APP I 1 251 3) 
COMUON EPSLoEPS2rEPS3 102sUAX 
IFIXSTART.EO.O.0) XSTARTa0.5 

DO 10 I - l r N A P P  
APPRt  1 ~ 2  J=XSTART*DCQSf BETA) 
A P P I t  1*21=XSTART*OSIN(BETA)  
BETA4ETA+O.  5235988 

00 20 I s L e N A P P  
A P P R I I I I ) = O . ~ * A P P R ( I , ~ )  
A P P I ( 1 r L t ~ 0 . 9 * b P P I L I r 2 1  
APPR(1,3)=1.1*APPR(I12) 

20 A P P I I I ~ 3 ) = 1 . 1 * A P P I ( I r 2 1  

BETA=0.2617994 

10 X STAR T= XSTART+O. 5 

RETURN 
EN0 
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TABLE C V (Continued) 

... 

0001 

0002 

0003 
0004 

0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
001 7 
0 0 1 0  
0019 
0020 
0021 
0022 
0 0 2 3  
0024 
0 0 2 5  
0026 

0027 
0028 
0029 
0030 
0031 
0 0 3 2  
0033 
0034 
0035 
0036 
0037 
0038 
0039 
0040 
0041 
0 0 4 2  
0043 
0044 
0045 

SWRWTWE ~ € T T O R ~ U A ~ V A I N P ~ U R O O T ~ V R O O T ~ N R O O T ~ U R A P P ~ V R A P P ~ I R O O T ~ M U L  
11) 

c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * SUBROUTINE BETTER ATTEMPTS TO INPROVE THE ACCURACY OF THE ZEROS FOUND * 
C * B Y  USING THEN AS I N I T I A L  APPROXIHATIONS WITH MULLER'S METHOO A P P L l E O  TO * 
C * THE FULL, UNOEFLATEO POLYNOMIAL. * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUELE P R E C I S I O N  U R O O T I V R O O T I U A ~ V A ~ U E A P P ~ V B A P P ~ U X ~ ~ V X ~ ~ U X Z ~ V X ~ ~ U X ~  
~ ~ V X ~ ~ U P X ~ ~ V P X ~ I U P X ~ , V P X ~ ~ U P X ~ ~ V P X ~ ~ U E ~ V E ~ U R O O T S ~ V R O O T S ~ E P S R T ~ U X ~ ~ V  
~ X ~ ~ U R A P P ~ V R A P P ~ E P S O , E P S I U Q ~ , V Q ~ ~ U H ~ ~ V H ~  

LOGICAL CONV 
D I M E N S I O N  UROOT(25 l  ~ V R O O T ~ 2 5 l ~ U A I Z 6 ~ ~ V A ~ 2 6 ~ t U B b P P 6 2 5 ~ 3 1 ~ V E A P P ~ Z 5 r 3  

NUL1 1 ) U B l 2 6 )  r V E (  26 I e UROOTSl2 5) s VRODT S( 25) qURAPP( 25 *3 1 r VRAPP (25  I 3 1 
3 I 2 5 1  

COMMON EPSRT 9 EPSOv EPS r l 0 2 1 M A X  
IF(NROOT.LE.1) RETURN 
L=o 
00 10 I = l v N R O O T  
UBAPP(I~~)PUROOT(I)*EPSRT 
VBAPPIl*l)rVROOT(I1*EPSRT 
U B A P P ( 1 ~ 2 1 * U R 0 0 T ~ I J  
V B A P P l 1 * 2 1 = V R O O T ( I  I 
U B A P P ~ 1 ~ 3 l ~ U R O O T ~ I ~ * ~ 2 ~ O - E P S R T ~  

10 V B A P P ( 1 ~ 3 l = V R O O T ( I I * ( 2 . O - E P S R T ~  
00 100 J= l *NROOT 
UXl=UBAPP( J * l l  
V X l = V B A P P ( J * l )  
UXZ*UBAPPLJ*Z1 
VX2mVBAPPl Je2)  
UX3=UBAPP( J, 3) 
VX3=VBAPP( J e 3 1  

CALL H O R N E R ( N P ~ U A ~ V A ~ U X 1 ~ V X l ~ U B ~ V B ~ U P X l ~ V P X l l  
CALL H O R N E R I N P ~ U A ~ V A ~ U X 2 ~ V X 2 ~ U E ~ V E ~ U P X 2 , V P X Z l  

2 0  CALL H O R N E R ( N P ~ U A , V A * U X 3 ~ V X 3 , U B I V B , U P X 3 , V P X 3 1  
CALL CALC(UXl*VXleUX2,VX2rUX3,VX31UPX11VPXl*VPX1*UPX2,VPX~*UPX3*VPX3*UX 

I TER=l  

1 4 e V X 4 r U P 4 r V Q 4 * U H 3 * V H 3 )  
30 CALL TESTLUX3rVX3tUX4*VX4rCONV) 

I F ( C 0 N V I  GO TO 50 
IF(ITER.LT.NAX1 GO TO 40 
WR ITEI 102 r 1000 1 
W R I T E ~ 1 0 2 r l O L O )  UX4eVX4 
IF(J.LT.IROOT) GO TO 33 
IF(J.EO.IROOT) GO TO 3 5  

JvUROOTl J I  r VROOT t J 1 9  MAX 

GO TO 100 

DO 3 4  K=JeKKI( 
URAPP(Kr  l l = U R A P P I K + L o l )  
VRAPPlKe l ) = V R A P P t K + l ,  1) 
URAPP ( K 9 2 1 tURAPP ( K + 1  e 2 1 
VRAPP(K,21=VRAPP(K+l12) 
URAPPtKe 3 J=URAPP(K+le3)  

34 VRAPP(Ke3)=VRAPP(K+l  r 3 )  
3 5  IROOT=IR001-1 

33 KKK= I ROOT-1 

GO TO 100 
40 U X l d J X 2  
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0046 
0047 
0048 
0049 
0050 
0051 
0052 
0 0 5 3  
0054 
0055 
0056 
0051 
0058 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
0067 
0068 
0069 
0070 

0071 

0 0 7 2  

50 

100 

110 

I20 

1000 

TABLE C .V (Continued) 

VXl=VX2 
uxz=ux3 
vx2=vx3 
ux3=ux4 
VX3EVX4 
UPX1=UPXZ 
VPX 1=vpxz 
u P x z = u P x 3  
VPX2=VPX3 
I T E R = I T E R + l  
GO TO 20 
1=1+1 
UROOTS(L)=UX4 
VROOTSIL)=VX4 
M U L T ( L ) = M U L T L J I  
CONTI  NUE 
I f t L . E P . 0 )  GO TO 120 
DO 110 I x l r L  
U R O O T f l l - o U R O O f S ( I t  
V R O O T I I l = V R O O T S t O  
NROOT-L 
RE TURN 
NROOT-0 
RETURN 
f O R M A T I / / / 4 2 H  I N  THE ATTEMPT TO IMPROVE ACCURACYI ROOTis I2 ,4H)  a 

1023.16s3H + ~ D 2 3 . 1 6 r 2 H  1 / 2 4 H  DID NOT CONVERGE AFTER 1 1 3 r l l H  I T E R A T  

1010 FORMAT(30H THE PRESENT APPROXIMATION IS rD23.16r3H + 1D23.1612H I /  
2 IONS I 

1/ 1 
END 
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000 1 

0002 
0003 

0004 
0005 
0006 
0007 
0008 
0009 
00 10 
0011 
0 0 1 2  
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
002 1 
0022 
0023 
0024 

0025 

0026 
0027 
0028 
0029 
0030 
0031 
0032 
0033 
0034 
0035 
0036 
0031 
0038 
0039 
0040 
0041 
0042 
0 0 4 3  
0044 

TABLE C , V  (Continued) 

SUEROUTINE C A L C (  U X 1  r V X l  r U X 2  eVX2 r U X 3  r V X 3  r U P X l  o V P X l e U P X 2 r V P X Z  r U P X 3  eV  
1 P X 3 q  U X 4 t  V X 4 r  UP49 V P 4  U H 3 r  VH3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  * * 

* G I V E N  THREE APPROXIMATIONS X t N - 2 1 ,  X ( N - l ) r  A N 0  X I N l e  SUBROUTINE CALC * * APPROXIMATES THE POLYNOMIAL  BY A PUAORATIC AND SOLVES FOR THE ZERO OF * THE PUADRATIC CLOSEST TO X t N ) .  T H I S  ZERO IS THE NEW APPROXIMAT lON * * X ( N + l )  TO THE ZERO O F  THE POLYNOMIAL.  * * * . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
DOUBLE PREC I S I ON A R G l  r ARGZ 
DOUBLE P R E C I S I O N  UPX3rVPX3rUPXZrVPX2rUXlrVXl ,UX2,VX2rUX3rVX3rUPXl ,  

l V P X 1 ~ U H 3 r V H 3 r U H 2 ~ V H 2 ~ U P 3 ~ V P 3 ~ U O ~ V O ~ U 8 ~ V B ~ U C ~ V C ~ U O l S C r V O I S C ~ U C C C ~ V C  
2CCqUOENlrVOENltUOEN2rVOEN2~UO4~VP4~UX4rVX4~EPSRT~EPSOrEPS~UODD~VDD 
3 O r A A A . B B B r R A O r U A A A t V A A A r U B B B ~ V 8 8 B  

DOUBLE P R E C I S I O N  T H E T A r A N C L E 9 U T E S T r V T E S T  
COMMON EPSRT t E P S O t  EPS 9 I021 MAX 
UH3=UX3-UX2 
VH3=VX3-VXZ 
UHZ=UXZ-UX l  
VHZ=VXZ-VX l  
BBB=UH2 *UH2 +VHZ *VH2 
UP3=(UH3*UHZ+VH3*VHZ)/BBB 
V93=(VH3*UH2-UH3*VH2)/868 
UDDD=l  .O+UP3 
VDDO=VQ3 
U D = ~ U P X 3 - ~ U D O O * U P X 2 - V O O O * V P X 2 ~ ~ + ~ U P 3 * U P X l - V P 3 * V P X l i  

UAAA=2.O*UQ3 
VAAA=Z.O*V93 
UAAA=UAAA+l.O 
UEEB=UDDO*UDOO-VDOO*VOOO 
VBBB=VOOOWJOOO+UOOO*VOOO 
UCCC=UQ3*UP3-V93*VQ3 
VCCC=VQ3*UP3+U93*V93 
U B = ~ ~ U A A A * U P X 3 - V A A A * V P X 3 l - l U B B B * U P X 2 - V E 8 B * V P X 2 ~ l + ~ U C C C * U P X l - V C C C * V  

VB=I (VAAA*UPX3+UAAA*VPX3~- (VBBB*UPX2+UB88*VPX2~~+(VCCC*UPXl4UCCC*V 

V ~ = I V P X ~ - ~ V ~ ~ ~ * U P X Z + ~ ~ ~ ~ * ~ P ~ ~ ~ ~ + ( V P ~ * U P X ~ + ~ ~ ~ * ~ P ~ ~ ~  

l P X l 1  

l P X l  I 
UC=UDDD*UPX3-VDDD*VPX3 
Vc=Vooo*UPX3+UOoo*VPX3 
U O I S C = ( U E * U B - V E * V ~ ) - l 4 ~ O * ~ U O * U C - V O * V C ~ ~  
V O I  SC= ( 2 . O * l  VB*UBI ) - ( 4.0* t VD*UC+UO*VC I I 
A A A = D S P R T ~ U D I S C * U O I S C + V O f S C * V O ( S t  t 
IF(AAA.EQ.O.01 GO TO 5 
GO TO 7 
THETA=O.O 
GO TO 9 

RAO=OSPRT( AAA) 
ANGLE=THETA/Z.O 
UTEST=RAO*OCOS(ANGLE) 
VTEST=RAO*DS I N (  ANGLE) 
UOENl=UB+UTEST 
VDEN1=VB+VTEST 
UOE NZ=UB-UTEST 
VO€NZ=VB-VTEST 
ARG1=UOEN1*UOENl+VDEN1*VOENl 

THETA=OATANZ(VOISC,UDISC)  
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0045 
0046 

0048 
0049 
0050 
0051 
0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0 0 6 2  
0063 
0064 
0065 
0066 
0067 

0047 

TABLE C e V (Continued) 

'IcRt E = U D M W U O E  N 2 +V DEN 2*VD€NZ 
AAA=OSQRT ( ARGl  1 
6 8 6 = D S P R l t A R G 2 )  
IF lAAA.LT.686)  GO TO 10 
IFtAAA.EQ.O.0) GO TO 60 
UAAA=-Z.O*UC 
VAAA=-2.0*VC 
UQ4=1 UAAA*UDENl+VAAA*VDENI 1 / A R G l  
VP4=(VAAA+UOENl-UAAA*VDENl~/ARG1 
GO TO 50 

10 IFl6BB.EQ.O.O) GO TO 60 
U A A A a - 2  s O*UC 
VAAA=-Z.O*VC 
UQ4=lUAAA*UDEN2+VAAA*VOENZ~/ARGZ 
VP4=1VAAA*UOEN2-UAAA*VOEN211ARGZ 
GO TO 50 

50 UX4=UX3+lUH3*U44-VH3*VP4) 
V X 4 5 V X 3 t  I VH3*UQ4+UH3*VQ4 I 
RETURN 

60 UP4=1.0 
V44=0.0 
GO TO 50 
END 
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TABLE C e V (Continued) 

0001 
C 
C 
C 
C 
C 
C 

0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 - _ _ -  
0016 
0017 100 
0018 

5 

10 

20 

SUBROUTINE T E S T l U X 3  rVX3eUX4,  V X 4  ,CONV) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  * 0 * SUBROUTINE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX- * * I M A T I O N S  BY T E S T I N G  THE EXPRESSION * * ABSOLUTE VALUE OF I X I N + l ) - X I N ) ) / A B S O L U T E  VALUE OF X I N t 1 ) .  9 * WHEN I T  IS AS SMALL AS OESIREOI CONVERGENCE IS OBTAINED. * * * . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
OOUBLE P R E C I S I O N  U X ~ ~ V X ~ ~ U X ~ , V X ~ , E P S R T * E P S O ~ E P S O A A A , U ~ U M M Y ~ V O U M M Y ~  

lOENOt4 
L O G I C A L  CONV 
COMMON EPSRT,EPSO* EPS, I O Z ~ M A X  
UDUMMY =UX4-UX3 
VOUMMY=VX4-VX3 
AAA=OSPRT~UDUMHY*UOUMt4Y+VOUMMY*VOUMMY~ 
OENOM=OSQRT I UX4*UX4+ VX4*VX41  
1FIOENOM.LT.EPSOI GO TO 20 
IFlAAA/OENOM.LT.EPS) GO TO LO 
CONVs.FALSE. 
GO TO 100 

GO TO 100 

GO T O  5 

CONVo. TRUE. 

IF(AAA.LT.EPS0) GO TO 10 

RETURN 
E NO 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 

0001 SUBROUTINE HORNERlNA,UA,VA,UX,VXIUBrVBIUPX.VPX*VPX) 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * HORNER'S METHOD COMPUTES THE VALUE OF THE POLYNOMIAL P ( X 1  AT A P O I N T  0. * 
C * SYNTHETIC D I V I S I O N  I S  USE0 TO D E F L A T E  THE POLYNOMIAL BY D I V I O I N G  OUT THE * 
C * FACTOR IX -D) .  * 
c *  * 
c ********************************************************4***************~*~* 

OOUBLE P R E C I S I O N  U X , V X * U P X I V P X ~ U B , V B I U A I V ~  
O I H E N S I O N  U A l 2 6 ) , V A l 2 6 ) r U 8 I 2 6 1 v V B ~ Z 6 )  
U B I l ) = U A l l )  
VB(  1 )=VA(  1 t 
NUM=NA+l  
00 10 I r Z t N U M  
U B I  I ) = U A I I ) + l U B l I - 1 ) * U X - V B I I - L ) S V X )  

10 V B ~ I ) = V A ~ O t I V B ( I - l ~ * U X + U B ~ ~ - 1 ) * V X ~  
UPX=UBINUMI  
VPX=VB(NUUI  
RETURN 
EN0 
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000 1 

0002 

0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
00 14 
0 0 1 5  
0016 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
0026 
0021 
0028 
0029 
0030 
0 0 3 1  
0032 
0 0 3 3  
0 0 3 4  
0035 
0036 
0 0 3 7  
0036 
0039 
0040 
0041 
0042 
0 0 4 3  
0044 
0045 

TABLE C.V (Cone inued 1 

SUBROUTINE Q U A O l U A t V A e N A ~ U R 0 0 T i V R 0 0 T ~ N R O O T ~ M U L T I s E P S T ~  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * SUBROUTINE QUAD SOLVES D I R E C T L Y  FOR THE ZEROS AND THEIR M U L T I P L l C i T l E S  4 
C * OF EITHER A QUADRATIC P O L Y N O H I A L  OR A L I N E A R  FACTOR. SOLUTXON OF THE * 
C * QUADRATIC I S  DONE U S I N G  THE QUADRATIC FORHULA. 4 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C I S I O N  U A ~ V A ~ U R O O T r V R O O T ~ B B B ~ U A A A ~ V A A A ~ U O I S C ~ V D l $ C ~ U O U H ~  

O I H E N S I O N  U A ( 2 6 )  ~VA(26I ,UROOT(25) ,VROOTl25) ,nULTI (25)  
1 Y t V O U H H Y  ,ROUHHY~SOUHHY~EPST,UB8BeV88B 

IF(NA.EP.2) GO TO 7 

U R O O T l N R 0 0 T + l I  a0.0 
VROOTINROOT+ l  I=O.O 

IF(NA.EQ.1)  GO TO 5 

H U L T I ( N R O O T + l ) = l  
NROOT=NROOTt 1 
GO TO 50 

8 BBB=UA( 1 ) * U A I 1  ) + V A (  l ) * V A I  1) 
UROOT ( N R 0 0 T t  1 I =(-UA( 2 I *UA( 11-VA [ 2 )  *VA( 1 I 
VROOTt N R O O T t 1 )  =(-VAL 2 ) * U A (  1 ) + U A ( Z ) * V A I  I I 
M U L T l l N R O O T + l ) = l  
NROOT=NROOT+ 1 
GO TO 50 

7 U O I  SC= i UA (2 I *UA( 2) -VAL 2)  *VA(  2 1 t -( 4.0* (UA 
V O I S C = ( V A ( Z  I * U A l 2  ) + U A l Z ) * V A l 2 )  ) - (4 .0 * (VA 
BBB=OSQRT~UOISC*UOISC+VOISC*VOISC~ 
IF (BBE.LT .EPST1 GO TO 10 
C A L L  C O M S Q T ( U D I S C , V D I S C ~ U O U M M Y , V ~ J M M Y )  
UEDE=-UA(2J tUDUHMY 
VBBB=-VA( 2 )  +VDUMMY 
RDUMMY=-UAIZ)-UDUMHY 
SOUMMY=-VA( 2)-VOUMMY 
UAAA=Z.O*UA( 1 1  
VAAA=2 .O*VA(1 )  
BBB=UAAA*UAAAtVAAA*VAAA 
UROOT(NROOT+11=(UBBB*UAAA+VBBB*VAAAk/BB8 
VROOT(NHOOT+l)=(VOBB*UAAA-UBBB*VAAA~/8BB 
U R O O T ( N R O O T t 2 J = ( R O U M M Y * U A A A t S O U M M Y * V A A A l / 8 B B  
VROOT~NROOT+2l=(SOUMMY*UAAA-ROUMMY*VAAA~/BBB 
M U L T I  ( Y H O O T + l ) = l  
M U L T I ( N R O O T + 2 1 = 1  
NRUOT=NROOT+Z 
GO TO 50 

10 UAAA=2 .O*UA( 1 I 
YAAA=Z. O+VA ( 1  1 
BBB=UAAA*UAAA+VAAA*VAAA 
UROOT ( N R O O T + l  I = l - l J A (  2 )*UAAA-VA( 2 I * V A A A ) / B B B  
Y R O O T i N R O O T t l ) = ( - V A ( 2 ~ * U A A A + U A ~ 2 1 * V A A A ~ / B B E  
MULT I ( NROOT + 1 = 2  
NROOT=NROOT+I 

50 RETURN 
E NO 
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0 0 0  I S U B R O U T I N E  COHSOTIUXIVXIUYSVY b 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * T H I S  SUBROUTINE COMPUTES T H E  SQUARE ROOT OF A COMPLEX NUMBER. * 
c *  * 
c *************I*********+**************~****+**+********~*******~*********~~***~ 

Y,OUHMY~R,AAA.BBB 0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
001 1 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
002 1 
0022 
0023 
0024 
0025 

DOUBLE P R E C I S I O N  UXIVXIUYI 
R =O SPR T I UX*UX+ VX*VX J 
AAA=DSPRT (DABS i (R+UX l/2.0) 
BBB=OSORT(OABSiiR-UX)/2.0) 
I F I V X l  1 0 , 2 0 ~ 3 0  

VY=- I. o* B B B  
GO TO 100 

20 IFtUXI 4 0 ~ 5 0 ~ 6 0  

10 UY=AAA 

30 UY=AAA 
VV=BBB 
GO T O  100 

UY=O.O 
VY=OSQRTIDURMY b 
GO TO 100 

50 UY=O.O 
VY=O.O 
GO TO 100 

UY=DSORT(OUMMYb 
VY=O.O 

100 RETURN 
END 

40 OUXHY=DABS(UXl  

60 OUMMY=OABSIUXI  

I .  



APPENDIX D 

SPECIAL FEATURES OF THE G.C.D. AND 
THE REPEATED G.C.D. PROGRAMS 

Several s p e c i a l  f e a t u r e s  have been provided i n  each program as an 

a i d  t o  t h e  use r  and t o  improve accuracy of t h e  r e s u l t s .  These are 

expla ined  and i l l u s t r a t e d  below. 
* 

1. Generating Approximations 

I f  the  u s e r  does not  have i n i t i a l  approximatfans a v a i l a b l e ,  sub- 

r o u t i n e  GENAPP can sys t ema t i ca l ly  gene ra t e ,  f o r  an Nth degree polynomial, 

N i n i t i a l  approximations of  i nc reas ing  magnitude, beginning wi th  t h e  

magnitude s p e c i f i e d  by XSTART. If  XSTART is  O . ,  XSTART i s  au tomat ica l ly  

i n i t i a l i z e d  t o  0.5 t o  avoid t h e  approximation 0. + 0 . i .  The approxima- 

t i o n s  are generated according t o  t h e  formula: 

= (XSTART + 0.5K) (COS B + i Sin  B )  

where 

, K = 0 9 1 , 2 , . e e  B = - + K -  rI 
1 2  

To accomplish t h i s  t h e  u s e r  de f ines  t h e  number of in i t ia l  approximations 

t o  be read (NAF'P) on t h e  c o n t r o l  card t o  be zero (0) o r  t hese  columns 

*These i l l u s t r a t i o n s  are r e p r e s e n t a t i v e  of G.C.D.-Newton's method 
i n  double p rec i s ion .  Control  cards  f o r  o t h e r  methods should be  prepared 
accordingly e 
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(7-8) may be  l e f t  blank.  I f  XSTART is l e f t  b lank ,  i t  is  i n t e r p r e t e d  as 

0. 

For example, a por t ion  of a c o n t r o l  card which genera tes  i n i t i a l  

approximations beginning a t  the  o r i g i n  f o r  a seventh degree polynomial 

i s  shown i n  Example D. 1. 

Var iab le  Name r +ard Columns 

L Example 

Example D . 1  

The approximations are generated i n  a s p i r a l  conf i g u r a t i o n  as i l l u s t r a t e d  

i n  F igure  A . l .  

Example D . 2  shows a po r t ion  of a con t ro l  card  which genera tes  

i n i t i a l  approximations beginning a t  a magnitude of 25.0 f o r  a s i x t h  

degree polynomial. 



96 5 

16 71 

I 

Example D.2 

Note t h a t  i f  t h e  approximations are genera ted  beginning a t  t h e  

o r i g i n ,  t h e  order  i n  which the  r o o t s  are found w i l l  probably be of 

i nc reas ing  magnitude. Roots obtained i n  t h i s  way are usua l ly  more 

accu ra t e .  

2 .  A l t e r ing  Approximations 

I f  an i n i t i a l  approximation, Xo3 does n o t  produce Convergence t o  a 

roo t  w i t h i n  t h e  maximum number of i t e r a t i o n s ,  i t  i s  sys t ema t i ca l ly  

a l t e r e d  a maximum of f i v e  t i m e s  u n t i l  convergence is  poss ib ly  obtafned 

according t o  t h e  fol lowing formulas : 

I f  t h e  number of t h e  a l t e r a t i o n  i s  odd: (j = 1,3)  

= 1X I (Cos B + i Sin  6) where 'j+l 0 

II I m  Xo 
- + K ?  ; K = 1 i f  j = 1 R e  Xo 

-1 B = Tan 
K =  2 i f  j = 3. 

I f  t h e  number of t he  a l t e r a t i o n  ,is even: (j = 0 ,2 ,4 )  
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Each a l t e r e d  approximation is then  taken as a s t a r t i n g  approximation. 

I f  none of t h e  s i x  s t a r t i n g  approximations produce convergence, t h e  

next i n i t i a l  approximation is taken ,  and t h e  process  repeated.  The 

s i x  approximations are spaced 60 degrees  a p a r t  on a circle of r ad ius  

IX I centered  a t  t h e  o r i g i n  as i l l u s t r a t e d  i n  Figure A . 2 .  
0 

3 .  Searching the  Complex Plane  

By use of i n i t i a l  approximations and the  a l t e r i n g  technique,  any 

r eg ion  of t h e  complex p lane  i n  t h e  form of an  annulus centered  a t  t h e  

o r i g i n  can be searched f o r  roo t s .  This  procedure can be accomplished 

i n  two ways. 

The f i r s t  way is more versatile bu t  r equ i r e s  more e f f o r t  on the  

p a r t  of t h e  user .  

used t o  d e f i n e  p a r t i c u l a r  reg ions  t o  be searched. For example, i f  t h e  

r o o t s  of a p a r t i c u l a r  polynomial are known t o  have magnitudes between 

20 and 40 an annulus of i nne r  r ad ius  20 and ou te r  r ad ius  40 could be 

searched by using t h e  i n i t i a l  approximations 20. + i, 23. + i, 26, + i, 
29. 4- i, 32. + i, 35. + i, 38. + i, 40. + i. 

S p e c i f i c a l l y  s e l e c t e d  i n i t i a l  approximation can be  

By genera t ing  i n i t i a l  approximations i n t e r n a l l y ,  t h e  program can 

search an annulus centered  a t  t h e  o r i g i n  of i n n e r  r ad ius  XSTART and 

o u t e r  r ad ius  XEND. Values f o r  XSTART and XEND are suppl ied  on t h e  

c o n t r o l  ca rd  by the  user .  Example D.3 shows a p o r t i o n  of a c o n t r o l  

card t o  search  t h e  above annulus of i n n e r  r a d i u s  20.0 and ou te r  r ad ius  

40.0. 
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- 
L 2  

N 
0 
P 
0 
L 
Y 

1 

31 

_c - 

- 
7 8  
_I 

N 
A 
P 
P 

Example D . 3  

7 4 

XEND 

4.0Di-01 

Note t h a t  s i n c e  n o t  less than N i n i t i a l  approximations can b e  

generated a t  one time, t h e  ou te r  r ad ius  of the  annulus a c t u a l l y  searched 

may be  g r e a t e r  than XEND b u t  n o t  g r e a t e r  than XEND + . 5N .  

Example D.4 shows a c o n t r o l  card t o  search  a circle of r ad ius  15. 

7 8  
II 

N 
A 
P 
P 

I 
- 

I 

- 
) I 
& C 

XS TART 

Example D.4 
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Figure A. 3 shows t h e  d i s t r i b u t i o n  of i n i t i a l  and a l t e r e d  approxi- 

mations f o r  an annulus of width 2 and inne r  r ad ius  a. 

4 .  Improving Zeros Found 

Af ter  t h e  zeros  of a polynomial are found, they are p r i n t e d  under 

They are then used as i n i t i a l  approxima- t h e  heading "Roots of Q(X)." 

t i o n s  wi th  Newton's (Muller ' s )  method app l i ed  each t i m e  t o  t h e  f u l l  

(undef la ted)  polynomial Q ( X ) ,  which conta ins  only d i s t i n c t  roo ts .  I n  

most cases, zeros  t h a t  have l o s t  accuracy due t o  roundoff e r r o r  i n  t h e  

d e f l a t i o n  process  are improved. The improved zeros  are then p r i n t e d  

under t h e  heading "Roots of P(X) .I' Since each r o o t  is  used as an 

approximation t o  t h e  o r i g i n a l  (undef la ted)  polynomial Q(X) , i t  is  

p o s s i b l e  t h a t  the  roo t  may converge t o  an e n t i r e l y  d i f f e r e n t  roo t .  

This  is  e s p e c i a l l y  t r u e  where several zeros  are c l o s e  toge ther .  

Therefore ,  t h e  u s e r  should check both  lists of zeros  t o  determine 

whether o r  n o t  t h i s  has  occurred.  

5. Solving Quadrat ic  Polynomial 

Af t e r  N-2 r o o t s  of an Nth degree polynomial have been e x t r a c t e d ,  

2 t h e  remaining quadra t i c ,  a X  + bX + c,  is  solved us ing  t h e  quadra t i c  

formula 

f o r  t h e  two remaining roo t s .  

of Subroutine QUAD" i n  t h e  i n i t i a l  approximation column. 

polynomial of degree 1 is t o  be so lved ,  t he  s o l u t i o n  is found d i r e c t l y  

as (X - C) = 0 impl ies  X = C, 

These are i n d i c a t e d  by t h e  words "Resul ts  

I f  only a 



6 .  Missing Roots 

I f  no t  a l l  N r o o t s  of a n  Nth degree polynomial are found, t h e  

c o e f f i c i e n t s  of t he  remaining d e f l a t e d  polynomial are p r i n t e d  under the  

heading "Coeff ic ien ts  of Def la ted  Polynomial For Which No Zeros Were 

Found." 

f i n d  t h e  remaining roo t s .  The leading  c o e f f i c i e n t  ( c o e f f i c i e n t  of t h e  

h ighes t  degree term) w i l l  be  p r i n t e d  f i r s t  (Exhib i t  6 .11)  

The use r  may then work wi th  t h i s  polynomial i n  an at tempt  t o  

7.  Miscellaneous 

By using va r ious  combinations of va lues  f o r  NAPP, XSTART, and 

XEND, t h e  u s e r  has several opt ions  a v a i l a b l e  as i l l u s t r a t e d  below. 

Example D.5 shows the  c o n t r o l  card  f o r  a seventh  degree polynomial, 

Three i n i t i a l  approximations are suppl ied  by t h e  user .  A t  most t h r e e  

r o o t s  w i l l  be  found and t h e  c o e f f i c i e n t s  of t h e  remaining d e f l a t e d  

polynomial w i l l  be  p r in t ed .  

Example D . 5  



Note t h a t  i f  s e v e r a l  roo t s  are known t o  t h e  use r ,  they may be 

"divided out" of t h e  o r i g i n a l  polynomial by m i n g  t h i s  prosedure.  

Example D . 6  i n d i c a t e s  t h a t  2 i n i t i a l  approximations are suppl ied  

by t h e  user  t o  a 7th degree polynomial. After these  approximations 

are used t h e  c i rc le  of r ad ius  15  w i l l  be  searched f o r  t he  remaining 

r o o t s .  

Example D.6 

By de f in ing  XSTART between 0. and 15. an annulus i n s t e a d  of t h e  

c i rc le  w i l l  be  searched. 



APPENDIX E 

G.C.D. - NEWTON'S METHOD 

1. Use of t he  Program 

A double p r e c i s i o n  FORTRAN I V  program us ing  t h e  G.C.D. method 

wi th  Newton's method as a suppor t ing  method is  presented  here .  

c h a r t s  f o r  this program are given i n  F igure  E.6 while  Table E . V I I  g ives  

a FORTRAN I V  l i s t i n g  of t h i s  program, S ing le  p r e c i s i o n  v a r i a b l e s  are 

l i s t e d  i n  some of t h e  t a b l e s .  The simple p rec i s ion  v a r i a b l e s  are used 

i n  t h e  flow c h a r t s  and the  corresponding double p r e c i s i o n  v a r i a b l e s  can 

be  obtained from t h e  appropr i a t e  t a b l e s .  

Flow 

This  program is designed t o  s o l v e  polynomials having degree less 

than o r  equal  t o  25. I n  o r d e r  t o  so lve  polynomials of degree N where 

N > 25, t h e  d a t a  s ta tement  and a r r a y  dimensions given i n  Talbe E . 1  must 

be  changed. 

In t h i s  program both the  l ead ing  c o e f f i c i e n t  and the  cons tan t  

c o e f f i c i e n t  are assumed t o  b e  non-zero. 

171 
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PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS OF DEGREE 
GREATER THAN 25 BY G.C.D.  - NEWTON'S METHOD 

M a i n  P r o g r a m  

D a t a  E n t r y / l H l , l H 2 ,  ..., l H 9 , 2 H I O , 2 H l l ,  ..., 2 H X X / w h e r e  XX = N+1 
UP (N4-1) , V P  (N+1) 
UAPP (N) VAPP (N) 
UROOT(N) , VROOT (N) 
MULT (N) 
UDP (N+1) , VDP ( N f l )  
UD (N+1) V D  (N+1) 
UQ (N+l)  VQ (N+1) 
UQQ VQQ (N+1) 
UAP (N) , VAF' (N) 
UQD(N+l) VQD(Ni-1) 
ENTRY (N+1) 
UROOTS (N) , VROOTS (N)  

Sub rout  ine GENAPP 

APPR(N)  A P P I ( N )  

Subrout ine GCD 

UR(N+l )  , VR(N+l )  
US (N+l )  , V S  ( N + l )  
USS (N+l)  , V S S  ( N + l )  
URR(N+l)  VRR(N+l )  
UT ( N + l )  VT (N+1) 

Subroutine QUAD 

UA(N+l)  , VA(N+l )  
UROOT(N) ,  VROOT(N) 
MSJLT (N) 

Subroutine NEWTON 

UP (N+l )  , V P  (N+l )  
UB(N+l)  , VB (N+1) 

Subroutine D I V I D E  

UP (N+l)  , V P  (N+l )  
UD (N+1) VD (Ni-1) 
UQ (N+l)  VQ (N+1) 
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TABLE E e 1 (Continued) 

Subrout ine HORNER 

UP(N+l) VP(N+l) 
UB (N+1) VB (N+1) 

Subrout ine DERIV 

UP (N+1) , VP (N+1) 
UA(N+l) , VA(N+l) 

Subrout ine MULTI 

U P  (N+1) , VP (N+1) 
UROOT(N) , VROOT(N) 
UA(N+l), VA(N+l) 
UB (N+1) , VB (N+1) 
MULT (N) 

2. Input  Data f o r  G.C.D. - Newton's Method 

The input  d a t a  f o r  G.C.D. - Newton's method is  grouped i n t o  

polynomial d a t a  sets.  

f o r  one and only  one polynomial. A s  many polynomials as t h e  use r  

d e s i r e s  may be so lved  by p l ac ing  t h e  polynomial d a t a  sets one behind 

the  o t h e r .  Each polynomial d a t a  set  c o n s i s t s  of t h r e e  k inds  of i n fo r -  

mation placed i n  the  fol lowing o rde r :  

Each polynomial d a t a  se t  c o n s i s t s  of t h e  da t a  

1. Control  in format ion .  

2.  Coe f f i c i en t s  of t h e  polynomial e 

3 ,  I n i t i a l  approximations.  These may be omit ted as 

descr ibed  i n  Appendix D,  § 1. 

An end card fo l lows  t h e  e n t i r e  c o l l e c t i o n  of d a t a  sets. It  i n d i c a t e s  

t h a t  t h e r e  is no more d a t a  t o  fo l low and te rmina tes  execut ion of the  
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program. This information i s  d isp layed  i n  F igure  E . l  and descr ibed 

below. 

should be  used. The recommendations given i n  Table E . 1 1  are those  

found t o  g ive  b e s t  r e s u l t s  on the IBM 360/50 computer which has  a 32 

b i t  word. 

A l l  d a t a  should be r i g h t  j u s t i f i e d  and t h e  D-type s p e c i f i c a t i o n  

Cdntrol  Information 

The c o n t r o l  ca rd  is  t h e  f i r s t  card of t h e  polynomial d a t a  set and 

c o n t a i n s . t h e  information given i n  Table E .11 .  See Figure E.2. 

TABLE E . 1 1  

CONTROL DATA FOR G.C.D. - NEWTON'S METHOD 

Variable Name  Card Columns 

NOPOLY 

N P  

NAPP 

MAX 

EPSl 

Descr ip t ion  

C.C.  1-2 Number of t h e  polynomial. 
In t ege r .  
Right j u s t i f i e d .  

C.C.  4-5 Degree of the  polynomial. 
I n t e g e r .  
Right j u s t i f i e d .  

C . C .  7-8 Number of i n i t i a l  approximations 
t o  be read.  

In t ege r .  
Right j u s t i f i e d .  
I f  no i n i t i a l  approximations are 

g iven ,  leave blank. 

C.C. 19-21 

C.C.  23-2% 

Maximum number of i t e r a t i o n s .  
I n t e g e r  e 

Right j us t i f  i ed .  
200 is recommended. 

T e s t  f o r  zero i n  subrout ine  GCD, 
Double p r e c i s i o n  
Right j u s t i f y .  
l.D-03 is  recormnended. 
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TABLE E.11 (Continued) 

Var iab le  Name Card Columns Descr ip t ion  

EPS2 

EPS3 

EPS4 

XSTART 

XEND 

KCHECK 

C . C .  30-35 Convergence requirement 
Double p rec i s ion .  
Right j u s t i f y .  
l.D-10 is  recommended. 

C . C .  37-42 

C.C.  44-49 

C . C .  64-70 

C.C.  72-78 

C.C. 80 

T e s t  f o r  zero i n  subrout ine  QUAD. 
Double p rec i s ion .  
Right j u s t i f y .  
1. D-20 i s  recommended a 

M u l t i p l i c i t y  requirement.  
Double p rec i s ion .  
Right j us  t i f  y . 
l.D-02 i s  recommended. 

Magnitude a t  which t o  begin 

Double p rec i s ion .  
Right j u s t i f y .  
This  i s  a s p e c i a l  f e a t u r e  of t h e  

program and may be omit ted.  

genera t ing  i n i t i a l  approximations.  

Magnitude a t  which t o  end the  
genera t ing  of i n i t i a l  
approximations. 

Double p rec i s ion .  
Right j u s t i f y  e 

This is a s p e c i a l  f e a t u r e  of t h e  
program and may be omitted.  

This should be l e f t  blank.  

Coef f i c i en t s  of t h e  Polynomial 

The c o e f f i c i e n t  cards  follow t h e  c o n t r o l  card.  For an Nth degree 

polynomial, N + l  c o e f f i c i e n t s  must be  en te red  one per  card.  The 

c o e f f i c i e n t  of t he  h ighes t  degree term is en te red  f i r s t ;  t h a t  i s ,  t h e  

l ead ing  c o e f f i c i e n t  is en te red  f i r s t .  For example, i f  t h e  polynomial 

X + 3X + 2X + 5 were t o  be solved f o r  i t s  ze ros ,  t h e  order  i n  which 5 4 
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t h e  c o e f f i c i e n t s  would be en te red  is:  1, 3, 0 ,  0 ,  2 ,  5. Each real  

o r  complex c o e f f i c i e n t  i s  en te red ,  one pe r  card ,  as descr ibed  i n  

Table E . 1 1 1  and i l l u s t r a t e d  i n  F igure  E.3.  

TABLE E . 1 1 1  

COEFFICIENT DATA FOR G.C.D. - NEWTON'S METHOD 

Var iab le  Name 

UP (P i n  s i n g l e  p rec i s ion )  

VP (P i n  s i n g l e  p rec i s ion )  

Card Columns Descr ip t ion  

C . C -  1-30 Real p a r t  of complex 
c o e f f i c i e n t .  
Double p rec i s ion .  
Right j u s t i f y  e 

I f  none, leave  b lank  or  e n t e r  
O.OD30. 

C.C.  31-60 Imaginary p a r t  of complex 
c o e f f i c i e n t  . 
Double p rec i s ion .  
Right j u s t i f y .  
I f  none, l eave  blank or e n t e r  
0. ODOO. 

I n i t i a l  Approxima t i  ons 

The i n i t i a l  approximation ca rds  follow t h e  set of c o e f f i c i e n t  

cards .  The number of i n i t i a l  approximations read  must be t h e  number 

s p e c i f i e d  on t h e  c o n t r o l  card  and are en te red ,  one per  card ,  as g iven  

i n  Table E.IV and i l l u s t r a t e d  i n  Figure E.4. 
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TABLE E . I V  

INITIAL APPROXIMATION DATA FOR G.C.D. - NEWTON'S METHOD 

Var iab le  Name Card Columns Descr ip t ion-  

UAPP (APP i n  s i n g l e  C.C.  1-30 R e a l  p a r t  of complex number. 
p rec i s ion )  Double p rec i s ion .  

Right j us t i f  y . 
I f  none, leave blank o r  
e n t e r  0. ODOO. 

VAPP (APP i n  s i n g l e  C . C .  31-60 Imaginary p a r t  of complex 
p r e c i s  ion)  number 

Double p rec i s ion .  
Right j u s t i f y .  
I f  none, leave blank o r  
e n t e r  0. ODOO. 

End Card 

The end card is the  las t  card of t h e  inpu t  d a t a  t o  the  program. 

It i n d i c a t e s  t h a t  t h e r e  i s  no more d a t a  t o  be read. When t h i s  card i s  

r ead ,  program execut ion i s  terminated.  This card i s  descr ibed  i n  

Table E , V  and i l l u s t r a t e d  i n  Figure E.5. 

TABLE E.V 

DATA TO END EXECUTION OF G.C.D. - NEWTON'S METHOD 

Var iab le  Name Card Column Descr ip t ion  

KCHECK C.C. 80 Must con ta in  t h e  number 1. 
In tege r  
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3 .  Variab les  Used i n  G.C.D. - Newton's Method 

The d e f i n i t i o n s  of t h e  major v a r i a b l e s  used i n  G.C.D. - Newton's 

method are given i n  Table E . V I .  The symbols used t o  i n d i c a t e  type 

are : 

R - real  v a r i a b l e  

I - i n t e g e r  v a r i a b l e  

D - double p rec i s ion  

C - complex v a r i a b l e  

L - l o g i c a l  v a r i a b l e  

A - alphanumeric v a r i a b l e  

When two v a r i a b l e s  are l i s t e d ,  t h e  one on the  l e f t  i s  the  real p a r t  of 

t h e  corresponding s i n g l e  p r e c i s i o n  complex v a r i a b l e ;  t h e  one on t h e  r i g h t  

i s  t h e  imaginary p a r t .  The symbols used t o  i n d i c a t e  d i s p o s i t i o n  are: 

E - en te red  

R - re turned  

ECR - en te red ,  changed, and re turned  

C - v a r i a b l e  i n  common 
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Figure E.1, Sequence of Input Data for G.C.D.-Newton's Method 
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4 .  Descr ip t ion  of Program Output 

The output  from G.C.D. - Newton's method c o n s i s t s  of t h e  fol lowing 

information . 
The heading is  "GREATEST COMMON DIVISOR METHOD USED WITH NEWTON'S 

METHOD TO FIND ZEROS OF POLYNOMIALS NUMBER XX." 

of t h e  polynomial. 

XX r e p r e s e n t s  t he  number 

As  an a i d  t o  ensure t h a t  t h e  c o n t r o l  information is  c o r r e c t ,  t h e  

number of i n i t i a l  approximations g iven ,  maximum number of i t e r a t i o n s ,  

test  f o r  zero i n  sub rou t ine  GCD, test  f o r  convergence, test f o r  zero i n  

subrout ine  QUAD, test  f o r  m u l t i p l i c i t i e s ,  r ad ius  t o  start  sea rch ,  and 

r ad ius  t o  end search  are p r i n t e d  as read  from t h e  c o n t r o l  card .  

The c o e f f i c i e n t s  of t he  polynomial are p r i n t e d  under the  heading 

"THE DEGREE OF P(X) IS  XX THE COEFFICIENTS ARE." XX r e p r e s e n t s  t he  

degree of t h e  polynomial. The c o e f f i c i e n t  of t h e  h ighes t  degree term 

is p r i n t e d  f i r s t .  

The polynomial ob ta ined  a f t e r  d iv id ing  the  o r i g i n a l  polynomial, 

P(X), by t h e  g r e a t e s t  common d i v i s o r  of P(X) and i t s  d e r i v a t i v e ,  P ' (X) ,  

is  p r i n t e d  under the  heading "Q(X) I S  THE POLYNOMIAL WHICH HAS AS I T S  

ROOTS THE DISTINCT ROOTS OF P(X). THE DEGREE OF Q(X) I S  XX THE 

COEFFICIENTS ARE." XX r e p r e s e n t s  t he  degree of t h i s  polynomial. This  

polynomial con ta ins  a l l  d i s t i n c t  r o o t s  and is  so lved  by Newton's 

mechod. The c o e f f i c i e n t  of t he  h ighes t  degree t e r m  i s  p r i n t e d  f i r s t ;  

t h a t  i s  the  l ead ing  c o e f f i c i e n t  is p r i n t e d  f i r s t  . 
The zeros  found be fo re  t h e  at tempt  t o  improve accuracy are p r i n t e d  

under t h e  heading "ROOTS OF Q(X) I 

The i n i t i a l  approximat ion producing convergence t o  a roo t  i s  
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p r i n t e d  t o  the  r i g h t  of t h e  corresponding roo t  and headed by "INITIAL 

APPROXIMATION. The i n i t i a l  approximations may be those  suppl ied  by 

t h e  use r ,  o r  generated by t h e  program o r  a combination of both.  The- 

message "RESULTS OF SUBROUTINE QUAD" i n d i c a t e s  t h a t  t h e  corresponding 

r o o t  w a s  ob ta ined  by subrout ine  QUAD. See Appendix D,  § 5 .  

The zeros  found a f t e r  t h e  at tempt  t o  improve accuracy are p r i n t e d  

under t h e  heading "ROOTS OF P (XI . 'I 
t i o n  producing convergence is p r i n t e d  as descr ibed  above. 

The corresponding i n i t i a l  approxima- 

The m u l t i p l i c i t y  of each zero is given under t h e  t i t l e  

t f ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ .  It 

5. Informative Messages and Error  Messages 

The output  may conta in  informat ive  o r  e r r o r  messages. These are 

in tended  as an a i d  t o  the  u s e r  and are descr ibed  as fol lows.  

I f  no t  a l l  r o o t s  of a polynomial were found be fo re  t h e  at tempt  

t o  improve accuracy, t h e  remaining unsolved polynomial w i l l  b e  

p r i n t e d ,  wi th  t h e  l ead ing  c o e f f i c i e n t  f i r s t ,  under t h e  heading 

"COEFFZCIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO ZEROS WERE FOUND." 

See Appendix D,  ti 6. 

"NO ROOTS FOR I N I T I A L  APPROXIMATION ROOT XX = YYY." This message 

is  p r i n t e d  i f  a r o o t  f a i l s  t o  produce convergence when t r y i n g  t o  improve 

accuracy. XX r e p r e s e n t s  t h e  number of t h e  roo t  and YYY r ep resen t s  t h e  

va lue  of t he  r o o t  before  t h e  at tempt  t o  improve accuracy, 

"NO ROOTS FOR THE POLYNOMIAL Q(X) OF DEGREE XX WITH GENERATED 

I N I T I A L  APPROXIMATIONS." 

Q(X). 

i n  the  at tempt  t o  improve accuracy. 

XX r e p r e s e n t s  t h e  degree of the  polynomial 

This message is p r i n t e d  i f  none of t he  r o o t s  produce convergence 
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"THE EPSILON (XXX) CHECK I N  SUBROUTINE MLTLTI INDICATES THAT ROOT- 

YY = ZZZ I S  NOT CLOSE ENOUGH TO BE A TRUE ROOT. I T  I S  PRINTED BELOW 

WITH MULTIPLICITY 0." 

(EPS4 on the  c o n t r o l  ca rd ) ,  YY r ep resen t s  t he  number of t he  r o o t ,  and 

ZZZ r e p r e s e n t s  t h e  va lue  of t h e  r o o t  a f t e r  t h e  a t tempt  t o  improve 

accuracy. The message i n d i c a t e s  t h a t  t h i s  r o o t  does not  m e e t  t he  

requirement f o r  m u l t i p l i c i t i e s .  It is ,  however, u sua l ly  a good 

approximation t o  t h e  t r u e  roo t  s i n c e  convergence w a s  ob ta ined  both 

before  and a f t e r  t h e  at tempt  t o  improve accuracy. 

XXX r e p r e s e n t s  t h e  m u l t i p l i c i t y  requirement 
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MAIN PROGRAM 

Q 
U R P P C  f lp + 

Figure E , 6 .  Flow Charts f o r  G.C.D.-Newton’s Method 
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l- 1 
31 - 0  

I '  

F igure  E. 6 e (Continued) 
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Figure E. 6 (Continued) 
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QUAD NEWTON 

I 

6 
F 

Mul l ,  t 4 
N > I  

COMhlON 
EPSI, LPSLON, 

Figure E. 6 (Continued) 
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DIVIDE 

b 

HORNER 

DERIV 

Figure E.6.  (Continued) 
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G C D  

P 
c - 

Figure E. 6 e (Continued) 
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COMMON 
EPSI,EPSZ ,CPS3, 
EPSLON, 102, 

I MC)W , 

MULTI 

\ 

Figure  E, 6 ,  (Continued) 
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COMSQT 

RETURN 

F i g u r e  E.6. (Continued) 



GENRPP 

999 

FILTER 

Figure E. 6 e (Continued) 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

0001 

0 0 0 2  
0003 
0004 

0005 
0006 
0007 
0008 

0009 
0010 
0011 
0 0 1 2  
0013 
00 14 

0015 
0016 
0017 
0018 
0019 
0 0 2 0  
0021 
0 0 2 2  
0 0 2 3  
0 0 2 4  
0 0 2  5 
0 0 2 6  
0 0 2 7  
0 0 2 8  
0 0 2 9  
00 30 
0031 
0 0 3 2  
0 0 3 3  
0 0 3 4  
0 0 3 5  
0 0 3 6  
0037 
0039 
0039 

TABLE E.VII 

PROGRAM FOR G.C.D.-NEWTON'S METHOD 

............................................................................ * 
t * * * * * * 
k * 

* 
DOUBLE P R E C I S I O N  PROGRAM FOR G.C.D. - NEWTON'S METHOD * * * 
THE G.C.0. METHOD EXTRACTS THE ZEROS AND T H E I R  M U L T I P L I C I T I E S  OF A * 
POLYNOMIAL OF MAXIMUM DEGREE 25. A L L  M U L T I P L E  ROOTS ARE REMOVED BY * 
D I V I D I N G  THE POLYNOMIAL B Y  THE GREATEST COMMON D I V I S O R  OF THE POLYNOMIAL 4 
AN0 I T S  D E R I V A T I V E .  THE ZEROS OF THE R E S U L T I N G  POLYNOMIAL ARE EXTRACTED * 
AN0 T H E I R  M U L T I P L I C I T I E S  DETERMINED. * * 

* * * * * * * * * + * * * * 9 * * * * * * * * * * * * * t * * * * * * * * 4 * * * * * * * * * * * * * * * * * * * * * * 4 * * * * * t  

DOUBLE P R E C I S I O N  U P ~ V P ~ U A P P ~ V A P P t U R O O T 1 V R O O T ~ U O P ~ V O P ~ U O ~ V D ~ U Z R O ~ V ~  
l R O ~ U Q ~ V P ~ U O U M M Y ~ V O U M M Y ~ U ~ Q ~ V a Q 1 U A P , V A P ~ V A P ~ U Q O ~ V ~ D ~ U R O O T S ~ Y R O O T S ~ E P S l ~  
2EPS2.EPS3,EPS4 

DOUBLE P R E C I S I O N  XSTART 
OOUBLE P R E C I S I O N  XENO 
OIMENSION UP(2hl~VPl26l~UAPP(25l~VAPP(25l~UROOTl25lvVROOTl25l~MULT 

1 l 2 5 l r U D P ~ 2 6 l ~ V O P l 2 6 l ~ U O l ~ 6 l ~ V D l 2 6 l ~ U Q ( 2 6 l ~ V Q ~ 2 6 l ~ U O Q i 2 6 l ~ V ~ Q i 2 6 l ~ U  
2 A P l 2 5 l ~ V A P 1 2 5 l ~ U ~ O ( 2 6 l ~ V O O ~ 2 6 l ~ A N A f 4 E ( 2 ~ ~ E N T R Y ~ 2 6 l ~ U R O O T S l 2 5 l ~ V R O O T  
3 5 1 2 5 )  

COMMON E PS 1 s  EPS 2 , EPS 3 v EP S 4 r  I 0 2  o MA X 
L O G I C A L  NEWTtCONV 
OATA P N A M E ~ Q N A M E ~ Q Q N A M E / 2 H P l ~ 2 H Q ( ~ 3 H Q Q l /  
OATA 

OATA ANAMEI 1 1 9  ANAME L 2 l /4HNEHTv4HONS / 

E N T R Y / l H l  t 1 H 2  + lH3,1H4,1H5,1H6r l H 7 ~ 1 H 8 1  l H 9 9 2 H 1 0 1  2 H 1  1, 2 H 1 2 ~ 2 H  13 
I~2H14r2H15~2H16~2H17rZH18,2Hl9o2H2O~2H2l~2~22~2~23~2H24~2H25~2H26/ 

1 0 1 = 5  
1 0 2 = 6  

I T I  M E = O  
10 J = O  

R E A O l I 0 1 o 1 0 0 0 1  N O P O L Y , N P , N A P P I M A X , E P S ~ ~ E P S ~ ~ E P S ~ ~ E P S ~ ~ E P S ~ ~ X S T A R T ~ X E N O ~  

IF(KCHECK.EQ.1 I STOP 
W R I T E I I 0 2 r 1 0 2 0 l  A N A M E l l ) , A N A M E 1 2 l ~ N O P O L Y  
WHITE1 1 0 2 . 2 0 0 3 1  NAPP 

lKCHECK 

2 0  

2 2  
2 3  

WRITE(  1 0 2 1 2 0 1 0 1  MAX 
WRITE1  1 0 2 r 2 0 7 0 1  EPSL 
W R i T E l I 0 2 ~ 2 0 7 0 l  EPS2 
WRITE1  1 0 2 . 2 0 8 0 1  EPS3 
WRITE(  1 0 2 1 2 0 3 0 )  EPS4 
WRITE(  1 0 2 . 2 0 4 0 1  XSTART 
WRITE1  I 0 2 1 2 0 5 0 1  XENO 
WRITE(  1O2.2060)  
K K K = N P + l  
NYN=KKK+ l  
00 20 I ' l r K K K  
J J J=NNN- I 
R E A D l 1 3 1 r 1 0 1 0 )  U P I J J J I r V P I J J J I  
IF(NAPP.NE.01 GO TO 2 2  
NAPP=NP 
CALL  
GO TO 2 3  
R E A 0 1 1 0 1 ~ 1 0 1 5 I  IUAPPlllrVAPPIIlrI=l,NAPP) 
W R I T E ( 1 0 2 , 1 0 3 0 1  NP 

GEN APP I UAP P e VAP P 9 NA PP e X START I 

KKK=NP+ l  
NNN=KKK+ 1 
00 2 5  I = l , K K K  
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$1040 
0041 
0042 
0043 
0044 
0045 
0046 
0047 
0048 
0049 
0050 
0051 
0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0062 
0063 
OD64 
0065 
0066 
0067 
0068 
0069 
0070 
0071 
0072 
0073 
0074 
0075 
0076 
0077 
0078 
0079 
0080 
0081 
0082 
0083 
0084 
0085 
0086 
0087 
0086 
0089 
0090 
0091 
0092 
0093 
0094 
0095 
0096 
0097 

TABLE E.VI1 (Continued) 

~ S ~ ? + ?  

IF(NP.GE.31 GO TO 30 
J=- 1 
CALL QUAO~NP~UP~VP~J~UROOTpVROOTvHULT~ 
WRITE( I02rlO70) 
WRITE~IOZv1165) 1 1 r U R D 0 T ~ I ~ ~ V R O O T ~ I ~ ~ H U L T ~ I ~ r l ~ l o J ~  

25 WRITEl102r1040)  PNAHEeENTRY(JJJ)rUP(JJJ)rVP(JJJ) 

GO TO LO 
30 CALL OERIVINPIUP*VP~NOPIUOP*VDP) 

C A L L  GCO~NP~UP~VPONDPIUOP.VDPINDIUDIVD~ 
IF(ND.GT.1) GO TO 70 
IF(ND.EP.OI GO TO 65 

60 

65  

66 

70 
80 

83 

85 

90 

110 

120 

130 

160 

U D U M H Y ~ ~ U O 1 2 I + U D I Z ~ ~ + ~ V D ~ Z ) + V D I Z ) )  
U Z R O ~ ~ - ~ U O ~ 1 l * U D ~ 2 ~ ~ - ~ V O l l ~ * V D ~ 2 ~ ~ ~ / U O U N H Y  
V Z R O ~ ~ - t U 0 ~ 2 ~ * V O ~ 1 ~ ~ + ~ U O ~ l ~ * V O ~ 2 ~ ~ ~ / U O U H H Y  
CALL H O R N E R l U Z R O ~ V Z R O ~ N P o U P ~ V P o U P ~ V ~ ~ U O U H M Y ~ V O U H M Y ~  
N 9s N P- 1 
00 60 I Z l r N P  
uaiI)=ua( i t t i  
VPII i = v w  I + ~ I  
GO TO 80 
K K K I N P t 1  
OD 66 I V l v K K K  
ua( I )=UP( 1 1  
vat 1 )=vP( I )  
NQ=NP 
GO TO 80 
CALL 0 IV IDElNP~UPoVPpNO~UDIVD.NQIUOIVP)  
WRITE(102t1120)  NQ 
KKK=NP+l  
N N N = K K K t l  
DO 83 l = l r K K K  
J J JaNNN- I 
WRITE( 102 11040 I QNAMEvENTRY JJJ 1 r U Q ( J J J )  r V Q (  JJJI 
IF(NP.GE.3) GO TO 85 
GO TO 110 
KKK=NQt 1 
DO 90 I s 1 , K K K  
u w t i  ) = U P (  I )  
vas( 1 )=vat I 1 
NQQ=NQ 
GO TO 120 
CALL Q U A D I N P ~ U Q ~ V Q ~ J ~ U R O O T I V R O O T ~ M U L T ~  
NEWT=.FALSE. 

00 200 I = l * N A P P  
GO TO 310 

IALTER=O 
CALL NEWTONIUAPPl I  I r V A P P l  I ) ,  NQQeUPQ~V~PeULRO~VZROtCONVl 
I F I C O N V I  GO TO 160 
CALL ALTER1 UAPP I I I rWAPP( I 1 I) I ALTER, IT1ME I 
IFI IALTER.GT.5) GO TO 200 
GO TO 130 
J=Jt1 
UROOTf J)=UZRO 
VROOTIJ I=VZRO 
U A P ( J ) = U A P P ( I l  
V A P l  J l  =VAPPl  I i 
CALL H O R N E R I U L R O ~ V Z R O ~ N P P ~ U Q Q ~ W P ~ ~ U ~ D ~ V Q D ~ U O U H N Y ~ V O U H N Y ~  



202 

TABLE E*VII (Continued) 

0098 
0099 
0100 
0101 
0102 
0103 
0104 
0105 
0106 
0209 
0108 
0109 
0110 
0111 
0112 
0113 
0114 
0115 
0116 
0117 
0118 
01 19 
0120 
0121 
0122 
0123 
0124 
0125 
0126 
0127 
0128 
0129 
0130 
0131 
0132 
0133 
0134 
0135 
0136 
01 37 
0138 
0139 
0140 
0141 
0142 
0143 
0144 
0145 
0146 
0147 
0148 
0149 
0150 
0151 
0152 
0153 
0154 
0155 

DO 180 11=1rNQO 
U O Q ( I l ) = U O O i I 1 + 1 ~  

180 V O O ~ I 1 J = V P O ~ I l + l )  
NOO=NPO-l 
IF lNOO.LT.3)  GO TO 220 

1FtJ.GE.NO) GO TO 205 
IF iXENO.EOeO.0)  GO T O  205 
IF(XSTART.GT.XENDJ GO TO 205 

C A L L  GENAPP(UAPPeVAPPvNAPP1XSTART) 

200 C O N T I N U E  

NAPP=NO 

GO TO 120 

WRITE I 1029 1200) 
205 IF lNOO.LE.2)  GO TO 210 

KKK=NPO+ 1 
NNN=KKK+ l  
00 157 L S l r K K K  
JJJsNNN-L 

157 ~ R i T E ~ I 0 ~ 1 1 1 0 0 )  QONAMEtENTRYIJJJJrUOO(JJJJrVPO(JJJ) 
210 IF(J .EQ.01 GO TO 10 

J A P = J  
GO TO 230 

220 JAP=J 
C A L L  Q U A O I N O O ~ U O O t V P O t J t U R O O T ~ V R O O T ~ M U L T I  

W R I f E ~ 1 0 2 r 1 1 3 3 1  ~ I t U R O O T I I ~ t V R O O T f 1 ~ e U A P ~ l ~ ~ V A P ~ X ~ ~ ~ ~ l ~ J A P ~  
I F I J A P e L T e J I  GO T O  235 

230 WRIlE(102e1132) 

GO TO 240 
235 K K K = J A P + l  

240 J l = O  
WRITE ( 102 e 11 34 J I I (UROOT I J r VRODT ( I I * I=KKKq J I 

DO 300 I s l t J  
C A L L  N E W T O N ~ U R O O T ~ l I i V R 0 0 T ~ l ) r N Q I U P I V O ~ U Z R O ~ V Z R O r C O N V ~  
IFlCnNV) GO TO 280 r . _  -- ,- --- 
WRITE(  102 t1140 I 
I F l I . L T . J A P l  GO TO 241 

I rUROOT t I I t VROOT 1 I 1 

I F ( I . E P I J A P )  GO TO 250 
GO TO 300 

241 K K K I J A P - 1  
00 245 t l = I t K K K  
U A P (  I I J = U A P l  I 1  +I 1 

245 V A P i I l I = V A P ( I l + L )  
250 J A P S J A P - 1  

GO TO 300 
280 J l = J l + l  

U R O O T S ( J l ) = U Z R O  
V R O O T S l J 1 l = V Z R O  

300 C O N T I N U E  
I F ~ J l ~ E O ~ O l  GO TO 305 
J=J1 

U R O O T ( I ) = U R O Q T S I I )  
303 V R O O T ( I I = V R O O T S I I l  

GO T O  301 

K K K = N P t  I 
NNN=KKK t 1 

00 303 IZ1.J 

305 W R I T E I I 0 2 ~ 1 1 5 0 J  N Q  

DO 306 L S l r K K K  



TABLE E.VII (Continued) 

Dl 56 
0157 
0158 
0159 
0160 
0161 
0162 
0163 
01 64 
0165 
0166 

016'1 
01 68 
0169 
0170 
0171 
0172 
0173 

0174 

0175 
01 76 
0177 
01 78 
0179 

0180 

0181 
0182 

0183 

0184 

0185 

0186 

0187 

OL88 

0 1  89 
0190 
0191 
0192 
0193 
0194 
0195 
01 96 
0197 
0198 

306 

30 7 
3 10 

330 

JJJsNNN-L 
WRITEI102~1040) O N A M E ~ E N T R Y ~ J J J l ~ U Q ~ J J J ) r V O ( J J J ~  
GO TO 10 
NEWT=.TRUE. 
CALL NUL1 I (  NP9 UPeVPv Je UR00Tr VROOToMULT) 
IFINEW?) GO TO 330 
WRITE(102*1070) 
WRITElIOZ~11651 ~ L , U R O O T ( L l r V R O D T ( L 1 ( n U L 7 ~ L ~ ~ L ~ l ~ J )  
p.n TO in 

KKKmJAPt1 

GO TO 10 
I F  # JAP. LT J WRITE I 1020 1165) I Le UROOT4 L J I VROOTLL 1 r MULTt La ~ L ~ K K K I  J) 

1000 F O R M A T l 3 L I 2 ~ 1 X ~ o 9 X ~ I 3 , I X 1 4 ( 0 6 ~ O e l X l ~ l 3 X e 2 ~ D 7 ~ O ~ l X ~ ~ I l ~  
1010 FORMAT (2030 .OB 
1015 FORMATLZD30.01 
1020 F O R M A T L ~ H ~ ~ ~ O X I ~ L H G R E A T E S T  COMMON DIVISOR METHOD USED WITH r2(A4),  

135HMETHOO TO FINO ZEROS OF POLYNOMIALS/1lX~l8HPDLYNOnlAL NUMBER . I  
22/11) 

1030 FORMATllXo22HTHE DEGREE OF P ( X 8  IS r I 2 9 2 2 H  THE COEFFICIENTS ARE// 
1) 

1040 F O R M A T I Z X ~ A ~ ~ A ~ I ~ H )  = eO23.16r3H + rD23.16rZH 1) 
1070 FORMATL///lXs13HROOTS OF P I X ) ~ ~ ~ X I ~ ~ H H U L T I P L I C I T I E S I / )  
1080 F O R M A T l 2 X ~ 5 H R O O T ~ r 1 2 r 4 H ~  a r023.1613H t e023.16*2H I r l O X 1 1 2 )  
1100 FORMAT12XpA3rA2e4H) 9 eD23.16e3H t 1023.1692H 1) 
1120 F O H M A T ( I / / ~ X I ~ ~ H P I X J  1s THE POLYNOMIAL WHICH HAS AS I T S  ROOTS THE 

101STINCT ROOTS OF P ( X ) ~ / l X ~ 2 2 H T H E  DEGREE OF PIX)  IS r12122H THE C 
ZOEFFICIENTS A R E / / I  

1200 FORMATl///1X~70HCOEFFlCIENTS OF THE DEFLATED POLYNOMIAL FOR WHlCH 

11 32 FORMAT I / / /  1x1 13HROOTS OF PIX 1 p 84x0 21HINI TIAL APPROXI MAT1 ON//) 
1133 F O R M A T ( ~ X I ~ H R O O T I I ~ ~ ~ ~ H )  = rD23.16t3H t rD23.1612H lr17X~023.L613H 

1NO ZEROS WERE FOUND*//) 

1 + e023.16~2H 1 )  
1134 F O R M A T L ~ X ~ S H R O O T I I I Z I ~ H ~  * tD23.1613H t oD23.16,2H I ,~OXI~~HRESULT 

1140 FORMATl// /r lX~4OHNO ROOTS FOR INKTIAL APPROXIMATION R0078e12o4H! f '. 

1150 F O R M A T I / / / ~ ~ X I ~ ~ H N O  ROOTS FOR THE POLYNOMIAL O I X )  OF DEGREE ,129 

1165 FORMAT L 2x1 5HROOT 1 9 12 94H) = t 023.16,3H t 1D23.1612H I t  '1x0 121 10x1 2 W  

11 80 FORMAT I / / / l X  * 13HROOT S OF PIX B * 52X I 14HMUL T I Pb IC1 TIES,  17X r2 l H I N I  T I  AL 

1190 F O R H A T 1 2 X , S H R O O T L , I 2 ~ 4 H ~  = ,023r16r3H t r023.16p2H I,7X*I2.7XoD23. 

ZOO0 FORHATIlXtllHNUMBER OF I N I T I A L  APPROXIMATIONS GIVEN. 012) 
2010 FORHATI1X,29HMAXIMUM NUNBER OF ITERATIONS.*llXr13) 
2020 FORMAT 4 1 X  921 HTEST FOR CONVERGENCE. q 13X 909.2)  
2030 FORMAT4 lX,Z4HTEST FOR HULTIPLICITIES. vlOXe09.2) 
2040 FORMATIlXr23HRAOIUS TO START S E A R C H . ~ ~ ~ X I D ~ . ~ )  
2050 FORMATIlXrZlWRAOIUS TO EN0 SEARCH. ,13X109.21) 

2070 FORMATIlXr34HTEST FOR ZERO I N  SUBROUTINE GCDe ~09.2)  
2080 FORMAT4 IXI'J~HTEST FOR ZERO I N  SUBROUTINE OUAD. o09.2) 

12 OF SUBROUTINE QUAD) 

1 ,023.36,3H + ,023.16~2H 1 )  

l38H WITH GENERATE0 I N I T I A L  APPROXlMATIONS//1 

1RESULTS OF SUBROUTINE OUAO) 

1 APPROXIMATION//) 

l l 6 v 3 H  + tD23.16rZH I )  

2060 FORMAT1 / / l X )  

EN0 
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0001 
C 
C 
C 
C 
C 
C 

0002 
0003 
0004 
0005 
0006 
0001 
0008 
0009 
0010 
001 1 
0 0 1 2  

TABLE E . V I I  (Continued) 

fUsRoUTl NE G W A P P  I APPR 8 APP I a NAPP, XSTART) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  * * * SUBROUTINE GENAPP GENERATES N I N I T I A L  APPROXXWATIONSe WHERE N IS THE * * DEGREE OF THE O R I G I N A L  POLYNOMIAL. ib * 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
DOU@LE PRECIS I O N  APPR, APP 1 t XSTARTI BETA 8 EPS 1. EPS2r E P S B q E P S I  
O I H E N S I O N  A P P R l 2 5 ) r A P P I l 2 5 )  
COUMON E P S I * E P S ~ , E P S ~ ~ E P S ~ V I O ~ ~ ~ A X  
I F  ( XSTART. EQ.O.0) 
BETA*0.2617994 
DO 10 I = l r N A P P  
APPR(I)=XSTART*DCOS68ETA) 
A P P I I I  b X S T A R T * O S I N t B E T A l  

XSTART-0 r 5  

BETA=BETAtO , 5 2 3 5 9 8 8  
10 XSTARTmXSTARTtO.5 

RETURN 
0013 END 
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TABLE E.VIL (Continued) 

000 1 

0 0 0 2  
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
00 14 
0015 
0016 
0017 
0018 
0019 
0020 
002 1 
0 0 2 2  
0 0 2 3  
0024 

0025 
0026 

SUBROUTINE. A ~ T E R l X O L D R r X O L D I r N A L T E R a I T I M E l  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  rb 
C * SUBROUTINE ALTER ALTERS THE I N I T I A L  A P P R O X I N A T I O N S  WHICH PRODUCE N O  * 
C * CONVERGENCE TO A ZERO. T H I S  IS OONE A M A X l N U M  OF 5 T INES FOR EACH ROOT. d 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C I S 1  ON XOLORIXOLDI e ABXOLO, BETAoEPS l e  E P S 2 r  E P S 3 r E P S 4  
COMMON E P S l ~ E P S Z r E P S 3 r E P S 4 ~ 1 0 2 ~ N A X  
I F ( I T l M E e N E . O J  GO TO 5 

W R I T E l 1 0 2 r 1 0 1 0 l  CIAX 

W R I T E l I O Z ~ 1 O Q O l  X O L D R v X O L D I  

ITIME 51 

5 IF(NALTER.EQ.0) GO TO 10 

GO TO 20 
10 A B X O L O * D S P R T ~ t X O L D R * X O L O R ~ + ~ X O L O I * X O L O I ~  1 

BETA=DATAN2lXOLDIrXOLORI 
WRITE(  102r10201 XOLOReXOLOI  

IF(NALTER.GT.5) RETURN 
GO TO t 30 r40e 301 400 30 I ( N A L T E R  

30 XOLDR=-XOLOR 
XOL D I =-XOLO 1 
GO T O  50 

XOLDR=ABXOLO*OCOSl B E T A 1  
XDLDI=ABXOLO*DS I N  1 B E T A )  

20 N A L T E R = N A L T E R + l  

40 B E T A = B E T A + 1 . 0 4 7 1 9 7 6  

5 0  RETURN 
1000 F O R M A l ( l X 1 0 2 3 . 1 6 1 3 H  + r D 2 3 . 1 6 9 2 H  I 
1010 FORMAT( / / / l X  a54HN0 CONVERGENCE FOR 

l T E R  s13,12H ITERATIONS. / / )  
1020 F O R M A T I / l X e 0 2 3 e 1 6 r 3 H  + r D 2 3 . 1 6 0 2 H  

E N 0  

l O X v 2 1 H A L T E R E D  A P P R O X I M A T I O N )  
THE F O L L O U I N G  l P P R O X I M A T I O N S  AF 

r l O X s 2 l H I N I T I A L  APPROXIMAT1ON)  
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TABLE E.VLI (Continued) 

000 1 

0002 
0003 

0004 

0005 
0006 
0007 
0008 
0009 
00 10 
0011 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0021 
0022  
0023 
0024 
0025 
0026 
0027 
0028  
0029 
0030 
0031 
0032 
0033 
0034 
0035 
0036 
0037 
0038  
0039 
0040 
0041 
0042 
0043 
0044 
0045 
0046 
0047 
0048 
0049 

SUBROUTINE G C D ( N , U R I V R i M r U S $ V S I M l * U S S s V S S )  c ******************************************************j*********~*********** 

c *  * 
C * GIVEN POLYNDMIALS P(X) AN0 OPOC) WHERE OEG. OPtX) IS LESS THAN OEG. * 
C * P(X)r SUBROUTINE CCD COMPUTES THE GREATEST COMMON OIVlSOR OF P(X8 AN0 * 
c * OP(X). * 
c *  * c ***************************************************************************j 

OOU8LE PRECISION USSSSSo VSSSSS 
DOUBLE PRECISION U R I V R ~ U S O V S I U S S ~ V S S I U R R D V R R ~ U O , V D I U T I V ~ ~ E P S L O N ~ E P  

OIMENSION U R ( 2 6 l r V R ( 2 6 ) e U S I Z 6 ) r V S ( 2 6 ~ ~ U S S ( 2 6 ) r V S S ( 2 6 l ~ U R R 6 2 6 l ~ V R R (  

COMMON EPSLON.EPS2, EPS3o EPS4. IO2,MAX 

lSZ9EPS31 EPS4,BBB 

126) *UT( 26  1 s VT( 26 J 

Nl=N 
Ml=M 
KKK=N+l 

URR(II=URIl) 
20 VRRII)=VR(I) 

KKK=M+l 
00 25  IJ1,KKK 
usst I )=US( I ) 

25 VSSlIl=VS11) 
30 B B 8 = U S S ~ M 1 + 1 I * U S S l M l + l ~ + V S S ~ H l + l ~ * V S § ~ M l + l ~  

00 20 IsloKKK 

U D = ~ U R R ~ ~ 1 + 1 ~ * U S S ~ M l + 1 1 * V R R l N l t l l * V S S ~ M l + l ~ ~ / B B B  
V D = ~ U S S ~ M L + l ~ * V R R ~ N l + l ~ - U R R ~ N l * l ~ * V S S ~ M l + ~ ~ ~ / 8 B ~  
KKKSNlt 1 4 1  
00 40 I=KKK,Nl 
U T ~ I ~ ~ U R R ~ I ~ - l U O * U S S ~ I - N l + n l ) - V D + V S S ~ I - N l + M l ~ ~  

40 VTI I)=VRRlI )-(UO*VSS( I - N l + M l ) + V D * U S S I I - N 1 + n l )  1 
IFIM1.EQ.Nl) GO TO 70 
KKKSNl-Ml 
DO 60 I=lrKKK 
UT ( I )=UHR1 I I 

60 VT(Il=VRR(I) 
70 00 90 1=1*N1 

B B B = O S ~ R T ~ U T ~ N 1 t 1 - I l * U T ~ N l t l - I ~ + V T ~ N 1 + l - I ~ * V T ~ N l + l - I ~ ~  
1FtBBB.GT.EPSLON) GO TO 100 

00 9 5  IllrMl 
B88=USS(M1*1 ~ * U S S l M l + l ~ + V S S ~ H 1 + l ~ * V S S ~ H l + l ~  
U S S S S S = ~ U S S l I ~ * U S S l M I + 1 ) , V S S ~ l ~ * V S S ~ M 1 + l ~ ~ / B B B  
V S S S S S = i V S S l I I * U S S ~ H l + l ~ - U S S ~ I ~ * V S S ~ M l + l ~ ~ / B B B  
usst I )=USSSSS 

9 5  v s s ~ I ~ = v s s s s s  
USS(Ml+l J=1*0 
VSS~Nl+l1=O.O 

90 CONTINUE 

GO TO 200 
100 K=N1-I 

IF(K.EO.0) GO TO 170 
IF(K.LT.Ml) GO TO 140 

00 130 JslrKKK 
KKK=K+ 1 

URR t J) =UT i J) 
130 VRRtJ)=VTtJI 

Nl=K 
GO TO 30 
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0050 
0051 
0052 
0053 
0054 
0055 
0056 
0057 
0058 
0019 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
0067 
0068 

TABLE E.VI1 (Continued) 

140 KKK=K+l 
00 150 JP1,KKK 
URRI JItUSSl JI 
VRRlJl=VSSlJ) 

' U S 1  JB=UT( J) 
150 VSSlJ)=VT(Jt 

KKK=K+Z 
NNN=Ml+l 

URRlJ)=USS(J) 
160 VRRlJl=VSSlJ) 

Nl=nl 
Ml-K 
GO TO 30 

170 USSl1)Pl.O 
vss11~=0.0 
M l = O  

200 RETURN 
EN0 

W 160 JSKKKiNNN 
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TABLE E.VLI (Continued) 

0001 

0002 

0003 
0004 
0005 
0006 
0007 
0008 
0009 
00 10 
001 1 
00 12 
0013 
0014 
0015 
00 16 
00 17 
0018 
0019 
0 0 2 0  
002 1 
0022 
0023 
0024 
0 0 2 5  
0 0 2 6  
0027 
0028 
0029 
0030 
0031 
0 0 3 2  
0033 
0034 
0035 
0036 
0037 
0038 
0039 
0040 
0041 
0042 
0043 
0044 

SUBROOTINE QU.AO(NIUA~VA~JIUROOT,VROOT~MULTI 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * SUBROUTINE QUAD SOLVES D I R E C T L Y  FOR THE ZEROS A N 0  T H E I R  M U L T l P L I C I T I E S  * 
C * OF EIrHER A OUAORATIC POLYNOMIAL  OR A L I N E A R  FACTOR. S O L U T I O N  O F  THE * 
C * QUADRATIC IS DONE U S I N G  THE P U A O R A T I C  FORMULA. * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C I S I O N  U A ~ V A ~ U R O @ T ~ V R O O T e U O I S t r V O I S C ~ U T E M P ~ V T E M P ~ U O ~ V O ~ E  

D I M E N S I O N  U A ~ ~ ~ ~ I V A ~ ~ ~ J ~ U R O O T ( ~ ~ ~ * V R O O T ( ~ ~ ) I M U L T ( Z ~ )  
COMMON EP S 1 t EP 5 2 t E P S L  ON E P S 4  e I 02 r MAX 
I F ( N . G T . 1 )  GO T O  60 
I F (  J.LT.0) GO TO 40 

~ P S ~ , E P S ~ , E P S ~ I E P S L O N I ~ B B  

J 4 + 1  
GO TO 50 

40 M U L T t l ) = l  

50 B ~ B P U A I ~ ) * U A ( ~ ) + V A ( ~ ) * V A ( ~ )  
J=1 

U R O O T ( J ) r - ( U A ( l ) * U A I 2 ) + V A ( l ~ * V A ( 2 ) ) / B B B  
V R O O T ( J ~ ~ - ~ V A l l ~ * U A l 2 ) - U A ~ l ~ * V A ~ 2 l ~ / B B B  
GO TO 200 

60 U D I S C ~ ( U A ( 2 ~ * U A ( 2 ) - V A ( 2 ) * V A ( 2 1 ) - ( 6 . 0 * L U A ~ 3 ~ * U A ~ l ~ - V A ~ 3 ) * V A ~ l ) ~ ~  
V D I S C ~ ( 2 . 0 * U A ( 2 ) * V A ( 2 ) ) - ( 4 . 0 * ( U A ~ 3 ) * V A ( l ~ + V A ~ 3 ~ * U A ~ l ~ ~ ~  
BBB~OSQRT~UOISC*UD1SC+VOISC*VOISC~ 

MULT 1 1 1 = 1 
MULT (2 )=l 
J=O 

IF IB88 .LE .EPSLON)  GO TO 100 
IF(J.GE.0)  GO TO 80 

80 C A L L  COMSQT(UD~SCIVOISC,UTEMPIVTEMP) 
U O z Z  .O*UA f 3 
VO=;Z.O*VA( 31 
BBB=UD*UD+VO*VO 
UROOTIJ+l)=((-UA(2)+UTEMP~*UO+~-VA~2 +VTEMP *VD) m a 8  
VROOTt J + l ) = (  ( -VA(21+VTEMP)*UO-(-UA(2 ) + U T E M P ) * V O l / b B B  
U R Q O T ( J + 2 1 = ~ ( - U A 1 2 ~ - U T E M P ) * U O + ( - V A ( 2 ~ - V T E M P ~ * V O ~ / B B 8  
V R O O T ( J + 2 ) = ( l - V A ( 2 ) - V T E M P ) * U D - ( - U A I Z ~ - U T E M P ~ * V O ~ / B B B  
J=J+2 
GO TO 2 0 0  

J=J+1 
GO TO 130 

110 M U L T ( l b = 2 ,  
J= 1 

100 IF (J .LT .0 )  GO TO 110 

1 3 0  UD=2.O*UA(3J 
VD=2.0*VAt3)  
BBB=UD*Uo+Vo*Vo 
UROOT t J) = ( - U A I  2 1 *UO-VA(Z ) * V D ) / B B B  
VROOTlJ )= l -VA121*UO+UA(2) *VO) /BBB 

200 RETURN 
END 
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TABLE E.VII (Continued) 

000 1 
C 
C 
C 
C 
C 
C 
C 

0002 

0003 
0004 
0005 
0006 
0007 
0006 
0009 
00 10 
001 1 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0 0 2 s  
0026 
002 7 
002 8 
0029 
0030 
0031 
0032 
0033 

S U B R n U T I N E  NEWTON(UX~VX~NIUPIVPIUXO~VXO~CONVI  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  * * 
* T H I S  SUBROUTINE CALCULATES A NEW APPROXIMATXON FROM THE OLD APPROX- * * I M A T I O N  BY U S I N G  THE I T E R A T I O N  FORMULA * * X ( N + 1 I  X ( N l - P I X ( N l ) I P ' l X ( N ) ) .  * * d 
*************************************************d************************** 

DOUBLE P R E C I S I O N  U X ~ V X ~ U P ~ V P I U X O I V X O I U B ~ V ~ ~ U O P X O ~ V O P X O ~ U P X O I V P X O ~ U  

DOUBLE P R E C I S I O N  OOD 
DOUBLE P R E C I S I O N  ABPXO 
O I H E N S I O N  UP(26) rVP(26) rUB(26)1V8(26 )  
COMMON E P S l r  EPSLON. EPS3. E P S ~ I I D ~ S M A X  
L O G I C A L  CONY 
uxo=ux 
vxo-vx 

1 O I F F ~ V O I F F ~ E P S l ~ E P S L O N ~ E P S 3 r E P S 4 ~ A A A ~ B B B  

5 

10 
15 

20 

00 10 I Z l r M A X  
C A L L  H O R N E R ~ U X O ~ V X O ~ N ~ U P ~ V P ~ U B ~ V B r U O P X O ~ V D P X O ~  
UPXO=UBt 1) 
V P X O = V B ( l )  
ODO=OSQRT~UDPXO*UOPXO+VOPXO*VOPXOl 

ABPXO=OSPRT(UPXO*UPXO+VPXO*VPXO) 

GO TO 15  
BBB=UDPXO*UDPXOtVOPXO*VDPXO 
UDIFF=~UPXO*UOPXO+VPXO*VOPXO)/BBB 
V O I F F = ~ V P X O * U D P X O - U P X O * V D P X O ~ / B B ~  
UXOmUXO-UD I F  F 
VXO= VXO-VD I F F 
AAA=DSQRT(UOIFF*UDIFF+VOIFF*VDlFF~ 
BBB=OSORT~UXCI*UXO+VXO*VXO) 

I F I D O O . N E . 0 ~ 0 )  GO TO 5 

IF IABPXO.EPrO.0 )  GO TO 20 

IF(BBB.EP.O.0) GO TO 10 
IF (AAA/BBB.LT .EPSLONI  GO TO 20 

C ONVz. F ALSE e 

C O N T I N U E  

RETURN 
CONV=.TRUE. 
RETURN 
E N 0  
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TABLE E.VII (Continued) 

0001 SUBROUTINE DIVIOEIN,UP~VP,M,UD.VD,K,~P.~~~ 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * QUOTIENT POLYNOMIAL H ( X l  = F ( X I / G ( X ) .  * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

C * G I V E N  TWO POLYNOMIALS F I X )  AN0 G ( X ) r  SUBROUTINE D I V I D E  COMPUTES THE * 

0002 DOUBLE P R E C I S I O N  U P ~ V P ~ U O ~ V O ~ U P ~ V Q t U T E R M ~ V T E R M ~ U O U M M Y  
0003 OIMENSION U P ( ~ ~ ~ ~ V P ( ~ ~ ) ~ U D ( Z ~ I ~ V D ( ~ ~ I S U ~ ~ Z ~ ) ~ V ~ ( ~ ~ I  
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
001 7 
0018 
0019 10 
0020 
002 1 20 
0022 
0023 40 
0024 45 
0025 
0026 50 
0027 100 
0020 

K=N-M 
UOUMMY =UO t M+ 1) * U O l  M + 1 1  t V  D t M + l  1 +VD(M+ 1 ) 
U P t K + 1  U P ( N t 1 )  *UO( M + l l  + V P ( N + l  l * V D ( M + l  I 1  /UOUMMY 
V Q t K t 1  )= (VP(  N t 1  )*UOtM+1 I - U P ( N + l  ) * V D ( M + l I  )/UOUMMY 

J=- 1 

J=J+l 
UTERM=UP(N-J) 
VT€RM=VP(N-J) 
KK=K+1 
NNN-M-J 

IF(K.EP.0) GO 10 100 

DO 50 IzltK 

00 40 M)=NNN*M 
IFIKK.GT.1) GO TO 10 

I F ( M l . G E . l l  GO TO 20 
GO TO 45 

GO TO 40 
U T E R M = U T E R M - ~ U P ~ K K I * U O ~ M l ~ - V Q ( K K ~ * V O ~ M l ~ )  
V T E R M = V T E R M - ( U Q ( K K l * V D I M l ~ + V ~ ~ K K l * U O ~ M l ~ )  
KK=KK- l  
UOUMMY=UO( M+ 1 I *UO I M+ 1 ) +V O( M+ 1 1 *VO( r(+1 B 
U Q ~ K + l - I ~ ~ ~ U T E R M * U O ~ M + l ~ + V T E R M * V O ~ M + l l l / U O U ~ M Y  
VQ( K+l- I ) = I  VTERM*UO( M t  1 )-UTERM*VO( M+ 1 l /UOUMMY 
RETURN 
E NO 
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TABLE E.VII (Continued) 

0002 
0003 
0004 
0009 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
0017 

0019 
0 0 2 0  

o o i e  

SVBROWT I N  E HDR NER IWX r VX F N e UP e VP 9 U B  q V B 9 UC e VC ) 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * HORNER*S METHOD COMPUTES THE VALUE OF THE POLYNOMIAL P t X )  AT A * 
C * POINT D AN0 I T S  D E R I V A T l V E  AT D. SYNTHETIC O I V I S I O N  IS USE0 TO 0 
C * DEFLATE THE POLYNOMIAL BY D I V l O I N G  OUT THE FACTOR I X  - 0 ) .  * 
c *  * c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C l S I D N  UXqVX*UPsVPvUBeVBeUC*VC 
DOUBLE P R E C I S I O N  UOUMHY*VDUMMY 
OIMENSION U P l 2 6 ) ~ V P 1 2 6 ) r U B I 2 6 ~ r V 8 0  
U B I N + l ) = U P l N + l J  
V B l N + l  J = V P l N + l )  
UBlNJ= lUX*UBlN4 l~ -VX*VBlN+lJJ+UPlN~ 
V B I  N J =  I UX*VB I N + l  J+VX*UBl N+11 I + V P I  N l  
UC=UBl N + l  
V C = V B I N + l )  
KKK=N- 1 
DO 10 I = I * K K K  
UBlKKK+1-I~~lUX*UBlKKK+2-I~-VX*VBlKKK+2-I~J+UPlKKK+l-I~ 
VBlKKK+l-I~~lUX*VBlKKK+2-IJ+VX*UBlKKK+2-I~J+VP~KKK+l-IJ 
UDUMMY =UX *UC-VX*VC 
VDUMMY=UX+VC+VX*UC 
UC=UDUMMY+UBlKKK+2-I l  

10 VC=VDUMMY+VBlKKK+2-l)  
RE TURN 
END 

0001 SUBROUTINE D E R I V I N * U P , V P i M * U A * V A )  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * G I V E N  A POLYNOMIAL P l X ) e  SUBROUTINE D E R I V  COMPUTES THE C O E F F I C I E N T S  OF * 
C * I T S  D E R I V A T I V E  P * ( X ) .  * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

0 0 0 2  
0003 
0004 
0005 
0006 
0 0 0 7  
0008 10 
0009 
0010 
0011 

DOUBLE P R E C I S I O N  UP~VPIUA~VAIAAA 
DIMENSION U P I ~ ~ ~ V V P I ~ ~ ~ ~ U A I Z ~ ) ~ V A I ~ ~ J  
KKK=N+ 1 
DO 10 Is2 ,KKK 
A A A = I - l  
UP1 1-1 )=AAA*UPl  I )  
V A ( I - l J = A A A * V P l I )  
M=N-1 
RETURN 
END 
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TABLE E.VI1 (Continued) 

0001 

0002 

0003 

0004 
0005 
0006 
0007 

0009 
00 10 
0011 
0012 
0 0 1 3  
0014 
0015 
0 0 1 6  
0017 

0019 
0020 
0021 
0022 
0 0 2 3  
0024 
0025 
0026 

oooe 

ooie 

oozr 
ooze 
0029 

0030 

SUBROUTINE M U L T i l N ~ U P ~ V P ~ J ~ U R O O T I V R O O T I H U L T )  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  * 
C * G I V E N  N ZEROS OF A POLYNOMIAL, SUBROUTINE M U L T l  COMPUTES THEIR IC 
C * M U L T I P L I C I T I E S .  * 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE P R E C I S I O N  U P I V P I U R O O T ~ V R ~ O T I U A ~ V A I U B ~ V B , U C ~ V C ~ E P S L ~ E P S ~ ~ E P S  

DIMENSION U P ~ ~ ~ ) ~ V P ~ ~ ~ ~ ~ U R O O T ~ ~ ~ ~ ~ V R O O T ~ ~ ~ ~ I U A ( ~ ~ ~ ~ V A ~ ~ ~ ~ ~ U B ~ ~ ~ ~ ~ V  

COHHON E P S ~ ~ E P S ~ I E P S ~ S E P S L O N ~ I O ~ ~ M A X  
00 1 0 0  I = l r J  
KKK=N+ 1 
00 10 K P l t K K K  
U A I  K )=UP[ K ) 

10 V A I K l = V P ( K t  
M=N 
HULT( I )=O 

~ B B = O S P R T I U B I I ~ * U B ~ L ~ + V B I ~  

~ L O N I E P S ~ I B B B  

1 B I 2 6 1  r M U L T ( 2 5 )  

20 CALL HORNERIUROOTI1)rVROOT 

IFlBBB.LT.EPSLONI GO TO 50 
I F I H U L T I  I l.EO.01 GO TO 40 
GO TO 100 

GO TO 100 
50 MULTI  I 1-MULT 1 I I t l  

GO TO 100 
60 DO 70 K m l v M  

U A I  K l  =UB K + l  8 
70 VA(K I = V B (  K + l l  

40 W R I T E ( 1 0 2 r 1 0 0 0 )  E P S L O N # I * U  DOT(l8rVROOTtI) 

IF(M.GT.lJ GO TO 60 

M=M-1 
GO TO 20 

100 CONTlNUE 
RETURN 

1000 f O R M A T I / / / l S H  THE E P S I L O N  l s O 1 0 . 3 r 4 8 H l  CHECK I N  SUBROUTINE M U L T I  
1 I N O I C A T E S  THAT R O O T ( r 1 2 r 4 H )  = r 0 2 3 . 1 6 r 3 H  t r023.16e2H ip/BOH I S  NO 

3 L I C I T Y  O / / j  
27 CLOSE ENOUGH TO eE A TRUE ROOT. S T  IS PRINTED BELOH WITH MULTIP 

END 
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000 1 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 

TABLE E.VII (Continued) 

SUBRQMTW CQM59TClJXrVXrYYvVY)  
c ............................................................................. 
c *  * 
C * THIS SUBROUTINE COMPUTES THE S W A R E  ROOT OF A COMPLEX NUMBER. 8 
c *  * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

OOUBLE P R E C I S I O N  UXtVX~UYpVYeDUUMYnRwAAAsBBB 
R=DSQRTtUX*UX+VX*VX) 
A A A = O S Q R T ~ O A B S ( I R + U X ) / 2 . 0 ~ )  
BBB=OSQRT t DABS I IR-UX B /2.01 B 
I F I V X J  10t20r30 

VY=- L.O*BBB 
GO TO 100 

20 I F t U X )  4 0 ~ 5 0 1 6 0  

10 UV=AAA 

30 UY=AAA 
VY=BBB 
GO T O  LOO 

40 OUUMY=OABS( UXJ 
uv=o.o 
VY=OSQRT t OUMUY J 
GO TO 100 

50 UY=O.O 
VY=JO.O 
GO TO 100 

UY=OSQRT t OUUUY) 
VY=O.O 

100 RETURN 
E NO 

60 OUHMY=OABS(UXI 
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APPENDIX F 

G.C.D.  - MULLZR'S METHOD 

1. Use of t h e  Program 

A double p r e c i s i o n  FORTRAN I V  program using t h e  G.C.D. method wi th  

Mul le r ' s  method as a suppor t ing  method is  presented  here .  

f o r  t h i s  program are given i n  F igure  F . 1  whi le  Table F.111 g ives  a 

FORTRAbl I V  l i s t i n g  of this program. 

l i s t e d  i h  Table F.11. The s i n g l e  p r e c i s i o n  v a r i a b l e s  are used i n  t h e  

flow c h a r t s  and the  corresponding double p rec i s ion  v a r i a b l e s  can be 

obtained from Table F.11. 

Flow c h a r t s  

S ing le  p r e c i s i o n  v a r i a b l e s  are 

This program i s  designed t o  s o l v e  polynomials having degree less 

I n  o rde r  t o  so lve  polynomials of degree N where than o r  equal  t o  25. 

N > 25, t h e  d a t a  s ta tement  and a r r a y  dimensions given i n  Table F . 1  

must be changed. 

I n  t h i s  program both t h e  lead ing  c o e f f i c i e n t  and t h e  cons tan t  

c o e f f i c i e n t  are assumed t o  be rion-zero. 
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TABLE F , I  

PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS O F  DEGREE 
GREATER THAN 25 BY G , C . D .  - MULLER'S METHOD 

M a i n  P r o g r a m  

D a t a  E n t r y / l H l , W 2  ,..., lH9,2H1092Hll,.,,,2HXX/where XX = N + l  
URAPP(N,3 )  VRAPP(N,3)  
UAPP (N, 3) , VAPP (N $3) 
UP(N+l )  , VP(N+l )  
UROOT (N) , VROOT (N) 
MULT (N) 
UDP (N+l )  , VDP (N+l)  
UD (N+l )  , VD ( N f l )  
UQ(N+1) $ VQ(N+l)  
UQQ(N+l) .) VQQ(N+l) 
UB (N+l)  , VB (N+1) 
ENTRY (Ni-1) 

Subrout ines  MULTI ,  D I V I D E ,  DERIV,  GCD, and QUAD 

See corresponding subrout ines  i n  T a b l e  E . I .  

Subroutine MULLER 

UROOT(N) VROOT (N) 
MULT (N) 
UAPP (N, 3) , VAPP (n , 3) 
W O R K ( N + l ) ,  VWORK(Ni-1) 
UB (N+1) $ VB (Ni-1) 
UA(N+l)  , VA(N+l)  
U W P  (N, 3) , V W P  (N,  3) 

Subrout ine BETTER 

UROOT (N) , VROOT (N) 
UA(N+l)  , VA(N+l)  
U B A P P ( N , 3 ) ,  VBAPP(N,3 )  

UROOTS (N) VROOTS (N) 
U W P ( N , 3 ) ,  VRAPP(N,3 )  

UB (N+L) , VB (~+1) 

W T  (N) 

Subroutine GENAPP 

A P P R ( N , 3 )  A P P I ( N , 3 )  

Subroutine HORNER 

UA(N+l)  VA(N+l) 
UB (N+1) VB(N+l )  
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2.  Input  Data f o r  G.C.D. - Muller ' s  Method 

The inpu t  d a t a  f o r  G.C.D. - Muller ' s  method is prepared e x a c t l y  as 

descr ibed  i n  Appendix E ,  § 2 f o r  G.C.D. - Newton's method. 

3. Variab les  Used i n  G.C.D. - Muller ' s  Method 

The main v a r i a b l e s  used i n  G.C.D. - Muller ' s  method are given i n  

Table F.11, The symbols used t o  i n d i c a t e  type  and d i s p o s i t i o n  are 

descr ibed  i n  Appendix E ,  § 3. For v a r i a b l e s  not  l i s t e d  i n  Table F.11, 

see t h e  main program o r  corresponding subprogram of Table E . V I .  

4 .  Descr ip t ion  of Program Output 

The output  from G.C.D. - Muller ' s  method i s  i d e n t i c a l  t o  t h a t  f o r  

G.C.D. - Newton's method as descr ibed  i n  Apptendix E ,  § 4 ,  keeping i n  

mind t h a t  Mul le r ' s  i n s t e a d  of Newton's method i s  used. 

"SOLVED BY DIRECT METHOD" is equiva len t  t o  "RESULTS OF SUBROUTINE QUAD. 

Only one i n i t i a l  approximat ion ,  Xo, (not  t h r e e )  i s  p r in t ed .  

two r equ i r ed  by Mul le r ' s  method were .9X 

The express ion  

The o t h e r  

and l . l X o .  0 

5. Informat ive  Messages and Er ro r  Messages 

The informative messages and e r r o r  messages i n  t h i s  program are 

descr ibed  as fo l lows .  

E ,  § 5. 

For o the r  messages no t  l i s t e d  h e r e ,  see Appendix 

"THE EPSILON (XXX) CHECK I N  SUBROUTINE MLTLTI INDICATES THAT ROOT 

YY = ZZZ I S  NOT CLOSE ENOUGHT TO BE A TRUE ROOT, I T  IS  PRINTED BELOW 

WITH MULTIPLICITY 0." This message i s  descr ibed  i n  Appendix E ,  § 5, 

"COEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO ZEROS WERE 

FOUND." This message is  descr ibed  i n  Apptendix E ,  5 5. 
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"NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER XX." XX r e p r e s e n t s  t h e  

number of t h e  polynomial f o r  which no zeros  were ex t r ac t ed .  

" I N  THE ATTEMPT TO IMPROVE ACCURACY, ROOT XX = YYY D I D  NOT CONVERGE 

AFTER ZZZ ITERATIONS."  

produce convergence during the  at tempt  t o  improve accuracy, XX 

r ep resen t s  t h e  number of t h e  roo t  be fo re  the  at tempt  t o  improve 

accuracyr  YYY r ep resen t s  i t s  va lue ,  and ZZZ r e p r e s e n t s  the  maximum 

number of i t e r a t i o n s .  The fol lowing message then  fol lows.  "THE 

PRESENT APPROXIMATION I S  AAA. 'I AAA r ep resen t s  t h e  present  approximation 

t o  t h e  r o o t  a f t e r  t h e  maximum number of i t e r a t i o n s .  

This message i n d i c a t e s  t h a t  a r o o t  d id  n o t  
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MAIN PROGRAM 

SFRRT 0 P t 

Q 
Figure  F.1. Flow Char t s  f o r  G.C.D.-Mulle+*s Method 
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Q 

6 

Figure F . l .  (Continued) 
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MULLER 

Figure F.1. (Continued) 
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Figure P e 1 e (Continued) 
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Figure  F e 1 e (Continued) 
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1 

F i p e  F e 1, (Continued) 

DERIV 
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G C D  

Figure P.1. (Continued) 
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QUAD 

Figure F e 1 e (Cantinued) 
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BETTER HORNER 

Figure  P 1. (Continued) 



GENAPP 

231 

ALTER 

U + XSTQRT*CPS(eWfl) 

v ~ x a ~ f r r . s l w ( e c i r )  

BETR C EITR t H/b 
X START +XSTRRTC.S 

Figure  F .1 (Cont;Lnued) 
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TEST 

CPS RT, cpy &PS, 
EPCO, EPSM, 

DLNl C 8 t  rk1T 

Figure F e 1 e (Continued) 
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COMSQT 

V Y  4- -888 

Figure F . 1 .  (Continued) 
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TABLE F , I f I  

PROGRAM FOR G.C,D,-MULLER'S METHOD 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

coo1 
0 0 0 2  

0 0 0 3  
0004 

0005 
0006 
0007 
0 0 0 8  
0009 
0010 

0011 
0012 
0 0 1 3  
00 14 
0015 
0016 
0017 

00 18 
0019 
0 0 2 0  
002 1 
0 0 2 2  
0 0 2 3  
0 0 2 4  
0 0 2 5  
0 0 2 6  
0027 
0028 
0 0 2 9  
0 0 3 0  
0 0 3 1  
0 0 3 2  
0 0 3 3  
0 0 3 4  
0035  
00 3 6  
0 0 3 7  
0 0 3 8  
0 0 3 9  
0040 
0041 

* * * t * * * * * * * r * L * D L I * ~ ~ ~ ~ * ~ ~ * * * * W * * + Y ~ + 8 ~ * ~ * * * * +  * * 
* DOUBLE P R E C I S I O N  PROGRAM FOR G.C.0. - MULLER'S  METHOD * * P * * 
* THE G.C.O. 4ETHOD EXTRACTS THE ZEROS A N 0  T H E I R  M U L T I P L I C I T I E S  OF A 8 * POLYNOMIAL  O F  MAXIMUM OEGREE 25. A L L  M U L T I P L E  ROOTS ARE REMOVE0 BY * * D I V I D I N G  THE POLYNOMIAL  8 V  THE GREATEST COMMON O I V I S O R  OF THE P O L Y N O M I A L  * * A N 0  I T S  O E R I V A T I V E .  THE ZEROS O f  THE R E S U L T I N G  POLYNOMIAL  ARE EXTRACTED * * A N 0  THEIR M U L T I P L I C I T I E S  DETERMINED. * * * 
*1**1**+******************t*************************~***P********~***~******** 

DOUBLE P R E C I S I O N  URAPPeVRAPP 
DOUBLE P R E C I S I O N  U P e V P ~ U A P P ~ V A P P ~ U R O O T ~ V R O O T ~ U O P ~ V O P ~ U O ~ V O ~ U ~ R O ~ V Z  

l R O , U Q ~ V Q ~ U O U M M V e V O U M M Y , U Q Q ~ V Q Q ~ U B ~ V B ~ E P S l ~ E P S Z ~ E P S 3 ~ E P S 4  
O I H E N S I O N  U R A P P ~ ~ ~ . ~ I , V R A P P ~ ~ ~ , ~ ) ~ U A P P ( Z ~ ~ ~ I S V A P P ( ~ ~ ~ ~ I  
D I M E N S I O N  U P l Z 6 1 ~ V P f 2 6 1 ~ U R O O T ~ 2 5 l ~ V R Q O T ~ 2 5 ~ r M U L T ( 2 5 l ~ U O P ~ 2 6 l ~ V D P ~ 2  

l 6 ~ ~ U D ~ 2 6 1 ~ V D l 2 6 ) r U Q ~ 2 6 ) , V ~ ~ 2 6 ) , U P 0 ( 2 6 ) ~ V Q Q ~ 2 6 ~ ~ U 8 l 2 6 l ~ V 8 l Z 6 ~ ~ A N A M E  
2 ( 2 )  p E N T R Y l 2 6 J  

DOUBLE P R E C I S I O N  XSTART 
OOUBLE P R E C I S I O N  XENO 
DOUBLE P R E C I S I O N  EPSRT 
COMMON E P S R T e E P S l t E P S 2 r E P S 3 1 E P S 4 , I 0 2 r H I X  
DATA PNA ME * QNANE I QQNAME/ 2 H P  I s 2HQ ( e 3HQQ I / 
DATA E N T R Y / l H l ~ 1 H 2 ~ 1 H 3 r 1 H 4 v l H 5 r l H 6 1 1 H 7 , I H B , 1 H 9 ~ 2 H l O ~ 2 H l  

l ~ 2 H 1 4 r 2 H 1 5 r 2 H l 6 ~ 2 H 1 7 ~ 2 H l ~ ~ 2 H 2 l v 2 H 2 2 ~ 2 H 2 3 ~ 2 H 2 4  
DATA ANAHEI l l ,ANAMEI2) /4HMULLI4HERS / 
L O G I C A L  NEWT 

I 
1 

1 0 1 = 5  
I 0 2 = 6  

I T I M E = O  
10 J-0 

R E A O I I 0 1 , l O O O )  N O P O L Y ~ N P ~ N A P P ~ M A X ~ E P S l ~ E P S 3 , E P S 4 1 X S T A R Y ~ X E N O ~  
1 K  CH ECK 

IF IKCHECK.EP.1  I STOP 
W R I T E 1  1 0 2 , 1 0 2 0 )  ANAME( l )sANAME(2) rNOPOLY 
W R I T E (  1 0 2 s 2 0 0 0 l  N 4 P P  
W R I T E ( 1 0 2 v 2 0 1 0 l  MAX 
W R I T E 1  1 0 2 , 2 0 7 0 1  E P S l  
W R I T E (  I 0 2 , 2 0 2 0 )  EPSZ 
W R I T E I I O 2 , 2 0 8 0 I  E P S 3  
W R I T E (  I 0 2 . 2 0 3 0 1  E P S 4  
WRITE1  102;20401 XSTART 
W R I T E 1  102.205Ol XENO 
W R I T E (  1 0 2 ~ 2 0 6 0 )  
KKK=NP+I  
NNN=KKK+ 1 
00 2 0  I = l , K K K  
J J J=NNN- I 

20 R E A O ( I O l r 1 0 1 0 )  U P I J J J )  V P ( J J J )  
IF(NAPP.NE.01 GO TO 2 2  
NA PP=N P 

GO TO 2 3  
C A L L  GENAPP I UAPP, VAPP w N A P P  v X S T A R T  B 

2 2  R E A O l 1 0 1 e 1 0 1 5 )  ( U A P P ( I v 2 ) * V A P P ( I o 2 ) , I = L , N A P P )  
2 3  W R I T E (  I 0 2 s 1 0 3 0 )  N P  

KKK=NP+ l  
NNN=KKKt  1 
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TABLE F. 111 (Continued) 

0042 
0 0 4 3  
0044 
0045 
0046 
0047 
0048 
0049 
0050 
0 0 5 1  
0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
006 1 
0062 
0063 
0064 
0065 
0066 
0067 
0068 
0069 
0070 
007 1 
0072 
0073 
0074 
00 75 
0076 
0077 
0078 
0079 
0080 
0081 
0082 
0083 
0084 
00A5 
0086 
0087  
0088 
0089 
0090 
0091 
0092 
0093 

0094 
0095 
0096 
0097 
0098 

00 25 I"1-rKHIK 
J JJ=NNN- I 

IF(NP.GE.3) GO TO 30 
J=-1 

2 5  WRITE1 1 0 2 ~ 1 0 4 0 l  PNAME,ENTRY(JJJIeUPl J J J I r V P t J J J )  

CALL ' J U A O ~ N P ~ U P ~ W P ~ J ~ U R O O T e V R O O T ~ M U L T ~  
WRITE1 102,1070B 
WRITEl102,1165) ( I r U R O O T I I ~ ~ V R O O T ~ I ~ r H U L T o r I r l s J ~  
GO TO 10 

30 CALL O E R I V I N P ~ U P I W P ~ N O P ~ U O P ~ V O P ~  
CALL GCO ( NP, UP, VP. NOPeUOPvVOP sNDglJOq VD 1 
IF(NO.GT.1) GO TO 70 
If(NO.EQ.0) GO TO 65 
UOUMHY=UO( 2 I * U O I 2 )  +VO(2 )*VD( 2 b 
U Z R O = - l U O l L ~ * U O ~ 2 1 + ~ D ~ l l ~ V O ~ 2 ~ l / U O U M M Y  
V LRO=- I UO( 2 * V O (  1 ) - U O l l )  *VD( 2 1 ) /UDUHMY 
KKK=NP+ 1 
00 55 I-1,KKK 
U Q Q ( I ) = U P I K K K + l - I l  

55 V Q Q I I I = V P I K K K + l - I l  
NPQ=NP 
CALL H O R N E R l N P Q ~ U Q O ~ W P O ~ V Z R O s V t R O I U B , V B s U D U H n Y v V D U M M ~ ~  
NQ=N P- 1 
00 60 I= l ,NP 
U Q I I ) = U O t N P + l - I )  

60 VQ( I l =VB lNP+L- I  1 
GO TO 80 

65 KKK=NP+l 
00 66 I = l e K K K  
u a i I ) = u p i i i  

66 VQI  1 l = V P (  I)  
NQ=NP 
GO TO 80 

70 CALL O I V I O E I N P ~ U P u V P ~ N O ~ U D ~ V D , N P , U Q I V P I  
80 WRITE( 10211120) NQ 

KKK=NQ+l 
NNN=KKK+ 1 

JJJ=NNN-I 

IFlNQ.GE.31 GO TO 85 
GO TO 110 

DO 8 3  I= l ,KKK 

83 WRITElI02,1040) QNAMEIENTRY(JJJ~uUQ(JJJ)~VP(JJJ)  

85 KKK=NQ+l 
00 90 I= l .KKt t  
UQQ I I I =UQ I KKK* l -  I 1 

90 VQQ( I l = V Q I K K K + l - I )  
NQQ=NQ 
GO TO 1 2 0  

NEWT=.fALSE. 
GO TO 3 1 0  

110 CALL Q U A O ~ N Q w U Q ~ V Q ~ J ~ U R O O T ~ V R O O T ~ M U L T ~  

120 CALL M U L ~ E R l U Q Q r V Q P g N ~ Q ~ U A P P I N A P P , X S T A R T ~ X ~ N D ~ U R O O T e V R O O T ~ J ~ J  
lAP.URAPP,VRAPPvNOPOLY) 

NEHT=. TRUE. 

IF INEWT)  GO TO 330 
310 CALL M U L T I ( N P . U P ~ V P W J ~ U R O O T I V R O O T U M U L T ~  

WR I TE I 10 2 e 10 70 I 
WRITE1102911651 ~ L ~ U R 0 O T l L ) ~ V R O O T ~ L ~ ~ M U L T ~ ~ ~ ~ ~ ~ l ~ J ~  
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TABLE F.111 (Continued) 

0099 
0100 
0101 
0102 
0 103 
0104 
0105 
0106 
0107 
0108 
0109 

0110 

0111 
0112 
01 13 
0114 
0115 

0116 

0117 

0118 

0119 
0120 
0121 
0122 
0 1 2 3  
0124 
0125 
0126 
0127 
0128 

GO TO 10 

DO 350 L = l . J A P  

K KK= JA P 4  1 
1 F I J A P . L T e J l  W R I T E 1 1 0 2 ~ 1 1 6 5 1  L L ~ U R O O T I L ~ a V R O O T I L ~ , M U L T I L ) r L = K K K I J )  
GO TO 10 

1010 F O R M A T ( 2 D 3 0 . 0 )  

330 U R I T E f  10201180l 

350 W R l T E l  l O 2 s l L 9 0  L i  UROOT (L 1 oVROOT (I.) r M U L T t L  1 w U R A P P I L e 2 )  e V R A P P I L e 2 )  

1000 F O R M A T ( 3 ( 1 2 r l X )  ~ 9 X ~ I 3 s l X w 4 l O 6 ~ 0 ~ l X ~ w l 3 X , 2 ( D 7 r 0 , 1 X ) ~ l X ~ ~ ~ l ~  

101 5 
1020 F O R M A T l l H ~ o l O X ~ 4 1 H G R E A T E S T  COMMON DIVISOR METHOD USED WITH s Z l A 4 ) o  

1 3 5 H M E T H O D  T O  F I N Q  ZEROS O F  POLYNOMIALS/llX~l8HPOLVNOMIAL NUMBER a K  

FORMAT (2 D 3 0  e 0  1 

2 2 / / / 1  

1 )  
1030 F O R M A T ( 1 X e Z Z H T H E  DEGREE OF P l X l  IS 112922H T H E  C O E F F I C I E N T S  A R E / /  

L O 4 0  F O R M A T l Z X s A 2 , A 2 , 4 H )  = , D 2 3 e 1 6 ~ 3 H  4 r D 2 3 . 1 6 r 2 H  1 )  
1070 F O R M A T l / / / l X , l 3 H R O O T S  OF P I X ) r 5 2 X s  1 4 H M U L T 1 P L I C I T I E S / / )  
1080 F O R ~ A T I Z X I S H R O O T I ~ I ~ ~ ~ H )  0023.16s3H 4 p D 2 3 . 1 6 r 2 H  I , l O X o f 2 )  
1100 F O R M A T ( 2 X s A 3 v b 2 s 4 H I  = r D 2 3 . 1 6 ~ 3 H  + ,023.16.2H I )  
1120 F O R M A T I / / / l X v 7 3 H Q I X )  IS THE P O L Y N O M I A L  U H I C H  HAS AS I T S  ROOTS THE 

l D I S T I N C T  ROOTS OF P l X l . / l X v Z Z H T H E  DEGREE OF P I X )  IS r 1 2 r 2 2 H  THE C 

1165 F O R M A T l 2 X o 5 H R O ~ T l r 1 2 ~ 4 H ~  = e 0 2 3 . 1 6 r 3 H  + r D 2 3 . 1 6 v 2 H  1 ~ 7 X ~ I 2 r l O X q 2 6 H  

1180 F O R M A T l / / / l X s 1 3 H R O O T S  OF P l X ~ ~ 5 2 X ~ l 4 H M U L T I P L l C I T l E S ~ l 7 X ~ 2 l H ~ N I T ~ A L  

1190 F O R M A T ( 2 X ~ 5 H R O O T l q I Z , 4 H )  = r D 2 3 . 1 6 r 3 H  + ~ D 2 3 e l b s 2 H  1 ~ 7 X e I 2 ~ 9 X s 0 2 3 *  

2000 F O R M A T i l X s 4 1 H N U N B E R  O F  I N I T I A L  A P P R O X I M A T I O N S  GIVEN. t 12) 
2010 F O R N A T I l X . Z 9 H M A X I M U M  NUMBER OF I T E R A T I O N S ~ r l l X , 1 3 )  
2020 F O R M A T I l X v 2 1 H T E S T  FOR CONVERGENCE.r13X*O9.2)  
20 30 FORMAT I 1 X 2 4 H T E  ST FOR MUL T I P L  IC I T  I ES r l O X  * 09 -2 1 
2040 F O R M A T l l X r 2 3 H R A O I U S  TO START S E A R C H e ~ 1 1 X o O 9 . 2 1  
2050 F O R M A T I l X ~ Z l H R A D I U S  T O  END S E A H C H . r l 3 X s 0 9 . 2 I  

2070 F O R M A T l l X o 3 4 H T E S T  FOR ZERO I N  SUBROUTlNE GCO. rO9.2) 
2080 F O R M A T I  1 X e 3 4 H T E S T  FOR ZERO I N  S U B R O U T I N E  PUAO. vD9.2)  

2 0 E F F I C I E N T S  A R E / / )  

L R E S U L T S  OF S U B R O U T I N E  QUAD) 

1 A P P R O X I M A T I O N / / )  

1 1 6 . 3 H  (. r023.16q2H I )  

2060 F O R M A T l / / l X l  

E N 0  
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TABLE P 111 (Continued) 

0001 

0002 

0003 

0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0 0 2 1  
0022 
0023 
0024 
0 0 2 5  
0026 
0027 
0028 
0029 
0030 

0031 

SUBROUTINE N U L T I t N ~ U P ~ V P ~ J ~ U R O O T ~ V R O O ? , H U L ? J  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *  rF 
C * G I V E N  N ZEROS O f  A  POLYNOMIAL^ SUEROUFINE HULTI COMPUTES T H E I R  8 
C * M U L T I P L I C I T I E S .  ib 
c *  ib 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

DOUBLE PREC I S I ON U P  I VP sUROOT o VROOTI U A  ,VA ~UBIVBIUC r VC s E P S  l r  E P S 2 9  E P S  
1 LON q E P 5 3 , 8 8 8  

10 

20  

40 

5 0  

60 

70 

IO0 

1000 

D I M E N S I O N  U P t 2 6 ~ r V P l 2 6 l r U R O O T l 2 5 J ~ V R O O T t 2 5 ~ ~ U A t Z 6 ~ ~ V A ~ 2 6 ~ o U B t 2 6 l ~ V  
l B l 2 6 J  t M U L T ( 2 5 I  
DOUBLE P R E C I S I O N  EPSRT 
COMMON E P S R T I E P S L , E P S ~ ~ E P S ~ ~ E P S L O N ~ ~ O Z I H A X  
00 100 I s 1 . J  
K K K = N 4 1  
00 10 K= l ,KKK 
U A I  K 1 =UP I KKK41-K  J 
V A ( K J = V P I K K K + l - K  J 
M=N 
M U L T I  I ) = O  

B!38=OSPRT(UC*UC+VC*VCI 
I F t B B B m L T . E P S L O N )  GO TO 50 

C A L L  H O R N E R ~ H I U A ~ V A ~ U R O O T ~ ~ ~ ~ V R O O T ~ I ~ ~ U B ~ V ~ ~ U C ~ V C ~  

IFtMULTtII.EP.0) GO T O  40 
GO TO 100 
WRITEt102,lOOOJ EPSLONol~UR00TtlI~VROOTtIJ 
GO TO 100 
M U L T t I  J = M U L T t I  J+1 
IFtM.GT.11 GO TO 60 
GO TO 100 
00 70 K= l ,M  
U A t  K J = U B l  K l  
V A I  K ) = V B  t K l  
NsH-1 
GO TO 20 
C O N 1  I N U E  
RETURN 
F O R M A T I / / / 1 5 H  THE E P S I L O N  l r D t O e 3 ~ 4 8 H )  CHECK I N  SUBROUTINE H U L T l  

L l N O I C A T E S  THAT ROOTttI2r4H) = 1023.16.3H + 0023.16r2H 1~/80H IS NO 
2 1  CLOSE ENOUGH T Q  BE A TRUE ROOT. IT IS P R I N T E D  BELOW WITH H U L T l P  
3 L 1 C I T Y  O / / l  

END 
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TABLE F. 111 (Continued) 

0001 

0 0 0 2  
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0 0 1 2  
0013 
0014 
0015 
00 16 
0017 
001 B 
00 19 
00 20 
002 1 
0022 
0023 
0024 
0025 
0 0 2 6  
0 0 2 7  
0028 

0001 

0 0 0 2  
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
OOIl 

SUBROUTINE O I V I O E ( N , U P I V P ~ M ~ U D I V O ~ K ~ U Q ~ V Q I  
c * * * * * 4 4 * * * * * * * 4 * 4 * * * * * * * * * * ~ 8 * * * * * * * * * * * * * * * ~ * * * * ~ ~ * * ~ * * * * * * * * * ~ * * ~ ~ * ~ * * ~ ~ ~ *  
c *  8 
C * G I V E N  TWO POLYNOMIALS F ( X I  AN0  G ( X I ,  SUBROUTINE DlWlOE COMPUTES THE * 
C * QUOTIENT POLYNOMIAL  H ( X )  = F ( X I / G ( X I ,  * 
c *  * 
c * * * 4 * * * 4 * * * * 9 * * 4 * * * * * * * * * * * * * * * 4 * ~ * * * * * * 4 * * * * * * * * * * * ~ * * * * ~ * * * * * * * * * * * * ~ * ~ ~ * *  

OOUBLE P R E C I S I O N  U P I V P ~ U D ~ V O , U Q I V Q , U T E ~ M ~ V T E R M ~ U O U M M V  
D I M E N S I O N  U P ( 2 6 )  ~ V P ( 2 6 ) ~ U O ( 2 6 J ~ V O ( 2 6 I ~ U Q ( 2 6 ) , V Q ~ 2 6 I  
K=N-M 
UOUMMY=UO( M t  1 I *UO( Mtl 1 +VO( M t 1 )  *VO( M + 1  b 
U Q ( K + l  J = ( U P ( N t l )  *UO( M + l ) + V P ( N + l l  *VO( M t l )  ) /UDUHWV 
V Q ~ K t 1 I = ~ V P ~ N + 1 I * U O ~ M t l ~ - U P ~ N + l I * V O ~ M t l l ~ / U O U M M V  
IF(K.EQ.0)  GO TO 100 
J=- 1 
00 5 0  I = l , K  
J=J+ l  
UTERM=UP( N-J I 
VTERM=VP ( N-J 1 
K K = K t 1  
NNN=M-J 
00 40 Ml=NNN,M 
IF iKK.GT.1 )  GO TO 10 
GO TO 45 

10 I F ( M 1 . G E . l )  GO TO 20 
GO TO 40 

20 UTEHM=UTERM- ( U Q I K K  ) * U O ( M l  I - V Q l K K )  *VO( M1 b b 
V T E R M = V T E R M - ( U Q ( K K I * V O ( M l l + V Q ( K K ) * U D ~ M l ~ ~  

40 KK=KK-1 
45 UOUMMY=UO(MtL ) 4 U O ( M + l  I t V O I M + 1  I * W O ( H t l I  

U Q I K t l - I  I = ( U T E R M * U D ( M t 1 ~ t V T E R N * V D o ) / U D U H H Y  
50 V Q I K t 1 - I  I = (  V T E R M * U O ~ M t 1 I ~ U T E R M * W O ~ M t l ~ ~ / U O U M M V  

100 RETURN 
END 

SUBROUTINE O E R I V ( N , U P ~ V P I N , U A ~ V A )  
c 4 * 4 9 * * * 4 * 9 * 9 4 + + * * * * * * * ~ ~ * * * * * * 4 * 4 * * ~ * * * * * * * * * * * ~ * * ~ * ~ * * * * * ~ * * * * * * * * * * ~ ~ ~ ~ ~ ~ ~  
c 4  * 
C * G I V E N  A POLYNOMIAL P t X I o  SUBROUTINE O E R l V  COMPUTES THE C O E F F I C I E N T S  OF L 
C * I T S  O E R I V A T I V E  P ' ( X 1 .  * 
c *  * 
c 4 t 4 * * * * * * * * * * * * * * * * * 4 * ~ * * 4 * * 4 4 4 * * ~ * * * * * * * * * * * * * * ~ * * * * * ~ ~ * * * * * ~ * * * * ~ * * ~ ~ ~ ~ ~ ~ ~  

OOUBLE P R E C I S I O N  UPvVPeUA,VA*AAA 
D I M E N S I O N  U P ( 2 6 )  , V P ( 2 6 1 1 U A ( 2 6 ) , V A ( Z b I  
K K K Z N t 1  
00 10 I=2,KKK 
A A A - I - 1  
U A (  I - l ) = A A A * U P (  I )  

k0 V A t  1-1 1 =AAA*VP( I B 
M=N- 1 
RETURN 
EN0 
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TABLE F e 111 (Continued) 

0001 

0 0 0 2  
0 0 0 3  
0004 

0 0 0 5  

0006 
0007 
0008 
0009 
0010 
0011 
0 0 1 2  
0 0 1 3  
0014 
0 0 1 5  
0016 
0 0 1 7  
0 0 1 8  
0019 
0 0 2 0  
0021 
0 0 2 2  
0 0 2 3  
0 0 2 4  
0 0 2 5  
0 0 2 6  
0 0 2 7  
0 0 2 8  
0 0 2 9  
0 0 3 0  
0 0 3  1 
0 0 3 2  
0 0 3 3  
0 0 3 4  
0 0 3 5  
0 0 3 6  
0 0 3 7  
0 0 3 8  
0 0 3 9  
0040 
0 0 4 1  
0 0 4 2  
0 0 4 3  
0044 
0 0 4 5  
0046 
0 0 4 7  
0 0 4 8  
0049 

SUBROUTINE G C O ( N V U R I V R I H ~ U S , V S I H L I U S S I V S S )  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  * 4 
* G I V E N  POLYNOMIALS P I X )  AND O P ( X )  WHERE OEG. O P ( X 1  IS LESS THAN OEGe dr 
* P I X ) ,  SUBROUTINE GCD COMPUTES THE GREATEST COMMON D I V I S O R  OF P I X )  AND * * D P f X I .  0 * * 
* * * * * 9 * * * * * * * * * * * * * * * * * * * * * * * * * ~ * * * * * * * * * * * * * * * * # * * * ~ * * * * * * * * ~ * * * * * * * * * * ~ ~ ~ * * ~  

DOUBLE P R E C I S I O N  EPSRT 
DOUBLE P R E C I S I O N  USSSSS,VSSSSS 
DOUBLE P R E C I S I O N  UR~VR,US,VS,USSIVSS~URRIVRRIUD,VO,UD~VD~UT~VT~EPSLON~EP 

D t M E N S l O N  U R ~ 2 6 l o V R l 2 6 l i U S l 2 6 ~ r V S ( 2 6 ~ , U S S ~ 2 6 ) r V S S ~ Z 6 ~ ~ U R R ~ Z 6 l ~ V R R ~  

COMMON E P S R T ~ E P S L O N t E P S Z o E P S 3 r E P S 4 . 1 0 2 . H A X  

1SZ.EPS3VEPS4,BBR 

l Z h I r U T ( 2 6 )  r V T I 2 6 )  

2 0  

2 5  
3 0  

40 

60 
70 

90 

9 5  

I O 0  

130 

N l = N  
M l=M 
K K K = N + l  

U R R (  I ) = U R l I  1 
V R R l I ) = V R l I )  
K K K = M + l  

00 20 I = l r K K K  

00 2 5  1 : ’ l p K K K  
u s s ( I ) = u s ( I 1  
V S S I  I ) = V S I I J  
8 B B = U S S l M 1 + l ~ * U S S I H 1 t l l t V S S I H l + l ~ * V S S ~ M 1 i l l  
U O = l U R R ~ N 1 + 1 ~ * U S S ( H l + l ~ + V R ~ ~ N l + l ~ * V S S ! M 1 ~ 1 ~ ~ / 8 8 8  
V O = l U S S l  M 1 + 1 l * V R R l N l + l I - U R R l  N 1 4 1  l*YSSlM1+1) I888 
K K K = N l  +l-M1 
00 40 I = K K K , N l  
U T (  I ) = U R R l  I J - (UO*USSl  I - N l + M l ) - V D * Y S S I  I - N l + M l l  D 
V T ~ I ~ = V R R ~ I ~ - ~ U O * V S S l I - N l + M l ~ + V D * U S S l I - N l ~ M ~ ~ ~  
I F I M 1 . E Q . N l l  GO TO 7 0  
K K K = N l - M l  
DO 60 I = l o K K K  
U T I  I l = U R R l I )  
V T l I ) = V R R l I )  
DO 90 1=1,N1 
8B8=DSQKTlUT~N1+l-Il*UT~Nl+l-I~+VT(Nl+l-I~*VTlNl~l-I~~ 
IF(BRB.GT.EPSLON) GO TO 100 
C O N T I N U E  
DO 9 5  i = l t M 1  
BBR-USSI M1+1 ) W S S  ( M l + 1  ) + V S S I M l + l  ) *VSS I M 1 + 1 )  
U S S S S S = ~ U S S l I ~ * U S S ~ M l + l ~ + V S S l l I * V S S ~ M l + l ~ ~ / 8 8 8  
V S S S S S = 1 V S S l I ) * U S S l M l t l ~ - U S S ~ I ~ * V S S ~ M l + l ~ ~ / 8 B ~  
u s s t  I )=USSSSS 
V S S I  I ) = V S S S S S  
US S ( M 1 + 1 )  = 1 .O 
V S S I M l + l ) = O . O  
GO TO 200 
K = N l - I  
IF (K .EQ.0 )  GO TO 170 
I F ( K . L T . M l 1  GO TO 140 
K K K = K + l  

URR I J ) = U T  ( J )  
VRR( J I  = V T (  J) 
N l = K  

00 1 3 0  J = l , K K K  
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0050 
0051 
0 0 5 2  
00 53 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
0067 
0068 
0069 

TABLE F.113: (Continued) 

GO TO 30 

DO 150 JSLIKKK 
140 KKK=K+l 

URRt JI=USSt JI 
VRRIJl=VSS(Jl 
USS( Jl=UTtJl 

150 V S S t  Jl=VTI J l  
KKK=K+2 
NNN=M1+1 

URRIJ)=USSIJl 
160 VRR(Jl=VSS(Jl 

Nl=Hl 
MI=K 
GO TO 30 

170 USS( 11=1.0 
vsst1l=o.o 
M 1 = 0  

EN0 

DO 160 JsKKKsNNN 

200 RETURN 
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TABLE F a  I11 (Continued) 

0002 
0003 

0004 
0005 
0006 
0 0 0 7  
0008 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
00 17 
0018 
0019 
0020 
0 0 2  1 
0022 
0 0 2 3  
0024 
002 5 
0026 
0027 
0 0 2 8  
0029 
0030 
0 0 3 1  
0 0 3 2  
0033 
0034 
0 0 3 5  
0 0 3 6  
0 0 3 7  
0 0 3 8  
0039 
0040 
0041 
OCi42 
0043 
0044 
0 0 4 5  

0001 S U B R O U T I N E  Q V A O I N t U A ~ V A ~ J ~ U R O O T , V R O O T ~ M U L T ~  
c * * * + 0 * * * * * 1 * + * * * * 0 * * + * + * 0 * * * * * * 0 * * * * * * * * * * * * * * ~ * * * ~ * * ~ * + * * * * * ~ * 4 * * * * ~ * * ~ * + ~ ~  

c *  * 
C * S U B R O U T I N E  Q U A 0  S O L V E S  D I R E C T L Y  F O R  THE Z E R O S  AND THEIR M U L T I P L I C I T I E S  9: 
C * O F  € I T H E R  A Q U A D R A T I C  P O L Y N O M I A L  OR A L I N E A R  FACTOR. S O L U T I O N  O F  THE * 
C * Q U A D R A T I C  IS OONE U S I N G  T H E  Q U A O R A T I C  FORMULA. * 
c *  * 
c * * * * * * * * *+**90*** * * * * *+*8***9**+*** *d*** *~*** *~*** * * * * * * * * * * * * * *~*~***~~***~  

D O U B L E  P R E C I S I O N  E P S R T  
D O U B L E  P R E C I S  I O N  UAI VAIUROOT ~ V R O O T I U O I S C ~  VOX S C * U T E M P s V T E M P e U D . V O ~ E  

D I M E N S I O N  U A l 2 6 l 1 V A l 2 6 l ~ U R O O T l 2 5 l ~ V R O D T l 2 5 l ~ M U ~ T ~ 2 5 ~  
COMMON E P S R T ~ E P S ~ I E P S ~ I E P S L O N I E P S ~ ~ I O Z I H A X  
I F I N . G T . 1 1  GO TO 60 

lPS l ,EPS2,EPS4,EPSLONleBB8 

I F ( J . L T . 0 1  GO TO 40 
J= J+ 1 
GO TO 50 

40 M U L T I l I = l  
J = l  

50  B B B = U A l 2  I * U A l 2  I t V A I 2  l * V A l  21 
U R O O T I  J I = - I  U A I  1 1  *IJA I 2 I +VA I1  ) * V A I 2  I I / B B B  
VROOTIJ~~-~VAl1l*UA~2I-U4lll*V4l2ll/888 
GO TO 2 0 0  

60 U D I  S C = i  U A I  2 1  * U A I  2 I - V A I  2 l * V A I 2  I l - l 4 . O * I U A I 3 ) + U A I  I t - V A I  3 )  * V A I  11 1 t 
V 0 I S C ~ I 2 ~ 0 * U A I 2 l * V A l 2 l l ~ I 4 ~ O * l U A l 3 l * V A l l ~ + V A ~ 3 I * U A l l ~ l l  
B8~=0SQRTIUDISC+UDISCtVOISC*VDISCl 
1 F I B B B . L E . E P S L O N l  GO TO 100 
I F I J . G E . 0 1  GO TO 80 
H U L T l l l = l  
MUL T 1 2  I = 1 
J=O 

UD=Z.O*UAI 31 
V O = 2 . 0 * V A l 3 )  
BBB=UD*UO+VO*VO 
U R O O T I J + l I ~ 1 ~ - U A 1 2 I t U T E M P l ~ U O + l - V A 1 2 ) + V T E M P I * V ~ ~ / B B B  
V R O O T I  J+1)=( I - V A I  2 l + V T E M P l  * U O - ( - U A I 2 I * U T E M P l  *VDI  /e88 
U R O O T I J t 2 l = I I - U A I 2 l - U T E M P l * U ~ + ~ - V A l 2 l - V T E M P l * V O l / B 8 8  
VROCJTI J + 2 l = I  I - V A I  2 I - V T E H P I  *UO- ( -UAl2 l -UTEMPl*VOl /BBB 
J=J+2 
GO TO 200 

J=J+l 
GO TO 130 

110 M U L T ( l I = 2  
J= l  

130 U 0 = 2 . 0 * U A I 3 l  
V D = 2 . 0 * V A I 3 1  
BB8=UO*UD+VO+VO 
UROOT I J l = I - U A I  2 1  * U O - V A l 2 l * V O I  /BBB 
V R O O T I  J l = l - V A I  2 1  * U O + U A l 2  I * V O I / B B B  

2 0 0  R E T U R N  
EN0 

80 C A L L  C O M S Q T l U O t S C s V O I S C ~ U T E M P ~ V T E M P ~  

100 I F l J . L T . 0 1  GO T O  110 
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TABLE F*III (Continued) 

000 1 

C 

0002 

0003 

0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0 0 1 3  
0014 
0015 
0016 
0 0 1 7  
00 18 
0019 
0020 
0021 
0022 
0 0 2 3  
0024 
0025 
0026 
0027 
OOZE 
0029 
0030 
0031 
0 0 3 2  
0033 
0034 
0 0 3 5  
0 0 3 6  
0 0 3 7  
0038 
0039 
0040 

0041 
0042 
0043 

S U B R O U T I N S  M t R L E R ~ V A . p V A ~ I 8 P v B ~ ~ ~ e Y A P P ~ N A P P ~ X S T A R T e X E N D s U R O O T ~ Y R O O T s  
1NROOToIROOT~URAPPoYRAPPoNOPOLV)  

**********+*****8*t****************************~*********+**9*~~*8~~~~~*~~4~ 
9 $r * MULLER'S METHOD EXTRACTS THE ZEROS AND THEIR M U L T I P L 4 C l T l E S  OF A &I * POLYNOMIAL  OF MAXlMUM DEGREE 25. THROUGH THREE G I V E N  P O I N T S  THE 8 * POLYNOMIAL  IS APPROXIMATED BY A QUADRATIC. THE ZERO OF THE QUADRATIC * 
8 CLOSEST TO THE 010 APPROXIHATKON IS TAKEN A$ THE NEW APPROXIMATION. 9 * I N  T H I S  MANNER A SEQUENCE IS O B T A l N E O  CONVERGING TO A ZERO. Q * * 
8 * * * + * * * + * * * 9 * * * * Q t + * * 4 + + * + 6 9 + * + * + + * + * * * * * * * * ~ * * * * ~ ~ * * * * * * * * * * * * * * * * * * ~ * * ~ * ~ ~ + ~ 9 9 4 ~ ~ ~ 4 ~ ~  

DOUBLE P R E C I S I O N  U P X ~ , V P X ~ . U P X ~ D V P X ~ ~ U R ~ ~ T ~ V R O O T ~ U X ~ ~ V X I , U A P P ~ V A P P  
~ ~ U X ~ ~ V X ~ ~ U W O R K ~ V W O R K I U X ~ ~ V X ~ V V X ~ ~ U B ~ Y ~ ~ U X ~ ~ V X ~ ~ U A ~ V A ~ U P X ~ ~ V P X ~ ~ U R A P P ~ V  
ZRAPP ,UPXI, r V P X 4  9 EPSRT sEPSOs EPS rCCCp E P S H r U H 3 v  VH3tU04 .VQ4sABPX4.ABPX3 
~ ~ O Q P I X S T A R T , X E N O  

D I M E N S I O N  U R O O T ~ ~ ~ ~ ~ V R O O V ~ ~ ~ ~ V M U L T ~ ~ ~ ~ ~ U A P P ~ ~ ~ ~ ~ ~ ~ V A P P ~ ~ ~ ~ ~ ~ ~ U U O R K  
l ( 2 6 ~ ~ V W O R K l 2 6 l p U 8 L 2 6 ~ ~ V B ~ 2 6 ~ ~ U A ~ 2 6 ~ ~ Y A ~ Z 6 ~ ~ U R A P P ~ 2 5 ~ 3 ~ ~ V R A P P l Z 5 ~ 3 ~  

L O G I C A L  CONV 

COMMON E P S R T ~ E P S ~ , E P S S E P S O I E P S M ~ ~ O ~ O M A X  
DATA PNAMEoONAME/ZHP (rZHD(/ 
EPSRT=O.999 

DOUBLE P R E C I S I O N  E P S l  . 

NROOT=O 
lROOT=O 
I P A T H = l  
NOMULT=O 
NALTER=O 
I T I M E = O  
I A P P = 1  
I T E R = 1  
IF(NAPP.NE.0) GO TO 16 
NAPP=NP 

GO TO 27 
C A L L  GENAPP(UAPP,VAPPsNAPPeXSTART$ 

18 00 25 1 = 1 r N A P P  
U A P P ~ l s l ~ ~ O ~ 9 * U A P P ( I , 2 ~  
V A P P l I , 1 ) = 0 . 9 * V A P P 1 1 ( 2 )  
U A P P l l s 3 J ~ l . l * U A P P ( I r 2 )  

25 V A P P ( I , 3 t ~ l . l * V A P P I I r 2 )  
27 K K K = N P * l  

00 3 0  I Z l o K K K  
UWORKI I )=UA(  I t  

3 0  VWORK4 I 1 =WA( 11 
NWORK=NP 

40 U X l = U A P P (  I A P P g 1  b 
V X l = V A P P ( I A P P n L l  
UXZ=UAPP( I A P P s Z l  
V X Z = V A P P t I A P P o Z )  
U X 3 = U A P P ( I A P P e 3 )  
V X 3 = V A P P ( I A P P r 3 )  
C A L L  HORNERt NWORKvUWORKeVWORKeUXleVXl  r U B g V B s U P X l r  VPX 11 
C A L L  H O R N E R ~ N W O R K ~ U W O R K I V H O R K ~ U X ~ ~ W X ~ ~ U B ~ Y ~ ~ U P X Z ~ V P X Z ~  
C A L L  H O R N E R ( N W O R K I U W O R K I V M O R K , U X ~ , V X ~ ~ U ~ ~ Y ~ ~ U P X ~ ~ V P X ~ )  

50 C A L L  C A L C ( U X ~ ~ V X ~ V U X ~ ~ V X Z I U X ~ ~ V X ~ . U P X ~ ~ V P X ~ ~ Y P X ~ ~ U P X ~ ~ Y P X Z ~ U P X ~ ~ Y P X ~ ~ U X  

60 C A L L  HORNER~NWORK~UWORK~VWORKIUXQoVX4~YX4~UB~VB~UPX4eVPX4~ 
14 .VX4*UQ4eVQ4*UH3.VH3)  

ABPX4=DSPRT(UPX4*UPX4tVPX4*VPX4) 
ABPX3=OSQRT8 UPX3*UPX3+VPX3*VPX3)  
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TABLE F.111 (Continued) 

0044 
0045 
0046 
0047 
0 0 4 8  
0049 
00 50 
005 1 
0052 
0053 
0054 
0 0 5 5  

0056 
0 0 5 7  
0 0 5 8  
0059 
0060 
0061 
0062 
0 0 6 3  
0064 
0065 
0066 
0 0 6 7  
0068 
0069 
0 0 7 0  
0 0 7 1  
0 0 7 2  
0 0 7 3  
00 7 4  
0075 
0076 
0 0 7 7  
0078 
0 0 7 9  
0080 
0081 
0 0 8 2  
0083 
0 0 8 4  
0 0 8 5  
0086 
0 0 8 7  
0088 
0 0 8 9  
0090 
0091 
0 0 9 2  
0093 
0094 
0095 
0096 
0097 
0098 
0099 
0100 

IP(A8PX3,EO.OeOB GO TO 70 
QQQ=ABPX4IABPX3 

UQ4=0.5*UP4 
VQ4=0.5*VQ4 
UX4=UX3+(  L U 3 * U P 4 - V H 3 + V W  B 
VX4=VX3+tWH3*UQ4+UH3*VQ4) 
GO TO LO 

I F ( C 0 N V )  GO TO 120 
I F l I T E R . L T . N A X J  GO TO 110 

IF(QQQ.LEeLO.8 GO TO 70 

70 C A L L  TESTtUX3sVX3rUX4sVX4i+CONVb 

C A L L  A L T E R l U A P P l I A P P ~ 1 ~ ~ V A P P o . U A P P ~ l ~ ~ U A P P ~ l A P ~ e Z ~ ~ W A P ~ ~ ~ A P P ~ 2 ~ ~ U A P  

K F ( N A L T E R e G T s 5 )  GO TO 75 
1 P t  l A P P i  3 ) r V A P P (  I A P P v  3 I r N A h T E R e  I T I M E  b 

I T E R = I  
GO TO 40 

IF(XEND.EP.O.0) GO TO 77 
IF(XSTART.GT.XEN0) GO TO '77 
NAPP=NP 

7 5  I F ( I A P P e 1 T e N A P P )  GO TO 100 

C A L L  GENAPPIUAPPIVAPPINAPP~XS~ARTI  
I APP=O 
GO TO 100 

7 7  W R I T E 1  10211090 
K K K = N W O R K t l  
WRITE(  I02r 1 0 3 5  

80 IF(NROOT.EQ.0) 
I F (  I P A T H e E Q e l )  

81 I P A T H = Z  

I D N A H E e J  tUUORKt  J) eVUORK 
GO TO 90 
GO TO 82 

C A L L  8 E T T E R ~ U A ~ V A ~ N P ~ U R O O T p V R O O T ~ N R O O T r U R A P P ~ V R A P P ~ I R O O ~ r M U L T ~  
RETURN 

IFfIROOT.EQ.0) GO TO 85 
82 IF(NROOT.EQ.O)GO TO 90 

WRITE[  1 0 2 1 1 0 8 0 8  
DO 5 5  I=l.lROOT 

I F ~ I R O O T . L T . N R O O T )  GO TO 85 
55 W R 1 T E ( 1 0 2 ~ 1 0 8 5 )  I ~ U R O O T ~ I ) ~ V R O O T ( ~ ~ ~ U R A P P ~ ~ I ~ ~ ~ W R A P P ( I , Z ~  

GO TO 87 
85 K K K = I R O O T t l  

W R I T E ( 1 0 2 1 1 0 8 6 J  I I ~ U R O O T ~ l l i V R O O T ~ X ~ o I P K K K K r N R O D ~ ~  
8 7  IF ( IPATH.EQ.11  GO TO 81 

RETURN 

RETURN 
100 I A P P = I A P P + l  

I T E R = I  
NALTER=O 
GO TO 40 

1 2 0  NROOT=NROOTt1  
IROOT=NROOT 
N U L T ( N R O O T I = l  
N O N U L ~ = N O H U L T + l  
UROOT1NROOT)=UX4 
WROOT4NROOT)=VX4 

90 W R I T E ( ? 0 2 , 1 0 7 0 D  NOPOLV 

U R A P P ( N R O O T B ~ I = U A P P (  I A P P s  P I  
V R A P P ( N R O O ? r l ) = V A P P I  I A P P s l l  
U R A P P I N R O O T m 2 ) = U A P P ~  I I A P P s 2 )  
W R A P P ~ N R O O l . ~ 2 t = V A P P (  I A P P e 2 )  
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0101 
0102 
0103 
0104 
0 1 0 5  
0106 
0 1 0 7  
0 108 
01 09 
0110 
0111 
0112 
0 1 1 3  
0 1 1 4  
0 1 1 5  
0116 
01 17 
01 18 
0119 
0120 
0 1 2 1  
0 1 2 2  
0123  
0 1 2 4  
0 1 2 5  
01 26 
0 1 2 7  
0128 
0129 
0130 
0 1 3 1  
0132  
0 1 3 3  
0 1 3 4  
0135  
0 1 3 6  
0 1 3 7  
01 38 
0139  

0140  
0 1 4 1  
0142  

0143  
0 1 4 4  
0 1 4 5  

0146 

1 2 5  

130 

140 

145 

P 50 

110 

1090 

TABLE F.III (Continued) 

URAPPlMROOT e3k4J&PP( UPPI 31 
VRAPPL NROOTr3) =VAPP( I APPq 3 t 
IF(NOMULT.LTeNPb GO TO 130 
GO TO 80 
CALL H O R N E R I N # O R K I U W O R K , W W O R K ~ U X ~ ~ U B I V B ~ U P X ~ ~ V P X ~ ~  
NUORK=NUORK-k 
#KK=NWORK+l 
00 140 I = l r K K K  
UWORK( I )=UBI I ) 
VWORKt I) =VBl  I k 

CCC=OSQRTlUPX4*UPX4+VPX4*WPX4b 
1FtCCC.LT.EPSN) GO TO 150 
IFINWORK.GT.2) GO TO 75 
I ROOT=NROOT 
KKK=NWORK+1 
00 145 I=l,KKK 
U8(I)=UWORK(KKK+1-I l  
VBt I I=VWORK(KKK+l-I 1 ' 

GO TO 8 0  
MUL TlNROOT)=HULT I NROOT ) t 1 
NOHULT=NOHULT+l 
GO TO 125 
UXl=UXZ 
vx1=vxz 
ux2=ux3  
v x z = v x 3  
ux3=ux4  
vx3=vx4  
UPX1=UPXZ 
vPx1=vPxz 
UPXZ=UPX3 
VPXZ-VPX3 
UPX 3=u P x 4 
VPX3=VPX4 
I T E R = I  TER+ 1 
GO TO 50 

CALL H O R N E R I N W O R K . U W O R K I V W O R K ~ U X ~ ~ W X ~ ~ U B , V B I U P X ~ ~ V P X ~ ~  

CALL Q U A O ~ N U O R K ~ U B ~ V B ~ N R O O T ~ U R O O T ~ V R O O T ~ M U L T ~  

FORHATl///olX~65HCOEFFlClENTS OF DEFLATED POLYNOMIAL FOR WHlCW NO 
1ZEROS WERE FOUND//) 

l O f l O  FORHATl///lXaL3HROOTS OF QIX)a83Xp21HIM#TIAL  APPROXINATlONllD 
1 0 7 0  FORNATl / / t43H NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER r l 2 l  
1086  F O R M A T I Z X ~ 5 H R O O T ( r 1 2 c * H )  = eD23.16r3H + eD23.16rZH lr l9X123t4SOLYED 

1035 F ~ R H A T 1 3 X t A Z ~ 1 2 ~ 4 H )  o023.16e3H + rD23elbe2H I )  
1050 FORHAT1fl2X,023*16~3H * r023.16,2H t l82Xp023.16r3H + s023e16r2H I /B  
1085 F O R H A T I Z X ~ 5 H R O O T ( r l 2 , 4 H )  t eD23e1613H (D23.16r2H I i l 8 X o D 2 3 r 1 6 s 3 H  

1 BY DIRECT METHOD) 

1 0 r D 2 3 r 1 6 ~ 2 H  I )  
EN0 
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TABLE F 111 (Continued) 

OOOl 

0002 

0003 
0004 

0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
00 14 
0015 
00 16 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0 0 2 4  
0 0 2 5  
0026 
002 7 

0 0 2 8  
0029 
0030 
0 0 3 1  
0032 
0033  
0 0 3 4  
0035 
0036 
0037 
0 0 3 8  
0 0 3 9  
0040 
0041 
0042 
0043 
0044 
0045 

30 

3 3  

3 4  
35 

SUBROUTINE B E T T E R ~ U A r W A o N P ~ U R O O T ~ W R O O T e N R O O T r U R A P P ~ V R ~ ~ P o K R O O T ~ l l U L  
IT B 

c *8*+*+++6++*****+**+**+498*****++*+**9*+****~*~*********~****~4**4**4*****~~ 
c *  $I 

C * SUBROUTINE BETTER ATYE#PTS TO IMPROVE THE D~CCURACV OF ?HE ZEROS FOUND 8 
c * BY USING TnEn AS INITIAL APPROXIMATIONS WITH MULLER~S METHOD APPLIEO TO 0 
C 4 THE FULLS UNOEFLATEO POLYNOMIAL.  Q 
c *  8 
c **9*482*****8+**4*88*4*$4***+*******~4********~***~0**~****~*******$I+*~~~~~* 

DOUBLE P R E C I S I O N  U R O O T ~ W R O O T a U A r V * ~ U B A P P , V B A P P I U X I . V X l ~ V X l ~ U X Z ~ W X Z ~ U X 3  
~ ~ W X ~ ~ U P X ~ ~ W P X ~ ~ U P X ~ ~ V P X Z I U P X Z ~ U P X ~ ~ V P X ~ ~ U B ~ V B ~ U R O O T S ~ V R O O Y S O E P S R T ~ U X ~ ~ W  
2x4 r URAPP r VRAPPI EPSO, E P S e U W , V W r U H 3 ,  VH’j 

L O G I C A L  CONV 
O I M E N S I O N  U R O O T ( 2 5 ~ ~ V R O O Y ~ 2 5 ) ~ U A ( 2 6 ) r V A ( Z 6 ~ ~ U B A P P l 2 5 ~ 3 ~ ~ V B A P P ~ Z 5 ~ 3  

~ ~ ~ U B ~ ~ ~ ~ R V B ~ ~ ~ ~ ~ U R O O T S ~ Z ~ ~ ~ V R O O T S O ~ U R A P P ~ ~ ~ ~ ~ ~ ~ V R A P P I Z ~ ~ ~ ~ ~ M U L ~  
3125) 

DOUBLE P R E C I S I O N  EPS1,EPSH 
COMMON E P S R T ~ E P S l . E P S , E P S O ~ E P S M ~ i O Z ~ M A X  
I F  ( NROOT e L E 1) RETURN . 
L=O 
00 10 I = l * N R O O T  
U B A P P I  I i l ) = U R O O T ( I ) * E P S R T  
VEAPP(I~l~=VROOTll)*EPSRT 
U B A P P l I o 2 ) = U R O O T ( I )  
V B A P P 1 1 , 2 ) = V R O O T l I )  
UEAPP~I~31~UROOT(I~4~2.O-EPSRT~ 

10 W B A P P ( 1 ~ 3 ) ~ V R O O T ~ I ) * ( 2 . 0 - E P S R T ~  
DO 100 J = l q N R O O T  
U X l = U B A P P (  J*  1) 
V X l = V E A P P I J 9 1 )  
U X 2 = U E A P P l  J s 2 l  
VXZ=VEAPPt  J v Z )  
UX3=UBAPP(  J, 3 )  
W X 3 = V B A P P ( J 9 3 )  

C A L L  H O R N E R ( N P ~ U A ~ V A ~ U X l r W X l ~ U B ~ V B ~ U P X 1 )  
C A L L  HDRNERINP,UA,VAsUXZeVX2,UBIVB,UPX2,VPXZWPXZ) 

20 C A L L  H O R N E R ( N P q U A ~ V A ~ U X 3 r V X 3 ~ U B v W B ~ U P X 3 r V P X 3 )  
C A L L  C A L C ( U X l ~ V X 1 ~ U X 2 ~ W X 2 t U X 3 r V X 3 ~ V X 3 ~ U P X l ~ W P X l ~ U P X Z ~ V P X Z ~ U P X 3 ~ V P X ~ q U X  

C A L L  T € S T I U X ~ , V X ~ S U X ~ ~ V X ~ ~ C O N V )  
I F ( C O N V 1  GO TO 5 0  
IF ( ITER.LT .MAX)  GO YO 40 
W R I T E (  102.1000) J p U R O O T ( J l v W R 0 O T ~ J I ~ M A X  
W R I T E l I O 2 ~ I O L O I  UX4eWX4 

ITER=1 

14.VX4.UQ4qWQ4rUH3.VH3) 

IFIJ.LT.IROOT) GO TO 33 
IF(J.EQ.IROOT) GO TO 35 
GO TO 100 
K K K = I R O O T - l  
DO 3 4  X=J,KKK 
U R A P P ( K , l ) = U R A P P ( K + L , 1 )  
VRAPP(K9  l ) = V R A P P ( K t l r l l  
URAPP ( K q 2 1 =URAPP ( Kt 1 I 2 ) 

U R A P P t  K s  3 ) = U R A P P ( K t 1  s 3 I 
V K A P P I  K 9 3 )  ZVRAPP t K t l o 3  1 

V R A P P I  K ~ ~ ) = V R A P P I K + ~  r2J 

IROOT=I ROOT- 1 
GO T O  100 
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- 
0046 
0047 
0048 
0049 
0050 
0051 
0052  
0053 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0062 
0063  
0064 
0065 
0066 
0067 
0 0 6 8  
0069  
0070 

0071 

0072 

40 

50 

100 

110 

120 

1000 

TABLE F,31I (Continued) 

ux 1=UXZ 
V X l = V X 2  
UXZ=UX3 
v x z = v x 3  
ux3=ux4 
vx3=vx4 
u P x l = u P x 2  
V P X l = V P X Z  
u P x z = u P x 3  
VPX2=VPX3 
I T E R =  1 TER +I  
GO TO 20 
L = L + l  
U R O O T S I L ) = U X 4  
V R O O T S ( L ) = V X 4  
C O N T I N U E  
l F ( L e E P . O )  GO TO 120 
00 110 I = l * L  
U R O O T ( I ) = U R O O T S I  I )  
V R O O T I I I = V R O O T S ( 1 )  
NROOT=L 
RETURN 
NROOT=O 
RETURN 
F O R H A T t / / / 4 2 H  IN THE ATTEMPT 10 IMPROVE ACCURACY, R O O T ( r X Z ~ 4 H ~  B 

l D 2 3 . 1 6 ~ 3 H  4 r O Z 3 . 1 6 0 2 H  I / 2 4 H  DID NOT CONVERGE AFTER o 1 3 1 l l H  l T E R A T  

1010 F O R H A T t 3 0 W  THE PRESENT A P P R O X I M A T I O N  IS 1DZ3.116r3H r 0 2 3 e l b r Z H  I /  
ZIONS) 

1/) 
END 
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TABLE F. I11 (Continued) 

000 1 

0002 
0003 
0004 
0005 
0006 
0007 
OOOB 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
0026 
0027 
0028 

0029 

0030  

0031 

SUBROUTINE A L T E R t X Z R o X l l  r X Z R  9x21 9 X 3 R s X 3 1  rNALTER.1 TIUE B 
8****6**88*8**t****+*~~**6*~8*6*48**68~8*88*8*6****8**~**~8~*8L88~~**~8~~~~~ 
8 * 
8 SUBROUTIINE ALTER ALTERS THE I N I T I A L  A P P R O X I M A T I O N 5  U H K H  PRODUCE NO 8 
L CONVERGENCE TO A ZERO. THIS IS DONE A MAXIMUM OF 5 T I M E S  FOR EACH ROOT. 8 * 8 
6 + * * * 4 2 + * * * * + * 4 * * * . * * * * * * * + 0 + * * * 1 * + b * , $ * * * 6 ~ * ~ * * * ~ * 4 * 6 * * * + * 8 * * * * ~ ~ * * ~ * ~ ~ ~ ~ ~ ~  

DOUBLE P R E C I S I O N  X ~ R ~ W ~ ~ ~ X ~ R ~ X ~ I I X J R ~ X ~ I ~ E P S ~ ~ E P S ~ ~ E P S ~ ~ R W B E T A  
DOUBLE P R E C I S I O N  E P S 4 r E P S 5  
COMMON E P S ~ , E P S Z , E P S ~ ~ E P S ~ W E P S ~ ~ ~ O ~ ~ U A X  
I F ( I T l M E . N E . 0 1  GO TO 5 

W R I T E 1  102e1010) MAX 

U R I T E t 1 0 2 r 1 0 0 0 )  X ~ R I X I ~ ~ X Z R I X ~ I I X ~ R . ~ ~ ~  

I T I M E = l  

5 IF INALTER.EQ.0 )  GO TO 10 

GO TO 20 
10 R = O S Q R T ~ X 2 R + X 2 R + X 2 1 * X 2 1 ~  

B E T A ~ D A T A N 2 t X 2 l r X Z R )  
WRITE(  I O Z t  1020) 

I F ( N A L T E R e G T e 5 J  RETURN 
GO TO ~ 3 0 r 4 0 1 3 0 r 4 0 r 3 0 1 r N A L T E R  

30 X2R=-X2R 
X Z I = - X 2 1  
GO TO 50  

40 8 E T A = B E T A + 1 . 0 4 7 1 9 7 6  
XZR=R*DCOS(EETA) 
X 2 1 = R * O S I N ( E E T A )  

50 X lR=0 .9*XZH 
X ~ I - O . ~ * X ~ I  
X 3 K = l . l * X Z R  
X 3  1 = 1.1* XZ I 

X 1R r X L l  r XZRI X t l  I X 3 R v X 3 1  
20 N A L T E R = N A L T E R t l  

RETURN 
1000 F O R M A T I l X e 5 H X l  5 rD23.1613H + rD23e16rZH I r l O X * 2 2 H A L T E R E O  A P P R O X I M  

1 A T I O N S / l X s 5 H X 2  = vQ23.16.3H 4 r023e1612H P/ lX.SHX3 = rD23.16r3H 4 
2,023.16~2H I / )  

1020 F O R H A T I ~ H O I ~ H X ~  = r D 2 3 e l 6 r 3 H  4 r D 2 3 . 1 6 1 2 H  I ~ ~ O X I ~ ~ H S N I T I A L  APPRQXI  
l M A T I O N S I l X , 5 H X 2  r023.16r3H + r D 2 3 . l b e 2 H  l I l X e 5 H X 3  mD23.16r3H + 
2 ~ 0 2 3 . 1 6 e 2 H  1 /1  

1010 F O R H A T ( / / / l X s 5 4 H N O  CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS A F  
I T E R  1 1 3 9  12H I T E R A T t O N S . / / )  

E N 0  
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TABLX F,III (Continued) 

0001 

0 0 0 2  
0003 
0004 
0005 
0006 
0007 
0008 
0009 
00 10 
0011 
0 0 1 2  
0013 
0014 
0015 
OD 16 
0 0 1 7  
0018 
00 19 

SUBROUT I NE GENAPPl APPRe APPIe  NILPPp XSTART) 
c +********8***t*********2*44*t**~****4***~*$~~4~~~~~~~~~**~**~~**~***a***~~**~~~~*~ 
c a  gr 
C * SUBROUTINE GENAPP GENERATES M X N I T I A L  A P P R O X i M I L ~ ~ O N S ,  WHERE N PS THE * 
C * DEGREE OF THE O R I G I N A L  POLVNOMlAL. * 
c *  * 
c *****1***+************2*44*t*4*~*****~*****~*****~~~****~*~*~**~*~**~~~~*~~~~*~4~~ 

DOUBLE P R E C I S I O N  A P P R ~ A P P I ~ X S T ~ R T I E P S ~ ~ E P S ~ ~ E P S Z ~ E P S ~ ~ B E ~ A  
DOUBLE P R E C I S I O N  EPSRTeEPS4 
011 HENS I ON APPR t 2 5 v 3J 9 APP I 4  259 3 1 
COMMON 

BETA=O. 26 1 7 9 9 4  
DO 10 l z l , N A P P  
A P P R ~ I I Z ~ = X S T A R ~ * D C O S I B E T I )  
A P P I ( I ~ 2 ~ = X S T A R T * D S I N ( B E T A t  

EP SRTs EPS 1, E P S 2 r E  P S 3 r  EP S4r 102 IMAX 
IFtXSTART.EP.O.0 1 XSTART=0.5 

BET A=BET 4eO ,52 3 5 9 8 8  
10 XSTART=XSTART+O.5 

00 20 I = l * N A P P  
A P P R l I r l l = O . 9 + A P P R ~ I p 2 3  
A P P I  I 1  9 1 ) = 0 * 9 * A P P I  I I r 2 )  
APPR( I n 3 I =  1 e l * A P P R  ( I s  Z b 

20 A P P I ~ I ~ ~ I = ~ . ~ * A P P ~ ~ I I Z ~  
RETURN 
EN0 
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TABLE F e 111 (Continued) 

0001 

0 0 0 2  

0003 
0004 
0005 
0006 
0007 
0 0 0 8  
0009 
0010 
0011 
0012 
0 0 1 3  
0014 
0015 
0016 
0017 
0018 
0019 

000 L 

0 0 0 2  
0 0 0 3  
0004 
0005 
0006 
0 0 0 7  
0008 
0009 
0010 
0011 
0012 
0013 

SUBROPTEffE TESTfVX3,VX3tUX4sVX4rCONV)  
c * ~ * * * + 4 * * * 4 * * 2 * + * * * * * * * * * * ~ * * * * * * * * * * * * * * * * * ? * * * * * 8 * ~ 8 ~ * * * * * * * * 4 * * 8 * 8 ~ * 8 ~ ~ * ~  
c *  4 
C 8 SUBROUTINE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROX- 8 
C * I H A T I O l Y S  BY T E S T I N G  THE E X P R E S S I O N  P 
C * ABSOLUTE VALUE OF l X ( N + l ) - X l N J ) / A B S O L U T E  V A L U E  O F  X ( N 4 I ) .  8 
C * WHEN I T  IS AS S M A L L  AS DESIRED,  CONVERGENCE IS OBTAINED. 9 
c *  4 
c *94****+**180*44******841+*1************~**~****~********~****~**4********~**~*b 

DOUBLE P R E C I S I O N  U X ~ ~ V X ~ ~ U X ~ ~ V X ~ I E P S R T ~ E P S O ~ E P ~ , A A A ~ U O U M M Y ~ V D U M M Y ~  
LOENOM 

5 

10 

20 

100 

L O G I C A L  CONV 
DOUBLE P R E C I S I O N  E P S l r E P S M  
COMMON E P S R T I E P S L I E P S , E P S O ~ E P S M ~ I O ~ . M A X  
UOUHMY =UX4-UX3 
VOUHHY=VX4-VX3 
AAA=DSQRT 1 UOUMMY *UDUMHY +VDUMNY *VDUHMY I 
DENOH=DSQRT(UX4*UX4+ VX4CVX4)  
IFIOENOM.LT.EPS0) GO TO 20 

CONV=.FALSE. 
GO T O  100 

GO TO 100 
IF1AAA.LT.EPSOI GO TO 10 
GO TO 5 
RETURN 
E N 0  

I F ( A A A / D E N O M . L T e E P S I  GO TO 10 

CONV=e TRUE. 

SURROUTINE HORNERt NAvUAIVAIUX 9VX ~UBIVBIUPXIVPX L 
c ***b*****+**I*****+******************************************~**~***8*~*8*~~ 
c *  8 
C * HORNER'S NETHOO COMPUTES THE VALUE OF THE POLYNOMIAL  P f X )  AT A P O I N T  Dm 4 
C I S Y N T H E T I C  D I V I S I O N  IS USED TO D E F L A T E  THE POLYNOMIAL  BY D I V I D I N G  OUT T H E  * 
C * FACTOR I X - O l e  * 
c *  9 
c 8* *+* * *4*+*8* *2+8* * *$C18t *+*d*++++2 ,$*++*~* * * * * * * * * * * * *~*4* * * * * * * * * * *~48~8~~  

DOURLE P R E C I S I O N  U X , V X , U P X s V P X s U B , V B v U A ~ V A  
D I M E N S I O N  U A I ~ ~ ) ~ V A ( ~ ~ J I U B I ~ ~ ~ ~ V B ( Z ~ )  
U B I 1 ) = U A I l J  
V B I l l = V A ( l )  
NUM=NA+1 

U B l I ) = U A ~ I l + ~ U 8 ~ I - l ~ ~ U X - V ~ ~ I - I ) * V X ~  
10 V 8 I  I ) = V A l  I)+(YB( 1 - 1 ) * U X + U B I I - l 1 * V X )  

UPX =UB t NUMB 
YPX=VBI  NUM) 
RETURN 
E N 0  

oa i o  I =Z~NUM 
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TABLE F. I11 (Continued) 

0001 

0 0 0 2  
0 0 0 3  

0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
001 5 
0016 
0017 
0018 
0019 
0 0 2 0  
0 0 2 1  
0 0 2 2  
0023 
0 0 2 4  
0025 

002 6 

0 0 2 7  
0028  
0 0 2 9  
00 30 
0031 
0 0 3 2  
0033  
0034 
0035 
0 0 3 6  
0 0 3 7  
0038 
0 0 3 9  
0040 
0041 
0042 
0 0 4 3  
0044 

SUBROUT I NE C A L C t  U X I  s V X l r U X 2 r V X 2  r U X 3 s V X 3  S U P X I  t V P X l  * U P X 2  eVPX2 oUPX3 s V  
* Q 6 * + * + * * * * * * * * * * * * * + 8 t * + * * Q ~ * * * Q * * * * ~ * ~ * ~ * * * ~ * * * * ~ * * * + * * Q * * Q ~ * * * * ~ * ~ ~ + * ~ * ~ ~ ~ ~ ~  * .$ 

* G I V E N  T H R E E , A P P R O X I M A T I O N S  X I N - 2 1 0  X t N - l I o  A N 0  X I N B r  SUBROUTINE CALC * 
4 APPROXIMATES T H E  POLYNOMIAL  BV A OUAORATlC  A N 0  SOLVES FOR THE ZERO OF 0 * THE QUADRATIC CLOSEST TO X I N I .  T H I S  ZERO IS THE NFW A P P R O X I M A Y I O N  8 
* X I N + 1 )  TO THE ZERO OF THE P O L Y N O M I A L r  0 
8 B 
* * * * + * * * * * + * * * * * * * + + * * * * * * * + * 4 + * ~ * * * * * * + * * * * * ~ * * * ~ ~ * * ~ ~ + ~ ~ * ~ ~ * 0 ~ ~ ~ *  

~ P X ~ , U X ~ V V X ~ ~ U O ~ ~ V Q ~ ~ U H ~ V V H ~ )  
DOUBLE P R E C I S I O N  ARGleARGZ 
DOUBLE P R E C I S I O N  U P X ~ ~ V P X ~ V U P X ~ ~ V P X ~ ~ U X ~ ~ V X ~ ~ U X ~ ~ V X Z I U X ~ ~ V X ~ ~ U P X ~ ~  

1 V P X l  r U H 3  1 VH3 rUH2 1 V H 2  vu03 e V 0 3  tu00 VDI UBI VBI U C r  V C r  U O I  SC 9 V O I  SC. UCCC D VC 
2CC r U O E N 1  v VOENL rUOEN2 r V O E N 2  rUQ4.VO4rUX4rV  X% sEPSRY 9 EPSOIEPS r U D D O s V D 0  
~ O ~ A A A ~ B B B I R A D , U A A A I V A A A V U B B B ~ V B B B  

DOUBLE PREC IS1 ON T H E T A ~ A N G L E I  UTESTo VTEST 
DOUBLE P R E C I S I O N  EPS1,EPSM 
COMMON EPSRT1EPSlpEPS.EPSO1EPSMs lO2,MAX 
UH3=UX3-UX2 
VH3=VX3-VX2  
UHZ=UX2-UX l  
VHZ=VXZ-VX l  
BBB=UH2*UH2*VHZ*VHZ 
UQ3=(UH3*UH2+VH3*VH2)/RBB 
VQ3=IVH3*UHZ-UH3*VHZl/BB~ 
UODO=l  .O*U03 
VODO=VO3 
UO=lUPX3-fUOOO*UPX2-VODO*VPX2))+(UQ3*UPX~-VO3*VPXl~ 
V O ~ I V P X 3 - l V O O D * U P X 2 + U O D O * V P X Z I I + ~ V O 3 * U P X l + U Q 3 * ~ P X ~ ~  
UAAA=2.0* UQ3 
VAAA=2.O*VQ3 
UAAA=UAAA+l .O 
UBBB=UOOO*UOOO-VDOO*VDDD 
VBBB=VDDO*UDDO4UODO*VDOD 
UCCC=UQ3+UQ3-VQ3*VQ3 
VCCC=VQ3*UQ3+UQ3*V03 
U B ~ I l ~ A A A + U P X 3 - V A A A * V P X 3 ) - I U B B B Q U P X 2 - V B B B ~ V F X 2 ~ ~ t ~ U C C C * U P X l ~ V C ~ C ~ V  

V B = l l V A A A + U P X 3 + U A A A * V P X 3 ) - ( V B B B * U P X 2 + U B B B * V P X 2 ~ ~ + ~ V C C C ~ U P X A ~ U C C C * V  
l P X l  J 

l P X 1 )  

5 

7 
9 

UC=U000*UPX3-V000*VPX3 
VC=VODD*UPX3@-UDDO*VPX3 
U O I S C ~ l U B * U 8 - V B * V B ~ ~ ~ 4 ~ O ~ l U D * U C ~ V O + V ~ ~  
V O I  SC= 1 2  e O*l V B * U B l  J-(4.0*( VO*UC+UD*VC) 1 
AAA=OSQRT ( U D  I S C * U O I S C + V O I  S C * V O l  SC 1 
IF(AAA.EQ.O.0) GO TO 5 
GO TO 7 
THET AZO. 0 
GO TO 9 

RAO=OSORT I AAA)  
ANGLE=THETAIZ.O 
UTEST=RAO*OCOSlANGLEB 
WTEST=RAO+OSIN(ANGLEB 
UOENl=UB+UTEST 

UOENZ=UB-UTEST 
VOENZ=VB-VTEST 

THE TA=DA TAN 2 I VD I SC eU0 I SC I 

VOEN 1: V B ~ V T E S T  
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-. 

0045 
0046 
0047 
0048 
0049 
0050 
0051 
0052 
0053 
0054 
0055 
0056 
0 '057  
(3058 
0059 
0060 
0061 
0 0 6 2  
0 0 6 3  
0064 
0065 
0066 
0067 
0068 

TABLE F.111: (Contilnued) 

ARGl=U[ IENI~~EML+VDENl+VDEN1 
ARG2=UDENZ*UDEN2*WDENZ*VDEN2 
AAA=DSQRT I ARC1 b 
BBB=DSQRTlARG2) 
1FlAAA.LT.BBB) GO TO 10 

UAAA=-Z.O*UC 
WAAAs-2 e O*VC 
UQ4=tUAAA*UDENl+VAAA*VDENl ) lnRCI  
VP4= I VA A A* UDE N 1-UA A A* W DE N 1 1 / bRG 1 
GO TO 50 

UAAA=-Z.O*UC 
VAAA=-Z.O*WC 
UP4=~UAAA*UOEN2+WAAAIVDEM2)1ARG2 
V 0 4 =  I WAAA*UDEN2-UAAA*VDEN2 ) /ARGZ 
GO TO 50 

50 U X 4 = U X 3 + l  UH3*UP4-WH3*VQ4) 
WX4=VX3+lVH3*UQ4+UH3*VQ4) 
RETURN 

60 U04=1.0 
VQ4=0.0 
GO TO 50 
E N 0  

IFlAAA*EQ.O.OB GO TO 60 

10 I F I ~ B B ~ E O I O ~ O B  GO TO 60 
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TABLE F.III (Continued) 

ma0 1 

0002 
0003 
0004 
0005 
0006 

OOOE 
0009 
0010 
0011 
0012 
0013 
00 14 
0015 
0016 
0017 
O O l E  
0019 
00 20 
0 0 2 1  
0022 
0023 
0024 
0025 

ooor 

~~~~~~T~~ GW4nS.Q.T W X  r V X  e UV e WV $ 
c * 8 * * 8 * ~ 4 * * * * 8 * * * * * * * * * * 8 * * * * * 8 ~ * * ~ * * 4 * * * * * * ~ * ~ * * * * * * * * * * * 9 * ~ ~ * ~ * * * ~ ~ ~ ~ * ~ ~ ~ ~ ~  
c *  ra 
C * THIS  SUEROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER. iQ 
c *  9 
c * * * 9 * * * * 9 * 9 * * * * * * * * * * * * * * * * , L * * * * * * * * * * * * * * * * * * * * * * * * * ~ * ~ * ~ * * ~ ~ * * * * ~ * * ~ ~ * 8 ~ 9 ~ ~ ~  

DOUBLE P R E C I S I O N  U X ~ V X ~ U Y I  W V ~ O U M M Y ~ R I A A A ~ B B B  
R=OSPRT(UX*UX+VX*WX) 
AAA=OSQRT(OABS( (R+UX)12 .OF)  
B B B ~ O S O R T ( O A B S ( ( R - U X I / Z . O ~ ~  
I F I V X )  1 0 e 2 0 ~ 3 0  

WV=-l.O*BBB 
GO T O  100 

10 UY-AAA 

2 0  I F t U X )  4 0 0 5 0 ~ 6 0  
30 UY=AAA 

VY=BBB 
GO TO 100 

UY=O.O 
V Y = D S Q R T f D U M W )  
GO TO 100 

50 UY=O.O 
VY=O.O 
GO TO 100 

UY=DSPRTtOUMHY) 
wy=o.o 

LOO RETURN 
E N 0  

40 OUHHY=OABS(UX) 

60 OUNHY=OABS(UXJ 



APPENDIX G 

REPEATED G.C.D. - NEWTON'S METHOD 

1. Use of the  Program 

A double p rec i s ion  FORTRAN I V  program us ing  t h e  repea ted  G.C.D.  

method wi th  Newton's method as a suppor t ing  method is presented  h e r e ,  

Flow c h a r t s  f o r  t h i s  program are given i n  Figure G.2 whi le  Table G . 1 1 1  

g ives  a FORTRAN IV l i s t i n g  of t h i s  program. S ing le  p r e c i s i o n  v a r i a b l e s  

are l i s t e d  i n  Table G . 1 1 .  The s i n g l e  p rec i s ion  v a r i a b l e s  are used i n  

the  flow c h a r t s  and the  corresponding double p r e c i s i o n  v a r i a b l e s  can 

be obta ined  frbm Table G . l l .  

This program i s  designed t o  s o l v e  polynomials having degree less 

than o r  equal  t o  25. I n  order  t o  so lve  polynomials of degree N where 

N > 25 ,  t he  d a t a  s ta tement  and a r r a y  dimensions given i n  Table G . 1  

must be changed, 

I n  t h i s  program both t h e  l ead ing  c o e f f i c i e n t  and the  cons tan t  

c o e f f i c i e n t  are assumed t o  be non-zero. 

253 
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TABLE G . 1  

PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS O F  DEGREE 
GREATER THAN 25 BY THE REPEATED G.C.D. - NEWTON'S METHOD 

M a i n  P r o g r a m  

D a t a  E n t r y / l H l , l H 2 ,  ...,I H9s2H1092Hll,e..,,2HXX/where XX = N+1 
UP ( N f l )  , VP (N.t-1) 
UAPP (N) VAPP (N) 
UDO (N+l )  , VDO (N+1) 
UDDO ( N + l )  VDDO (N+l)  
UD1 ( N + l )  , V D 1  (N+l )  
UD2 (N+1) , VD2 ( N f l )  
UDDl  ( N f l )  , V D D l  (N+l)  
UG (N+1) , VG (N+1) 
UD3 (2N+S) , V D 3  (2N+1) 
UD4 (2N+1)  , VD4 (2N-I-1) 
UZRQS (N)  , VZROS (N) 
UAP (N) , VAP (N) 
UROOT (N) , VROOT (N) 
NULT (N> 
ENTRY (N+1) 

Subrouqine PROD 

UH ( 2 N + 1 ) ,  VH (2N-I-1) 
U F ( N + l )  , V F ( N + l )  
UG (N+1) , VG (N+1) 

Subrout ine ZROS 

UAPP (N) , VAF'P (N) 
UROOT (N) VROOT (N) 
UQ(N+l)  VQ(N+l )  
UQQ VQQ 
UAp (N) 3 VAP (N)  
UQD (N+l )  VQD ( N + l )  
ENTRY (N+l )  
UROOTS (N)  , VROOTS (N) 

Subrout ines  GENAPP,  GCD, NEWTOX, PIVJ.DE, 
HORNER, and D E R I V  

See corresponding subrout ine i n  Table E . I .  

Subroutine QUAD 

UROOT (N) VROOT (N) 
UA(N+l)  VA(N+l )  
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2.  Input  Data f o r  Repeated G.C,D.  - Newton's Method 

The inpu t  dq ta  f o r  repea ted  G.C.D. - Newton's method is  prepared 

as descr ibed  f o r  G.C.D. - Newton's method i n  Appendix E,  § 2 except 

t h a t  t h e  i t e m  EPS4 on t h e  c o n t r o l  card  (Figure E . 2 )  is omitted.  An 

example con t ro l  card f o r  t h e  repea ted  G.C,D. - Newton's method is  

given i n  F igure  G . 3 .  

3 .  Variab les  Used i n  Repeated G.C.D. - Vewton's Method 

The d e f i n i t i o n s  of v a r i a b l e s  used i n  repea ted  G.C.D. - Newton's 

method are given i n  Table G . 1 1 .  For d e f i n i t i o n s  of v a r i a b l e s  no t  

l i s t e d  i n  t h i s  t a b l e ,  see t h e  main program o r  corresponding subprogram 

of Table E . V I .  

0 3 .  

The n o t a t i o n  and symbols used are def ined  i n  Appendix E ,  

4. Descr ip t ion  of Program Output 

The number of t h e  polynomial, c o n t r o l  d a t a ,  degree and c o e f f i c i e n t s  

of t h e  polynomial are p r i n t e d  as descr ibed  in ,  Appendix E ,  § 4 .  

A l l  r o o t s  of m u l t i p l i c i t y  one are e x t r a c t e d  f i r s t .  Following t h e  

f i r s t  row of a s t e r i x e s ,  t h e  message "THE FOLLOWING POLYNOMIAL G(X) 

CONTAINS ALL THE ROOTS OF P(X) WHICH HAVE MULTZPLICITY 1." This i s  

followed by t h e  c o e f f i c i e n t s  of G(X) wi th  t h e  lead ing  c o e f f i c i e n t  

l i s t e d  f i r s t .  I f  t h e r e  are no r o o t s  of m u l t i p l i c i t y  one, then  t h e  

message "NO ROOTS OF MULTIPLICITY ONE" is p r in t ed .  

The r o o t s  of G(X) are p r i n t e d  under t h e  heading "ROOTS OF G(X)." 

These are t h e  roo t s  ob ta ined  before  t h e  at tempt  t o  improve accuracy. 

The i n i t i a l  approximations producing convergence t o  t h e  corresponding 

roo t  are p r i n t e d  under the  heading "INITIAL APPROXIMATION." The 
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message "RESULTS OF SUBROUTINE QUAD" m e a n s  t h a t  t he  corresponding r o o t  

was obta ined  from subrout ine  QUAD. 

The roo t s  found as a r e s u l t  of a t tempting t o  improve accuracy are 

p r i n t e d  under t h e  heading "ROOTS OF P(X)." 

under t h e  heading "MULTIPLICITIES. 'I 

p r i n t e d  above where "NO I N I T I A L  APPROXIMATION'' means the  same as 

"RESULTS OF SUBROUTINE QUAD 

Thei r  m u l t i p l i c i t y  i s  g iven  

The i n i t i a l  approximation is  

A l i n e  of asterixes i s  then p r i n t e d .  This procedure is  then  

repea ted  f o r  t h e  r o o t s  of m u l t i p l i c i t y  2 ,3 ,4 ,  etc ,  u n t i l  a l l  r o o t s  have 

been found. 

5. Informative Messages and Error  Messages 

The informative messages and e r r o r  messages f o r  repea ted  G.C.D.  - 

Newton's method are given below. 

5 5. 

For those  not  l i s t e d ,  see Appendix E ,  

"NOT ALL ROOTS OF THE ABOVE POLYNOMIAL, G ,  WERE FOUND." This 

message i n d i c a t e s  t h a t  some of t h e  r o o t s  of t he  polynomial G(X) were 

no t  e x t r a c t e d .  

"QUAD FOUND XXX TO BE A MULTIPLE ROOT." XXX r ep resen t s  t h e  va lue  

of t he  roo t  found as a mul t ip l e  r o o t  by Subrout ine QUAD. 
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M~~~ PROGRAM 

S'TR RT 

COMWON 
6PSl. EPM,EPU 

Figure G,2. Flow Charts f o r  Repeated G.C.D,-Newton's Method 
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Figure G ,  2 a (Continued) 
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ZEROS ... 

'9 P 

Q 

Figure G, 2 (Continued) 
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Figure G.2 ,  (Continued) 



PROD 

264 

QUAD 

Figure 0 2 (Continued) 



265 

DIVIDE HORNER 

DERIV 

Figure G. 2 (Cont%nued) 



GEN RP? 

266 

ALTER 

RETURN 

Figure G , 2 .  (Continued) 
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QUAD NEWTON 

Figure G o  2 e (Continued) 
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G C D  

Figure C 2 (Continued) 
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COMSQT 

Figure G 2 (Continued) 
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PROGRAM FOR REPUTED G.C.D.-NEWTON'S METHOD 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

0001 

0002 
0003 
0004 

0005 
0006 
0007 
0008 

0009 
00 10 
0011 
0012 

0013 
0014 
0015 
0016 
00 17 
0018 
0019 
0020 
002 1 
0022 
0023 
0024 
0025 
0026 
002 7 
0028 
0029 
0030 
0031 
0 0 3 2  
0033 
0034 
0035 
0 0 3 6  
0037 
0038 
0039 
oolpo 

* + r c * * * Q * * 4 * + + * 9 Q * ~ * * * * * Q * 4 * * ~ * * * * * * * * * * * ~ * * * * * ~ * * * ~ * ~ * * * * ~ * * * ~ * * * * * ~ ~ * * ~ ~ ~ *  * ;b 

* OOUBLE P R E C I S I O N  PROGRAM FOR THE REPEATED G.C.D. - NEWYONOS HETHOO * * 9 * 
* THIS METHOD REPEATEDLY F I N D S  THE GREATEST COMMON 0 6 V I S O R  OF TWO c * POLYNOMIALS I N  ORDER TO EXTRACT THE ZEROS I N  GROUPS ACCORDING TO * * M U L T I P L I C I T Y  U S I N G  NEMTON'S METHOD. A L L  ZEROS OF M U L T I P L I C I T Y  1 Q * ARE EXTRACTEO FOLLOWED BV THOSE OF M U L T I P L I C I T Y  21 ETC. 0 
0 4 
+*SQ**Q*****+*********Q*****+****************************************SQ*******  

OOUBLE P R E C I S I O N  E P S 1 ~ E P S 2 r E P S 3 ~ U P ~ V P ~ U A P P I V A P P , U D O s V D O , U O D O ~ V O O O ~  
I U O ~ ~ V O ~ ~ U O ~ ~ V O Z I U O O ~ ~ V O O ~ ~ U G , V G , U D ~ ~ V O ~ ~ U O ~ ~ V O ~ ~ U ~ R O S ~ V Z R O S ~ U A P ~ V A  
2P.UROOTp VROOT, OENOM 

DOUBLE P R E C I S I O N  XSTART 
DOUBLE P R E C I S I O N  XENO 
O l H E N S I O N  A N A M E l 2 J ~ U P l 2 6 J ~ V P ~ 2 6 ) . U A P P ~ 2 5 ~ ~ V A P P l 2 5 ~ ~ U D O l 2 6 l ~ V O O l Z 6 ~  

1 r U 0 0 0 1 2 6 J i V 0 0 0 1 2 6 1 r U 0 1 1 2 6 I i V 0 1 1 2 6 J i U 0 2 1 2 6 J ~ V 0 2 1 2 6 ~ ~ U 0 0 1 1 2 6 1 ~ V 0 0 1 1 2  
2 6 ~ ~ U G 1 2 6 ~ r V G l 2 6 J r U O 3 ~ 5 l J ~ V O 3 l 5 l ~ s U O 4 l 5 l J ~ V O 4 l 5 i J ~ U Z R O S l 2 5 ~ ~ V Z R O S l 2  
35) I U A P l 2 5  J ,VAP I 2 5  J t U R O O T l 2 5 J  iVROOT 125) r MUL 1 I 2 5  J *ENTRY ( 2 6  J 

COMMON E P S l  s E P S Z  i E P S 3  ,102oMAX 
OAT A AST ER / 4 H *  I* */ 
DATA PNAME iGNAME/ZHP I t ZHGI/ ,  
D A T A  ENTRY/lHlrlH2rlH3~lH4~lH5~lH6rln7tIH8,1H9~2HlO~2Hll~2Hl2~2Hl3 

L ~ Z H 1 4 ~ 2 H 1 5 i 2 H l b i 2 H 1 7 r 2 H 1 8 r 2 H 1 9 , Z H l 9 r 2 H 2 O ~ 2 H Z l ~ 2 H Z 2 ~ 2 H 2 3 o Z H 2 4 ~ Z H 2 5 ~ 2 H 2 6 /  
DATA A N A M E l 1 l ~ A N A M E ( 2 1 / 4 H N E W T ~ 4 H O N S  / 

DiNAqE/3HD% (/ 

1 0 1 = 5  
I O 2 = 6  

1 R E A 0 1 1 0 1 ~ 1 0 0 0 J  N O P O L Y i N P , N A P P , M A X , E P S l i E P S 2 i E P S 3 ~ X S Y A R T ~ X E N O ~ K C H E C  
1 K  

IF lKCHECK.EQ.1 J STOP 
W R I T E I I 0 2 r 1 0 2 0 J  A N A M S l 1 ) s A N A M E l 2 ~ r N O P O L Y  
W R I T E 1  102.2000J NAPP 
W R I T E 1  102;2010) MAX 
W R I T E 1  102r2070J E P S l  
W R I T E 1  102,2020) E P S Z  
W R I T E 1  102e2080J E P S 3  
W R I T E 1  10212040) XSTART 
WRITElIO2~2050) XENO 
W R I T E 1 1 0 2 s 2 0 6 0 J  
KKK=NP+ 1 
NNN=KKKt  1 

J J J=NNN- I 

1FINAPP.NE.OJ GO TO 22 
NAPP=NP 

GO TO 23 

00 5 I = I , K K K  

5 R E A O l I O l s 1 0 1 0 J  U P l J J J 1 , V P l J J J )  

C A L L  GENAPPIUAPP,  VAPPg NAPPI XSTART 1 

22 R E A O l I O l o 1 0 l 5 1  I U A P P I I J e V A P P I I l o l ~ l  
23 W R I T E 1  102~1030l N P  

KKK=NP+ 1 
N N N = K K K + l  
00 R I = l s K K K  
J J J = N N N - I  

K = O  
KO=O 

8 W R I T E (  I0291040) P N A M E e E M T R Y I J J J J s U P  

NAPP)  

J J J l r V P f  JJJ) 
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TABLE G ,  I'fI (Continued) 

0041 
0042 
0043 
0044 
0045 
0046 
0047 
0048 
0049 
0050 
0 0 5 1  
0 0 5 2  
0053 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
0067 
0068 
0069 
0070 
007L 
0072 
0 0 7 3  
0074 
0075 
0076 
0077 
0078 
0079 
0080 

0081 
0 0 8 2  
0083 
0094 
0085 
0086 
0087 
0 0 8 8  
0 0 8 9  
0090 
0091 
0092 
0093 
0094 
0095 
0096 
0097 

J l = l  
KKK=NP+1 
DO 10 I = l r K K K  
U D O ( I ) = U P I I l  

10 V D O ( I J = V P ( I l  
NDO=NP 
CALL 
CALL GCO~NDOIUDO~VDO~NDDO~ UODO oVDDO ~ N D l . U D l s V 0 1 )  

DER I V  I NDO sUDOI VDOs NDDOI UDOO 8 VDDO 1 

20 W R I T E (  I 0 2 r 3 0 0 0 )  ( A S T E R p I = l p 3 3 )  
IF(NOl.LE.1) GO TO 30 
GO TO 40 

30 U02(  l I = l , O  
WDZ(lI=O.O 
ND2=0 
GO TO 50  

CALL G C D ( N D l r U D l ~ V D l r N D D 1 r U D O l o V O D l r N D Z o U D Z I V O Z l  

GO TO 70 

GO TO 170 

GO TO 90 

DO 85 I = l r K K K  
UG( I I=UDO( 1 1  

85 VG( I )=VDO( 18 
NG=NOO 
GO TO 110 

40 CALL DER IV (ND1 t U D l  p V 0 l  s N D D l s U D D l p V D D l ~  

50 IF(NDO+NDZ.LE.Z*NDl) GO TD 60 

60 WRITE( I D 2 1 1 0 2 5 1  J l  

70 IFlNDl.EO.OI GO TO 80 

80 KKK=NDO+l 

90 IF(NO2.EQ.O) GO TO 115 
CALL P R D D ~ N D D ~ U D O ~ V O O ~ N D 2 1 U D 2 s V O Z I N D 3 1 U 0 3 , V 0 3 ~  

100 CALL P R O D ~ N D l r U D l ~ V O 1 ~ N D 1 ~ U ~ l ~ V D l ~ N D 4 ~ U D 4 ~ V D 4 ~  
CALL 

110 WRITE( ID211035) J1 
DI W I DE ND3 sUO3 vVD3 t ND4 rUD4 9 VD40 NGe UGs VG 8 

KKK=NG+l 
NNN=KKK+l 
DO 112 I=l ,KKK 
J J J-NNN- I 

CALL Z E R D S ( N G t U G q V G , N A P P ~ U A P P ~ V A P P I J . U Z R O S 1 V Z R O S ~ J A P ~ U ~ P ~ V A P ~ E N T R Y  
112  WRITE(ID2,1040) GNAHEIENTRY(JJJDIUG(JJJ~~VG~JJJ)  

IrXSTART,XEND) 
IF(J.EQ.01 GO TO 150 

IF(JAP.EO.01 GO T O  1 2 0  
GO TO 130 

115  KKK=NDO+l 

WRITE1 IDZs1180) 

DO 116 II=l.KKK 
Ufl3(  I )=UDOI I I 

116 V03(  I )=WDO( I I 
N03=NflO 
GO TO 100 

120 K K K = J A P t l  

GO TO 140 

1FtJAP.LT.J) GO TO 120 

WRITE(10211085)  ( I r U Z R O S ( l ) s V Z R O S ( I ) o J l o I I # # K o J )  

130 W R I T E ( 1 0 2 s 1 1 9 0 )  ( I s U Z R D S ( l J p V E R 0 S I I D I J l s U A P O s V n P  

140 IF(J.EO.NG) GO TO 155  
150  WRITE( L0291095) 
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TABLE G. I11 (Contlnued) 

OB98 
0099 
0100 
0101 
0102 
0 1 0 3  
0104 
0105 
0106 
0107 
0108 
0109 
0110 
0111 
0112 
0113 
0114 
0115 
0116 
0117 
0118 
0119 
0120 
0 1 2 1  
0122 
0123 
012% 
0 1 2 5  
0126 
0 1 2 7  
0128 
0 1 2 9  
0 1 3 0  
0 1 3 1  
0132 
0 1 3 3  
0 1 3 4  
0 1 3 5  
0136 
0137  
0138 
0139 

0140 
0141 

0 1 4 2  

0 1 4 3  

0 1 4 4  
0145 
0146 
0147 

0 1 4 8  
0149 

155 

160 

170 

180 

190 

200 

2 10 

1020 

I F I J e E O e O J  GO TO 170 
00 160 I = L e J  
UROOT(KOt1  )=ULROS( I 1  
VROOTI K D + I  ! =VLROSt I 1  
N U L T L K O + I ) = J 1  
K = t J * J I l t K  
KD=KOtJ  
IFIK.GE,NP) GO TO 1 
J L = J L t l  
I F t N D l . L E . 1 )  GO TO 200 
00 180 I = l t N O l  
UOO l I I = U 0 1  I I 1  
VDO( I ) = V O l t I l  
U D D O ( I ) = U O D 1 ( 1 )  
w o 0 0 I 1 l = V O o 1 ~ 1 ~  
U O O l N O 1 + l I = U O 1 ~ N O l o l ~  
V O O ~ N D l t l t = V O l ( N O 1 t 1  I 
NOO=ND1 
NDOO=NOO1 
KKK=NDZ t1  

UD1 t I )=UO2( I I 
VO 1 I I 1 =VDZ I I b 
NOl=NDZ 
GO T O  29 
I F ( N O l . E O . 0 ~  GO TO I 
KO=KO+l  
OENOM=UD 1 I2 ) * U O l  I 2  )+VO1( 2 1 W D 1 I  2 J 
U R O O T l K O ~ = ~ - U D l ~ l ~ * U O l ~ 2 ~ - V D l ~ 1 ~ ~ V D l ~ Z ~ ~ / D E N O ~  
V R O D T I K O I = ~ - W D l ~ l ~ * U O 1 ~ 2 ~ t U O l ~ l ~ * V O l ~ Z ~ ~ / O E N Q M  
M U L T I  KD 1 =J1 

00 190 I = l , K K K  

W R I B E I  1 0 2 g 3 0 0 0 )  ( A S T E R p I = 1 # 3 3 1  
W R I T E (  ID2,1035) J1 
KKK=ND I +  1 
NNN=KKK+ I 
OD 210 I = l r K K K  
JJJ=NNN-  I 
U R I  T E I  102s 1100) 
W R I T E ( 1 0 2 ~ 1 1 8 0 )  
WHITE(602rlO85) K O ~ U R O O T I K O ~ r V R O O T ~ K O ~ ~ J l  

FORHAT(iH1,1OX,45HREPEATEO USE OF THE GREATEST COMMON D I V I S O R  AN0 

01NAHE *ENTRY (JJJ) sUO1( JJJ) 8VDlt JJJI 

GO T O  1 

l o A 4 1 A 4 ~ 5 5 H  METHOD TO EXTRACT ROOTS AN0 M U L T I P L I C I T I E S  OF POLIlNOMlA 
2LS/14X,18HPOLYNOHIAL  NUMBER BIZ///) 

1025 F O R M A T I / / / I X . 2 5 H N O  ROOTS OF M U L T I P L l C l T Y  e f 2 / / )  
1 0 3 5  F O R H A T ( / / / I X s 8 7 H T H E  FOLLOWING POLYNOMIAL t  G ( X 0 v  CONTAINS ALL  THE R 

10015 OF P I X I  WHICH HAVE M U L T l P L I C I r Y  s t 2 / / !  
1 0 8 5  F U R ~ A T ( 2 X , 5 H R O O T ( , I Z , C H )  , 0 2 3 . 1 6 ~ 3 H  + , 0 2 3 . l b p Z H  K s ? X s I Z , L 8 X ~ 2 5 H  

1 0 9 5  F O R M A T I / / / I X e 5 1 H N O l  A L L  ROOTS OF THE ABOVE POLYNOMlALoCe WERE FOUN 

1000 
1010 FORMAT ( 2 D 3 0  .OD 
1 0 1 5  FORMAT ( 2 D 3 0 . 0 )  
1030 F O R M ~ T ~ ~ X I Z Z H T H E  DEGREE OF P ( X !  15 r12~22H THE COEFFPCfENVS A R E / /  

1040 F O R M A T ( Z X p A 2 v A 2 s 4 H )  = r D 2 3 . 1 6 9 3 H  * rO23.16.2H I )  
1100 F O R M A T I ~ X ~ A ~ P A ~ ~ ~ H )  = 1023e16~3H 9 o D 2 3 . 1 6 ~ 2 H  1 )  

I N 0  I N I T I A L  APPROXIMATIONS) 

IO// 1 
FORMAT ( 34 I 2 9  1 X  1 t 9x1 139  1 x 9  3fD6.01 1 X )  ~ 2 0 x 1  2 # 0 ? s O e 1 X )  0 1  1 B 

1)  
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0150 

0151 

0152 
01 53 
0 1 5 4  
0155 
0156 
0157 
0158 
0159 
0160 
0161 

TABLE G,IIX (Continued) 

1 i 80 FORMAPZ / I  /lX e l  3HROOT S OF P IX 1 8 52X e 1 GHMULT IPL IC I T  I ES. 17Xs 21 H INI 111 AL 

1190 F O R M A T ( 2 X ~ 5 H R 3 0 T l r I 2 1 4 H I  -i sD23el6*3H + r023.16.2H lr7Xs12r7X9023. 

2000 FORMAT(LX.4lHNUH8ER OF INITIAL APPROXIMATIONS GIVEN. s S Z $  
2010 F O P M A T ( ~ X I ~ ~ H H A K ~ M U H  NUMBER OF ITERATIONSe~11XrI31 
2020 FORMATllXs21HTEST FOR CONVERGENCE.sl3XrD9.2) 
2040 FORHATllXt23HRAOIUS TO START SEARCH.rllXsD9.2) 
2050 FORMAT(lX,2IHRAOLUS TO EN0 SEARCH.el3XvD9-2) 

2070 FORMATIlX,34HTEST FOR ZERO IN SUBROUTINE GCO. eO9.2)  
2080 F O R M A T I ~ X P ~ ~ H T E S T  FOR ZERO IN SUBROUTINE QUAD. r09.21 
3000 FORHATl/////lXoA3,32A4) 

1 APPROXIMATION//) 

11683H * ,023.16oZH 1 )  

2060 F DRHAT t / I 1  X )  

EN0 
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TABLE G,IIX (Continued) 

SUBROUTINE P R O O ( M , U F ~ V F , N I U G ~ V G ~ N N I U H ~ V H )  
8 * * * 8 * * t + * * 9 * 1 * * * * 4 * * * * * $ 1 * * * * * * * * * 4 ~ 4 * t * * * * 4 * e 4 * 3 * * ~ e 4 * * * * * * * * * * * * * ~ * * * * ~ ~ * 8 ~  * * 
* G I V E N  POLYNOMIALS R I X )  A N 0  S l X ) r  THIS SUBROUTIME COMPUTES THE * * C O E F F I C I E N T S  OF THE PRODUCT POLYNOMIAL  T i X )  = R t X I . S t X ) .  e4 * 8 
*~0***9814**0****3*9***48**1*******4****~*****$*************1***t***~r)l1r)l***$***r)l*8 

OOUBLE P R E C I S I O N  U H ~ V H ~ U F I V F O U G O V C  
D I M E N S I O N  UH(51IrVHt511rUF(26)oVFolUG(26)~UGiZ6~,WGl26~ 
MN=M+N 
KKK= MN+ 1 

K= I 
U H t  II=O.O 
VH( I I = O . O  
I F i I . L E . H + l l  GO TO 10 
L I M I T = M t  1 
GO TO 20 

00 100 I=1 ,KKK 

10 L I M I T = I  
20 00 50 J = I * L I M I T  

I F ( K . G T . N t 1 )  GO TO 50 
I F ( J + K . E Q . I + l )  GO T O  40 
GO TO 50 

40 U H i I ) = U H i I ) + i U F ( J ) * U G t K ) - V F ( J ) + V G o I  
V H i I ) = V H t I ) + l V F ( J J * U G L K ) + U F I J ) * V G I K ) )  

000 1 

0 0 0 2  
0003 
0004 
0005 
0006 
0007 
0008 
0009 
00 10 
0011 
0012 
00 13 
0014 
0015 
00 16 
0017 
0018  
0019 
0020 
002 1 
0022 
0023 

0001 

0 0 0 2  
0003  
0004 
0 0 0 5  
0006 
0007 
0008 
0009 
0010 
00) 1 
0012 
0 0 1 3  

50 K = K - 1  
100 C O N T I N U E  

RETURN 
E N 0  

SUBROUTINE GENAPP ( APPRmAPPI ,NAPPIXSTART) 
c ******9***~**********++****~*****************4*~**~*~*~3*****~*3*~33**~~*****~ 
t *  r)l 
C * SUBROUTINE GENAPP GENERATES N I N I T I A L  A P P R O X I M A T I O N S v  WHERE N IS THE * 
C 4 DEGREE OF THE O R I G I N A L  POLYNOMIAL.  8 
C *  * 
c +Q**+*St*+**************1******O*******~*4**1*~*~***1~***r)l*~r)l*~~**4t 

OOUBLE P R E C I S I O N  A P P R , A P P l r X S T A R T r B E T A v  E P S l , E P S Z * E P S 3  
D I M E N S I O N  A P P R t 2 5 ) s A P P I t 2 5 )  
COMMON E P S l , E P S Z r E P S 3 p I O Z p M A X  
1 F l X S T A R T . E P . O . O )  XSTART=0.5 
BETA=O 2 6 1 7 9 9 4  

A P P R ( 1  ) = X S T A R T * D C O S l B E T A I  
A P P I t  I ) = X S T A R T * D S I N ( B E T A )  
B E T A = B E T A + 0 . 5 2 3 5 9 8 8  

10 X STAR T= X STAR T+O e 5 
RETURN 
E N 0  

00 10 I = l . N A P P  
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TABLE G.111 (Continued) 

000 1 SUBROUTINE A L T E R 1  X O L D R t X O L D I  I) NALTERv ITlME I 
c * a * 8 * * * * * C ~ + * * * a * * * * + * * + * * * * * * * * * * a * * * * * * * * * ~ * * * * ~ * ~ * * ~ ~ * * ~ ~ ~ * * * ~ * * * * ~ * * ~ * ~ 8 ~ * ~  
c *  U 
C * SUBROUTINE ALTER ALTERS THE I N I T I A L  A P P R O X I M A T I O N S  W H l C H  PRODUCE NO U 

c *  * 
c ******1*******4*C***+*9t*,*6******++***********************~*****+*9t*,*6~***8U~8U~ 

c * CONVERGENCE TO A ZERO. THIS IS OW A n A x i n u M  OF 5 TINES FOR EACH ROOT. * 

0002 
0003 
0004 
0005 
0006 
0007 5 
0008 
0009 
0010 10 
0011 
0012 
0013 20 
0014 
D O 1 5  
00 16 30 
0017 
0018 
00 19 40 
0020 
0 0 2 1  
0022 50 
0023 1000 
0 0 2 4  1010 

DOUBLE PR EC IS1 ON 
COMMON E P S l r E P S 2 r E P S 3 e I 0 2 c M A X  
I F ( l T I W E . N E . O I  GO TO 5 
I T I N E  = I  

IF(NALTER.EP.OI  GO TO 10 

GO TO 20 
A B X O C D = D S O R T ( i X O L O R * X D L D R ~ 4 ~ X O L D I ~ X O L D I 1 ~  

XOLOR r XOLOl  * ABXOLOe BETA s E P S l  rEPS2.  E P S 3  

W R I T E (  1 0 2 . 1 0 1 0 )  MAX 

W R I T E (  1 0 2 ~ 1 0 0 0 1  X O L D R s X O L D I  

BETA=DATANZ( XOLOI ,  XOLORI  
W R I T E ( 1 0 2 * 1 0 2 0 )  X O L D R i X O L D I  
N A L T E R = N A L T E R t l  
I F i N A L T E R . G T . 5 )  RETURN 

XOLDR=-XOLOR 
XOLD 1s-X O L D 1  
GO TO 50 
B E T A = B € T A 4 1 . 0 4 7 1 9 7 6  
XOLDR=ABXOLD*OCOSi B E T A )  
X O L D I =  ABXOL O*DS I N  ( B E T A )  
RETURN 
F O R N A T ( 1 X ~ 0 2 3 ~ 1 6 r l H  4 1 0 2 3 . 1 6 r 2 H  I ~ ~ O X I ~ ~ H A L T E R E D  A P P R O X I M A T I O N )  
F O R M A T ( / / / l X . S 4 H N O  CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF 

GO TO 1 3 0 ~ 4 0 i 3 0 ~ 4 0 ~ 3 0 ) ~ N A L T E R  

LTER ,139 12H I T E R A T I O N S . / / )  
0 0 2 5  1 0 2 0  F O R M A T ( / l X ~ O 2 3 . 1 6 t 3 H  t ,D23 .16 rZH I , l O X q Z l H I N I T I A L  A P P R O X I M A T I O N )  
0 0 2 6  E N 0  
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TABLE G o  I11 (Continued) 

0001 

0 0 0 2  

0003 
0004 

0 0 0 5  
0006 
0007 
0008 
OG09 
00 10 
0011 
0 0 1 2  
0013 
0014 
0 0 1 5  
0016 
0 0 1 7  
0018 
0019 
0020 
0021 
0022 
0 0 2 3  
0 0 2 4  
0025 
0026 
0 0 2 7  
0028 
0029 
0030 
0031 
0032 
0033 
0034 
0 0 3 5  
0036 
0 0 3 7  
0 0 3 8  
0039 
0040 
0041 
0 0 4 2  
0043 
0044  

SUBROUTINE Z E R O S I N ~ ~ U O ~ V P ~ N A P P W U A P P D V A P P ~ J I U R O O T ~ V R O O T ~ J A P ~ U A P ~ V A ~  
I sENTRYI XSTARTw X E N D I  

* * $ t 4 6 * + * * 4 t + * + * d * * Q t * * + * t * + + * * * * * * $ * * 9 t * * * * * * * * * * * * * * * * * * * * * ~ * * * * * * * $ ~ * * * 9  * * 
* NEWTONS METHOD EXTRACTS THE ZEROS AND T Y E l R  M U L T I P L I C l T I E S  OF A * * POLYNOMIAL  OF MAXIMUM DEGREE 2 5  B Y  COMPUTING A SEPUENCE OF APPROX- 8 * I M A T I O N S  CONVERGING TO A ZERO OF THE P D L Y N O H I A L  U S I N G  THE I T E R A T I O N  * * FORMULA I * * X I N + 1 )  = X l N ) - P l X ~ N ~ l / P ~ ~ X 1 N I ) .  * 

! 9 c 
9 * * 4 * ~ $ * * * * * * * * c * * * * ~ * * * * * * * * * * * * * * * * * * * * * * * c * + * * * * * t * * * * t * * c * * * t * * * ~ $ * * * ~ * ~  

DOUBLE P R E C I S I O N  U A P P ~ V A P P ~ U R O O T ~ V R O ~ ~ T D U Z R O , V P I V B ~ U Q ~ V P ~ U D U M M Y ~ V D U M  
1 M Y ~ U P P ~ V Q ~ ~ U A P ~ V A P ~ U P D ~ V Q O ~ U R O O T S ~ V R O O T S ~ E P S l ~ E P S Z ~ E P S 3 ~ U A P R O X ~ V A P  
7 R n Y  

DOUBLE 
O I H E N S I O N  U A P P ~ 2 5 1 r V A P P ~ 2 5 1 u U R O f l T ~ 2 5 l ~ V R O O T ~ Z 5 l ~ U Q ~ 2 6 l ~ V P ~ 2 6 ~ ~ U P P ~  
1 2 6 ~ ~ V Q Q l 2 6 ~ ~ U A P ~ 2 5 1 w V A P l Z S l ~ U P O l 2 6 l ~ V P D l Z 6 l ~ E N T R Y l 2 6 ~ ~ U R O O T S l 2 5 l ~ V  
Z R O O T S  I 2 5 1 

PR EC IS 1 ON X EN D s XST ART 

COMMON E P 5 1 EPS2 9 E P S 3  e 102 r MAX 
DATA Q Q N A M E I Q N A M E / ~ H Q Q I ~ ~ H P I /  
L O G I C A L  CONV 
J=O 
I T I H E = O  
IF lNP.GE.31  GO TO 8 5  
GO T O  ; l o  
DO 90 I = l . K K K  
U Q Q ( I ) = U Q I I I  

90 V Q O I I ) = V Q ( I I  
NQQ=NQ 
GO TO 120 

JAP=O 
GO TO 3 1 0  

I A L T E R = O  
UAPROX=UAPP( 11 
V A P R O K = V A P P l I l  

I F I C O N V I  GO TO 160 
C A L L  A L T E R I U A P P I I I r V A P P I  I I w I A L T E R I I T I M E I  
I F I I A L T E R . G T . 5 )  GO TO 200 
UAPROX=UAPPi  I I 
VAPROX=VAPPl  I I 
GO TO 130 

UROOTI J l = U Z R O  
V R O O T I J ) = V Z R O  
U A P l J I = U A P H O X  
V A P I  J) =VAPROX 

8 5  K K K = N Q + l  

10 C A L L  Q U A D I N Q ~ U P , V Q ~ J ~ U R O O T ~ V R O O T I  

20 00 200 I = l . N A P P  

130 C A L L  N E U T O N I U A P R O X ~ V A P R f l X ~ N P P ~ U O Q , U L R O I V Z R O ~ C O N V ~  

160 J = J * l  

C A L L  H O R N E R I U Z R O ~ V Z R O ~ N P P ~ U Q P ~ V P P ~ U O D , V a O o U O U M M Y ~ V D U M M Y l  
00 1 8 0  I I = l u F t Q Q  
U Q Q ~ I 1 l = U Q D l I 1 + 1 )  

180 V P C i ~ 1 1 ) = V Q O l 1 1 * 1 l  
N CQ=NQQ- 1 
IF lNQQ.GE.3)  GO TO 200 
JAP=J 
GO TO 2 2 0  
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TABLE G.111 (Continued) 

0 0 4 5  
0046 
0 0 4 7  
0 0 4 8  
0 0 4 9  
0050 
0 0 5 1  
0 0 5 2  
0053 
0 0 5 4  
0 0 5 5  
0 0 5 6  
0057 
0 0 5 8  
0 0 5 9  
0060 
0061 
0 0 6 2  
0063 
0064 
0 0 6 5  
0066 
0067 
0068 
0069 
0 0 7 0  
0 0 7 1  
0 0 7 2  
0 0 7  3 
0 0 7 4  
0075 
0 0 7 6  
0 0 7 7  
0 0 7 8  
0079 
0080 
0 0 8 1  
0 0 8 2  
0 0 8 3  
0 0 8 4  
0 0 8 5  
0086 
0 0 8 7  
0 0 8 8  
0 0 8 9  
0090 
0091 
0 0 9 2  
0 0 9 3  
0094 
0095 
0096 
0097 
0 0 9 8  
0099 
0100 
0101 
0 1 0 2  

2 0 0  

2 0 5  

1 5 7  
2 10 

2 2 0  
230 

2 3 5  

2 4 0  

2 4 2  

241 

2 4 5  
2 5 0  

2 8 0  

300 

3 0 3  

305 

CON1 I N U E  
1FtJ.GE.NO) GO TO 2 0 5  
IFtXENO.EQ.OeOI GO TO 2 0 5  
IFtXSTART.GT.XEN0) GO TO 205 
NAPP=NP 

GO TO 120 
CALL GENAPPt UAPP ,VAPPsNAPPvXSTART) 

I F ( N P Q * L E e Z I  GO TO 210 
W R I T E (  1 0 2 a 1 2 0 0 )  
KKK=NQP+l 
NNN=KKK+ 1 
00 157  L = l r K K K  
J JJ=NNN-L 
W R I T E I 1 0 2 t 1 1 0 0 1  Q Q N A M E ~ E N T R Y 1 J J J ) o U P O ~ ~ J J ~ ~ V O Q ~ J J J I  
IF(J.EQ.OI GO TO 310 
J A P = J  
GO TO 2 3 0  

WRI T E I  102.1 1 3 2  1 

IF (JAP.LT .J l  GO T O  235 
GO TO 2 4 0  
K K K = J A P t  1 

J1=0 

CALL  Q U A O ~ N Q Q ~ U Q ~ ~ V Q ~ S J ~ U R O O T ~ V R O O ~ I  

WRITE( 1 0 2 1 1 1 3 3 )  t I ~ U R O O T ~ I ~ r V R O O T ~ I l r U A P l ~ ~ ~ V A P ( l ) s l r l r J A P ~  

WRITE( [ 0 2 0 1 1 3 4 )  ~ I ~ U R O O T ~ I ~ ~ W R 0 0 1 ~ I 1 r l = K K K , J )  

00 3 0 0  I s 1 . J  
C A L L  N E W T O N ~ U R O O T ~ I ~ S V R ~ ~ T ~ I ~ ~ N ~ ~ U O ~ V ~ ~ U Z R O I V ~ R O ~ C O N ~ ~  

WRITE I 102 t 1140 1 
I F I C O N V I  GO T O  2 8 0  

KKK=NQ+l  
N N N = K K K + l  
DO 2 4 2  L = l . K K K  
J J J=NNN-L 
H R I T E t  1 0 2 , 1 0 4 0 )  P N A H E , E N T R Y I J J J ) r U P l J J J ) , V Q ~ ~ J J )  
1 F l I . L T . J A P I  GO TO 2 4 1  
I F I I . E P . J A P 1  GO TO 250  
GO TO 300 
KKK= JA P- 1 
DO 2 4 5  I 1 x 1  r KKK 

I rUROOT( I b s VROOT t I I e MAXINQ 

U A P I  I 1  1=UAP( 11+18 
V A P t I l ) = V A P ( I 1 + 1 )  
JAPZJAP-1 
GO T O  300 
J l = J 1 + 1  
UROOTSI J l ) = U Z R O  
VROOTS I J1 l=VZRO 
CONTINUE 
J = J 1  
IF IJ .EQ.0 )  GO TO 305 
00 303 Iz1.J 
UROOTt I )=UROOTSt  II 
W R O O T ( I I = V R O O T S t I )  ~. 
GO TO 3 1 0  
W R I T E t  1 0 2 1 1 1 5 0 )  N P  
KKK=NQt 1 
NNN=KKK+ 1 
00 3 0 6  L= l .KKK 
J J J z N N N - L  
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01 03 
0104 
0105 

0106 
0109  

0108 

0109 

01 LO 

0111 
0112 
0113 

TABLE G.111 (Continued) 

306 I J R 1 T E ( I 0 2 r 1 0 4 0  I QNAHEsENTRYL J J J I e U Q (  J J J J r V Q l  JJJ) 
310 RETURN 
1200 FORHATI///1Xo70HCOEFFICIENTS OF THE D E F L A T E D  P O L Y N O M I A L  FOR WHICH 

1132 F O R M A T ( I / / l X ~ 1 3 H R O O T S  OF G ( X ) e 8 4 X , Z 1 H I N I T I A L  A P P R O X I M A T I O N / / I  
1133 F O R H A T ( 2 X , 5 H R O O T ( r 1 2 1 4 H I  5 r D 2 3 . 1 6 9 3 H  + p 0 2 3 . 1 6 r 2 H  fr17X1023rl6r3H 

1 1 3 4  F O R M A T ( ~ X I ~ H R O O T ( , I ~ ~ ~ H )  = o O 2 4 . 1 6 ~ 3 H  + r023e16~2H I s ~ Z X I ~ ~ H R E S U L T  

1140 F O R M A T I / / / , ~ X I ~ O H N O  ROOTS FOR I N I T I A L  A P P R O X l M A T l O N  R O O T ( p 1 2 e 4 H )  

1 N O  ZEROS WERE FOUND./ / )  

1 + 1023a16*2H I I  

IS OF S U B R O U T I N E  QUAD)  

1 , 0 2 3 . 1 6 r 3 W  t ,023e16r2H I / 6 H  AND ~ 1 3 ~ 4 0 H  I T E R A T I O N S  O N  T H E  P O L Y N  
Z O M I A L  OF OEGREE , I Z p 1 8 H  W I T H  C O E F F I C I E N T S / / )  

1150  F O R M A T ( / / / , l X s 4 5 H N 0  ROOTS FOR T H E  P O L Y N O M I A L  Q t X l  O F  OEGREE = sIZ, 
138H H I T H  GENERATED I N I T I A L  A P P R O X I M A T I O N S / / )  

1040 F O R M A 1 1 2 X ~ A 2 s A Z . 4 H )  = rU23o16o3H t 1D23.16,ZH I )  
1100 F O R M A T ( 2 X s A 3 i A Z e 4 H I  = r023.16.3H + ,023e16~2H I I  

E N 0  
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TABLE GeIII (Continued) 

000 1 

0002 
0003 

0004 

0005 
0006 
oco’p 
0008 
0009 
0010 
0011 
0 0 1 2  
0 0 1 3  
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0 0 2 1  
0 0 2 2  
0 0 2 3  
0024 
0025  
0026 
0 0 2 7  
0 0 2 8  
0 0 2 9  
0030 
0031 
0 0 3 2  
0033 
0 0 3 4  
0035  
0036 
0037 
0038 
0039 
0040 
0041 
0 0 4 2  
0 0 4 3  
0044 
0 0 4 5  
0046 
0041 
0 0 4 8  
0049 

SUBROUTINE G C D I N ~ U R ~ V R , M ~ U S I V S , M ~ ~ U S S , V S S , V S S I  
* * t * + + C S * C + + * * * 9 * f * 9 * * * 9 * * 0 9 * * 0 * * 9 * t P O * 0 * 9 ~ * * ~ * * + * * ~ ~ * * * f * * * * * * * * + * ~ ~ * f * * ~ ~ ~  
8 * 
* G I V E N  POLYNOMIALS P I X )  AND D P I X I  WHERE DEG. D P I X )  15 LESS THAN DEG. 8 
8 P t X I s  SUBROUTINE GCO COMPUTES THE GREATEST COMMON D I V t S O R  OF P I X 1  AND 8 
8 O P I X I .  8 * * 
* * * * * * * * C + + t + + * * * * + * * f * * * * * + * * f * * * 9 ~ * ~ * * * f * * * * ~ * * * * + * * + * + * * * + * * * * + * * * f * ~ ~ * * ~  

DOUBLE P R E C I S I O N  USSSSSIVSSSSS 
OOUULE P R E C I S I O N  U R , V R , U S . V S ~ U S S ~ V S S ~ U R R I V R R I U D I V O I U T S V T , E P S L O N ~ E P  

l S Z I E P S 3 *  888 
D I  MENS1 ON U R ( 2 6 )  ,VR 1 2 6 )  o U S 1 2 6  ) e V S I  2 6  I r U S S l 2 6  b vVSS(  26) r U R R I  2 6 1  sVRR(  

1 2 6 l i U T ( 2 6 I . V T l 2 6 )  
COMMON EPSLON, EPSZ,  EPS3v  IOZeMAX 
N l = N  
M l = H  
K K K = N + l  

U R R ( 1  I = U R I  1 )  
20 V R R I I ) = V R ( I )  

K K K = M + l  
DO 2 5  l = l e K K K  
U S S I  I ) = U S (  I 1  

25 V S S I  I ) = V S l  I I 
3 0  B R B = U S S l M l a l  I * U S S ( M l + l ) + V S S l M l + l  * V S S I M l t l )  

U O = ~ U R R l N 1 + 1 1 * U S S I ~ l + L ) * V R R ( N l a l  * V S S l M l + l ) ) / B B B  
V O = l U S S l M I + l I * V R R L N 1 + l ~ - U R R ( N I , 1  * V S S l M l + l l ~ / B B B  
K K K = N I + l - M l  
00 40 I - K K K s N l  
U T l I l = U R R ~ I J - l U O * U S S l l - N l + M l l - V D * V S S l ~ - N l ~ M l l ~  

40 V T ~ I l = V R R l I l - I U D * V S S I I - N l 4 M l ~ + V D * U S S ( I - N l + M l l l  
I F ( M 1 . E P . N l )  GO TO 7 0  
#KK-;Nl -M1 
DO 60 I = l r K K K  
U T I I I = U R R I I )  

60 V T ( I I = V R R I I I  

DO 20 I = l , K K K  

70 DO 90 I = l * N 1  
8 8 B = O S O R T l U T I N l * 1 - I  ) * U T I N l * l - I  ) + V T l N l + 1 - I  l + V T ( N 1 t l - I  1 )  
1F IBBB.GT.EPSLONI  GO TO 100 

00 95 I = l s M l  
90 CONTINUE 

BRB=USSlMl4lI*USS~Ml4lI4VSSlMl+~l*VSS~M1+ll 
U S S S S S = ( U S S I  I~fUSSlMl+1l+VSSlIl*VSSlMl+l~~/BBB 
VSSSSS=lVSSlO*USSlMl+1l-USS~I~*VSSlMl+l~)/BBBB 
U S S I  I I =usssss 

9 5  VSSl  I ) = v s s s S s  
U S S I M 1 + 1 ) = 1 . 0  
V S S I  M l * l  )=O.O 
GO TO 200 

IF(K.EO.0 
IF1 K.LT,M 
K K # = K + 1  
00 1 3 0  J= 
URR ( J )  =UT 

1 3 0  VRR I J )  =VT 
N1=K 

100 K = N l - I  

GO TO 30 

GO TO. 170 
I GO TO 140 

t KKK 
J )  
J )  
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0050  
0 0 5 1  
0052  
0 0 5 3  
0 0 5 4  
0 0 5 5  
0 0 5 6  
0057 
0 0 5 8  
0 0 5 9  
0060 
0061 
0062 
0 0 6 3  
0 0 6 4  
0 0 6 5  
0066  
0067 
0068 

TABLE G 111 (Continued) 

140 KKK=K+l 
00 150 J=loKKK 
URRI Jl=USSl J I 
V R R I J I = V S S I J )  
USSlJ i=UTlJ )  

150 W S S l J i = V T ( J l  
KKK=K*Z 
NNN=Hl+ 1 

URR I J i  =USS I J 1 
160 V R R t J )  = V S S I  J I  

Nl=H1 
H1-K 
GO TO 30 

170 USSI1i=1.0 
vss t 11 =o. 0 
N1=0 

END 

00 160 J=KKK,NNN 

200 RETURN 
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0001 

0002 

0 0 0 3  
0004 
0005 
0006 
OOO? 
0008 
0009 
0010 
001 I 
0012 
0013 
0014 
0015 
OOL6 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
0026 
0027 
0028 
0029 
0030 
0 0 3 1  
0032 
0033 

TABLE G. III (Continued) 

SUBROUTINE N E W T O N I U X , V X I N ~ U P I V P ~ U X O ~ V X O ~ C O N V )  
4 4 * * ~ * * * 9 9 * * 0 * 8 * * * ~ * * * * * * * * + $ * t + * + * * * * ~ * * * * * * ~ * ~ 4 4 * * * ~ + * 4 4 ~ t r 4 ~ * ~ ~ ~ * ~ ~ *  

* T H I S  SUBROUTINE CALCULATES A NEW APPROXIMATION FROM THE OLD APPROX- 8 * I H A T I O N  BY USING THE I T E R A T I O N  FORMULA 8 
8 X I N t 1 )  = X l N I - P l X l N ) ) / P ' l X ( N I ) .  4 
tr * 
+ 4 , 9 9 * 9 t + t r 9 Q * 9 * + * 4 * + * U * 9 * * 8 C * * t + + e 8 4 6 L * * ~ * 4 + ~ ~ ~ + ~ ~ * * ~ 8 ~ ~ * ~ k 4 * ~ ~ * * ~ ~ 8 ~ ~ ~ ~ ~ *  

4; 

DOUBLE P R E C I S I O N  U X . V X ~ U P ~ V P ~ U X O ~ V X O ~ U B ~ V B ~ U O P X O , U P X O ~ V P X ~ , U  
~ O I F F I V D I F F ~ E P S ~ ~ E P S L O N ~ E P S ~ I A A A ~ ~ ~ ~ ~  

DOUBLE PREC I SI ON 000 
DOUBLE P R E C I S I O N  ABPXO 
D I M E N S I O N  U P l 2 6 1 ~ V P ( 2 6 ~ ~ U 8 l 2 6 ) , W B l 2 6 ~  
COMMON 
LOGICAL CONV 
uxo=ux 
vxo=vx 
00 LO I = l , H A X  
C A L L  H O R N E R l U X O ~ V X O ~ N ~ U P ~ W P ~ U 8 ~ V B ~ U O P X O ~ V @ P X O ~  

V P X O = V R l l )  
DDO=DSQRTlUDPXO*UOPXOtVDPXO*VDPXO~ 
IF(ODO.NE.O.0) GO TO 5 
A B P X O = O S Q R T l U P X O * U P X O t V P ~ O * V P X O ~  
IF(ABPXO.EQ.O.0) GO TO 20 

E PS 1 I EPSL ON a EPS3 P 102  8 MAX 

upxo=ua( L I 

5 

10 
15 

20 

GO T O  15 
BBB=UDPXO*UDPXOtVDPXO*VDPXO 
UDIFF=(UPXO*UDPXO+VPXO*VDPXOI /BBB 
VOIFF= lVPXO*UOPXO-UPXO*VDPXO) /BBB 
UXO=UXO-UOIFF 
VXO= VXO-VOI F F  
AAA=OSQRT lUDIFF9UDIFFtVOIFF+VDIFF~ 
B R B = D S Q R T ( U X O * U X O t V X O * V X O l  
IFI t iBB.EQ.0.0I  GO TO 10 
IFIAAA/BRB.LT.EPSLON) GO TO 20 
CONTINUE 
CONV=.FALSE. 
RETURN 
CONV=.TRUE. 
RETURN 
E NO 
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0001 

0002 
0003 
0004 
0005 
0006 
0007 
000 8 
Q009 
0010 
001 1 
0012 
0013 
0014 
0015 
00 16 
001 7 
0018 
0019 
0020 
002 1 
0022 
0023 
0024 
0025 
0026 
0027 
002 8 

K K = K t 1  
NNN=M-J 
00 40 M 1  
I F (  KK. GT 
GO YO 45 

10 IF(M1.GE 
GD TO 40 

TABLE G.111 (Continued) 

N - J )  
N-J) 

SUBROUTINE DIVIDE(N,UPIVPY M,UOSVDIK~UQ~VQI  
c **+******88+***+****t*9++**0t*****+*OL*+~********************~****~~*****~~~ 
c *  * 
C * G I V E N  TWO P O L Y N O M I A L S  F ( X )  AND G ( X ) r  SUBROUTINE D I V I D E  COMPUTES THE * 
C * QUOTIENT POLYNOMIAL  H t X )  = F ( X ) / G t X I .  8 
c *  * 
c 8 8 + * * * * * * * * * * 4 + * * * * * * * * * 8 * * * * * * * * * * * * * * * * * * * ~ * ~ * * * * * * * ~ ~ * ~ * * * * ~ ~ * * ~ * * * ~ ~ * * ~ *  

DOUBLE P R E C I S I O N  U P I V P ~ U D , V O I U Q ~ V P ~ U T E R M ~ V T E R M ~ U D U M M Y  
D I M E N S I O N  U P ~ 2 6 1 1 V P l 2 6 I ~ 4 D ~ 2 6 ~ r V D ~ 2 6 l ~ U Q l 2 6 I ~ V ~ ~ 2 6 ~  
K = N-M 
UDUMMY =UO 1 H + l )  *UD ( M+ 1 I +VD( t i+  1 1 *VD( M+ 1 I 
U Q t K * 1 l = ( U P ~ N t 1 I ~ U O I M t l I + V P ~ N t l ~ * V D ~ M t l ~ I / U D U M M Y  
V Q ( K + l  I = l V P l  N t l  l * U D (  M t l I - U P I  N t l  l * V D (  M+1) l /UDUMMY 
IFtK.EQ.01 GO TO 100 
J=- 1 

J = J + 1  
UTE RM=UP 
VTERM-VP 

DO 50 I = l , K  

NNNsM 
1 1  GO TO 10 

1 1  GO TO 20 

20 UTERM=UTEHM- lUQlKK)*UD(HL I - V Q I K K ) * V D l M l  B ) 
V T E R M = V T E H M - ( U Q ( K K I * V D O , V Q ( K K I * U O ~ ~ l I )  

40 KKZKK-1  
45 UOUMMY=UD~M+l~*UD(~tlI+VD(M+lI*VO(MtlI 

U Q ~ K ~ l - I I ~ l U T E R M * U O t M + l I ~ V T E R M * V O t M + l ~ l / U D U M M Y  
V Q I K t 1 - I  I = (  VTERM*UO( Mt1 ) -UTERY*VD(M+ l  b l /UDUHMY 

E N 0  

5 0  
100 RETURN 



TABLE G 111 (Continued) 

0001 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
00 14 
0015 
0016 
00 17 
0018 
0019 
0020 

SUBROUTINE HORNER(UXsVXvN*UPsWP~UBvVBsUC*VC)  
c **********8*0+**1**+***~******8~8**********************t8**t8*~**tt****8~~*~ 
c *  * 
C * HORNERaS METHOD COMPUTES THE VALUE OF THE POLYNOMIAL  P l X l  AT A t 
C * P O I N T  0 A N 0  I T S  D E R I V A T I V E  A T  D e  S Y N T H E T I C  O t W I S I O N  IS USED TO 8 
C * D E F L A T E  THE POLYNOMIAL  B Y  O I V I O I N C  OUT T H E  FACTOR ( X  - D ) .  * 
C *  * 
c **************99*09*t****~*****+t***********~8**********8*****8*~**~~~~* 

DOUBLE P R E C I S I O N  U X , V X * U P , V P , U B ~ V B s U C I V t  

01 HENS I O N  U P ( 2 6 )  .VP (261 , U B I  2 6 l r V B t  2 6 1  
o o u m  PRECISION UOUNMY~VOUHHY 

U B ( N + l ) = U P ( N + l I  
WB( N * l  l = V P (  N e 1  I 
U B ( N ) = ( U X * U B ( N + l ) - V X * V B ~ N ~ l ~ ) + U P ( N )  
V B ( N ) = ( U X * V B ( N + l I + V X * U B o 1 + V P L N I  
u c = u B t  N t 1  b 
VC= WB t N+ 1 i 
KKK=N- 1 
00 10 I = l r K K K  
UB( KKK+ 1 - I  I = (UX*UB 4 KKK+Z- I )-WX *VB(  KKK+Z- I ) 1 +UP t KKK+ 1-1 b 
V B ~ K K K + 1 - 1 ~ = I U X * V B l K K K + 2 - I ~ + V X ~ U B ~ K K K + 2 - l ~ J 4 V P ~ K K K ~ l - ~ ~  
UDUHMY=UX*UC-VXIVC 
VDUHHY=UX*VCtVX*UC 
UC=UOUMMY +UB (KKK+Z- I ) 

10 VC=VOUMI4Y+VB(KKK+Z-I  1 
RETURN 
E N 0  
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0001 

0 0 0 2  

0003 
0004 
0005 
O C 0 6  
0007 
O D 0 8  
0009 
0010 
0011 
0012 
0013 
0014 
0 0 1 5  
0016 
0017 
0018 
0019 
002F 
0021 
0 0 2 2  
0023 
00 24 
002 5 
0026 
0027  
0028 
0029 
0030 

003 1 
0032 

TABLE G,III (Continued) 

S U B R O U T I N E  QUAO ( N v U A s V A .  Jo UROOT. V R O O T )  
C 9 * 8 9 9 * 4 + 9 * 0 * 9 * * 9 * 9 * + * 9 * 9 4 * * ~ * 9 * * * * 9 9 * * * ~ * * * * ~ * * ~ ~ * * * ~ ~ ~ * ~ * * * * ~ k ~ ~ * * ~ 8 * ~ * ~ * * 4  
c *  8 
C * S U B R O U T I N E  QUAO S O L V E S  D I R E C T L Y  FOR T H E  Z E R O S  AND T H E I R  M U L T I P L I C X T I E S  * 
C * O F  E I T H E R  A Q U A D R A T I C  P O L Y N O M I A L  OR A L I N E A R  FACTOR. S O L U T I O N  OF THE * 
C * Q U A D R A T I C  IS DONE U S I N G  THE Q U A D R A T I C  FORMULA. 4 
c *  * 
c 8 * 8 * * + * 4 9 * * + 4 * 9 * + * 8 * C * * , 9 * * * * + * * + * 0 * * * * t * * * * * * * * ~ * 9 * ~ * * * * * * * * * ~ 9 * * ~ ~ * * ~ 8 ~ * ~ 4  

D O U B L E  P R E C I S  I ON EPS 1 9 E P S Z  I E P S L  ON, UROOT, VROOTe U A r  VAIUOISC 9 V O I  SC p UD 
1 ~VD.DDD.UTEMP.VTEMPI 888 

10 

20 

1000 

D I M E N S I O N  U R O O T ~ 2 5 l ~ V R O O T ~ 2 5 1 r U A l 2 6 l ~ V A ~ 2 6 l  
COMMON E P S l e E P S 2 , E P S L O N p  I O 2 p M A X  
I F ( N . G T . 1 1  GO TO 10 
J=J+l  
B R B = U A l 2 l * U A ( 2 l + V A ( 2  ) * V A ( 2  t 
U R O O T ~ J l ~ - t U A l 1 ~ ~ U A ~ 2 l + V A l l l * V A t 2 l ~ / B B 8  
VRGOT ( J I =- t V A I  1 1 *U A ( 2 I - U  A 1 1 1 *V A t  2 1 1 / E B B  
GO TO 100 
U D I S C ~ ~ U A ~ 2 ~ ~ U A ~ 2 1 ~ V A o * Y A ( 2 ) ~ ~ l 4 ~ O * t U A t 3 l * U A l l l ~ V A t 3 l * V A t l l l ~  
V O I S C = l 2 . O ~ U A t 2 l * V A ~ 2 l l - ~ 4 . O + t U A l 3 l * V A ~ l l + V A l 3 l ~ U A t l ~ ~ l  
U D = 2 . O * U A ( 3 1  
VD=Z.O*VA( 31 
DOO=~SORT~UOISC*UDISC+VDISC~VOISCI 
I F ( O O O . L T . E P S L O N )  GO TO 2 0  
C A L L  COMSQT(UOISC~VOISCrUTEMP~VTEMP1 
B B B = U D * U D + V D * V D  
U R O O T t J + l l ~ ~ ~ - U A l 2 l + U T E M P l ~ U D + ~ - V A ~ 2 l + V T E M P l * V D l / 8 B B  
V R O O T l J + 1 1 ~ ~ t - V A t Z ~ ~ V T E M P l * U D - ~ - U A t 2 ~ ~ U T E M P l ~ V D l / 8 B B  
U R O O T t J + 2 ~ ~ ~ ~ - U A ~ 2 ~ - U T E M P l ~ U D + ~ - V A ~ 2 ~ - V T E M P l ~ V D l / 8 8 B  
V R O O T l J + 2 ~ ~ l ~ - V A ~ 2 l - V T E M ~ ~ ~ U D - l - U A l 2 l - U T E M P l * V O l / ~ B B  
J=J+2 
GO TO 100 
J=J+l 
BBB=UO*UD+VO*VO 
U R O O T ~ J l = ~ - U A l 2 1 * U O - V A o * V D l / B 8 8  
V R 0 0 T ~ J I = l - V A ~ 2 ~ ~ U O + U A ~ Z ~ ~ V O l / 8 8 B  
H R I T E ~ 1 0 2 , l O O O I  U R O O T t J l v V R O O T ( J 1  
F O R M A T ~ / / / l K ~ l l H Q U A O  F O U N D  eD23.16.3H + e D 2 3 . 1 6 ~ 2 H  I.22H TO B E  A W 

1 U L T I P L E  ROOT//) 
100 R E T U R N  

E N 0  
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TABLE G o  1x1 (Continued) 

000 1 
C 
C 
C 
C 
C 
C 

0 0 0 2  
0 0 0 3  
0 0 0 4  
0005 
0006 
0007 
0008 
0009 
0010 

SUBROUT I N €  DER I V (  N p U P i V P i  MoUA,VAl  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  * * 
* G I V E N  A POLYNOMIAL  P l X l e  SUBROUTINE D E R I V  COMPUTES THE C O E F F I C I E N T S  OF * * I T S  D E R I V A T I V E  P ’ I X ) .  * * * 
***+**+**********************4*******************************************~** 

DOUBLE P R E C I S I O N  U P i V P s U A s V A , A A A  
O I H E N S I O N  U P ( 2 6 l , V P ( 2 6 l r U A ( 2 6 ) s V A ( 2 6 )  
K K K = N t l  
DO 10 I =2 ,KKK 
AAA= I -  1 
U A t  1-1 ) = A A A + U P l  I I 

10 VA( t - l I = A A A * V P I  1 I 
M = N - l  
RETURN 

0011 E N 0  

0001 

0 0 0 2  
0 0 0 3  
0004  
0005 
0006 
0007 
0008 
0009  
0010 
001 1 
0 0 1 2  
0013 
00 14 
0015 
0016 
0017 
0018 
0019 
0 0 2 0  
0021 
0 0 2 2  
0 0 2 3  
0 0 2 4  
0 0 2 5  

SUBROUTINE COMSOT(UX,VXiUY,VYl  
c * * * * + * * f * * t C * * * * 4 * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

c *  9 
C * T H I S  SUBROUTINE COMPUTES THE SOUARE ROOT OF A COMPLEX NUMBER. * 
c *  * 
c *~******4****9~4***********************************~*********************t** 

DOUBLE P R E C I  SI ON U X i  VX pUY 9 VY ,DUMMV rR rAAA,  B 8 8  
R = D S Q R T I U X + U X + V X * V X l  
AAA=OSBRTlDABS ( I R + U X I / Z . O l  I 
B B B = D S P R T I D A D S ~ l R - U X ~ / 2 . 0 ) )  
I F I V X I  1 0 ~ 2 0 i 3 0  

VY=-l.O*BBB 
GO 1 0  100 

2 0  I F ( U X )  4 0 ~ 5 0 . 6 0  

1 0  UY=AAA 

30 UY=AAA 
VY=EUB 
GO TO 1 0 0  

UY=O .o 
VY=DSCIRT I DUMMY I 
GO TO 100 

5 0  UY-0.0 
vy=o.o 
GO TO 100 

UY=DSORT(OUHMY) 
vy=o .o  

100 RETURN 
END 

4 0  OUMMY=DABS( UX) 

6 0  DUMMY=DABS(UX) 



APPENDIX H 

REPEATED G.C.D. - MJLLER'S METHOD 

1. Use of the Program 

A double p rec i s ion  FORTRAN I V  program us ing  t h e  repea ted  G.C,D. 

method wi th  Mul le r ' s  method as a suppor t ing  method is presented  he re .  

Flow c h a r t s  f o r  t h i s  program are given i n  F igure  H . 1  whi le  Table H . 1 1 1  

g ives  a FORTRAN LV l i s t i n g  of t h i s  program. 

This  program is designed t o  s o l v e  polynomials having degree less 

than o r  equa l  t o  25. I n  order  t o  so lve  polynomials of degree N where 

N 25, t h e  d a t a  s ta tement  and a r r a y  dimensions given i n  Table H . 1  

must be changed. 

I n  t h i s  program both t h e  lead ing  c o e f f i c i e n t  and the cons tan t  

c o e f f i c i e n t  are assumed t o  be non-zero. 
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TABLE H.  I 

P R O G W  CHANGES NECESSARY TO SOLVE POLYNOMIALS OF DEGREE 
GREATER THAN 25 BY THE REPEATED G.C.D. - MULLER'S MEl'HOD 

M a i n  P r o g r a m  

D a t a  E n t r y / l H l , l H 2 , .  , . , l H 9 , 2 H 1 0 , 2 H l l ,  . . , 2 H X X / w h e r e  XX = N+1 
U A P P ( N , 3 ) ,  V A P P ( N , 3 )  
U l U P P ( N , 3 ) ,  URAPP(N,3 )  
U P  (N+1) , V P  (N4-1) 
MULT (N) 
UDDO (N+l )  , VDDO ( N f l )  
U D 1  (N+l )  , V D 1  (N+1) 
U D D l  (N+l)  , V D D l  (N+l)  
UD2 (N+l)  , VD2 (N+1) 
UG(N+l)  , VG(N-l-1) 
U D 3  (2N+1)  , VD3 (2N+1) 
UD4 (2N+1)  , VD4 ( 2 N + l )  
UAP ( N + l )  , VAP (N+l )  
UZROS (N) , VZROS (N) 
UROOT (N) , VROOT (N) 
UDO (N+l )  , VDO (N+l )  
ENTRY (N+1) 

Subrout ines  PROD, QUAD 

See corresponding subrout ine  i n  Table G . I .  

Subrout ines  D E R I V ,  GCD, and D I V I D E  

See corresponding subrout ine i n  Table E . 1 ,  

Subrout ines  MULLER, GENAPP, BETTER and HORNER 

S e e  corresponding subrout ine  i n  Table F . I .  

2 ,  I npu t  D a t a  f o r  R e p e a t e d  G.C.D. - M u l l e r ' s  M e t h o d  

The input  data t o  the repeated G.C.D. - M u l l e r ' s  m e t h o d  i s  the 

s a m e  as f o r  the repeated G.C.D.  - N e w t o n ' s  m e t h o d  as described in 

A p p e n d i x  G, 5 2 ,  
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3 .  Variables  Used i n  Repeated G.C.D. - Muller's Method 

The v a r i a b l e s  used i n  t h i s  program are re fe renced  i n  Table  H.11 .  

The n o t a t i o n  and symbols used i n  t h e  re ferenced  tables are descr ibed  

i n  Appendix E, 9 3 .  

TABLE H . 1 1  

VARIABLES USED I N  REPEATED G.C.D. - MULLER'S METHOD 

Main Program and Subrout ine PROD 

See Table G . 1 1 .  

Subrout ines  QUAD, DERIV,  GCD, DIVZDE,  and COMSQT 

See corresponding subrout ine  i n  Table E . V I .  

Subrout ines  CALC, MULLER, GENAPP, ALTER, BETTER, 
TEST, and HORNER 

See corresponding subrou t ine  i n  Table F.11. 

4.  Descr ip t ion  of Program Output 

The output  f o r  t h i s  program is t h e  same as t h a t  €or  repea ted  

G.C.D. - Newton's method as descr ibed  i n  Appendix G,  5 4 .  Only one 

i n i t  i a1 approxima t i o n ,  Xo, (not  t h r e e )  is  p r in t ed ,  

r equ i r ed  by Mul le r ' s  method are .9Xo and l . l X o .  

BY DIRECT METHOD" means t h a t  t h e  corresponding r o o t  w a s  ob ta ined  by 

Subrout ine QUAD. 

The o the r  two 

The message "SOLVED 



289 

5. Informative Messages and Error Messages 

Descriptions of the informative messages and error messages printed 

by this program can be found eiSher in Appendix E, 5 5, Appendix F ,  § 5, 

or Appendix G, § 5. 
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MA,IN PROGRAM 

STfl RT 0 

6 
Figure H, 9 Plow Charts for Repeated G o  C ,D -Muller's Method 
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F P  K C  J(J1) t K  

Figure H, 1 (ConGinued) 
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MULLER 

Figure  H , 1 ,  (Continued) 
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' J  
ReOT. N @br, 

RETURN 



PROD 
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QUAD 

MN C- N+H r”l 

Figure H. 1 (Continued) 



2 95 

DIVIDE 

. .. 

DERIV 

FLgure H, 1 (Continued) 
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GCD 

Figure HI) 1 (Continued) 



CA LC 
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TEST 

Figure  H.1.  (Continued) 



GENAPP 
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ALTER 

Figure 3.1 (Continued) 
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BETTER HORNER 

MUIT, 

R.€TURW 

CRLL WORNtR 

R,E, PXI,NP, 
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COMSQT 

RE TURN 

Figue He 1 (Continued) 
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TABLE H,III 

C 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 

0001 

0002 
0003 
0004 
0005 
DO06 
0007 

0008 
0009 
0010 
0011 

0012 
0013 
00 14 
00 1s 

0016 
0017 
0018 
0019 
0020 
0021 
OD22 
0 0 2 3  
0024 
0025 
0 0 2 6  
0 0 2 7  
0028 
0029 
0 0 3 0  
003 1 
0 0 3 2  
0033 
0 0 3 4  
0 0 3 5  
0036 
0037 
0038 
0 0 3 9  
0040 

PROGRAM FOR REPEATED G,C.D,-MULLER’S METHOD 

*******************+*************************~~**********************4**~4*~ * * * DOUBLE P R E C I S I O N  PROGRAM FOR THE REPEATED G.c.01 - MULLER’S METHOD * * k * * * T H I S  METHOO REPEATEDLY F I N D S  THE GREATEST COMMON D I V I S O R  OF TWO 8: 
8 POLYNOMIALS I N  ORDER TO EXTRACT THE ZEROS I N  GROUPS ACCORDING TO Q 
4 M U L T I P L l C l T Y  USING NEWTON’S METHOD. A L L  ZEROS OF M U L T I P L I C I T Y  b rg 

* 4 
* * * * * * * * * * * * * * * * * + * * * * * * * * * + * , * * * * * * * * * * * * * * * * * * * * * * * * * * ~ * ~ * * ~ * * ~ * * * ~ * 4 * * ~ Q ~ *  

* ARE EXTRACTED FOLLOWED BY THOSE OF MULTIPLICITV zI ETC. * 

DOUBLE P R E C I S I O N  E P S 1 ~ E P S 2 r E P S 3 ~ U P a V P ~ U A P P ~ V A P P s U O O ~ V O O ~ U D O Q ~ V O O O ~  
~ U O ~ I V O ~ ~ U D ~ ~ V O ~ ~ U D D ~ ~ V D O I ~ U C , V G ~ U D ~ ~ V ~ ~ ~ U D ~ ~ V O ~ ~ U Z R ~ S ~ V Z R O S ~ U A P ~ V A  
2 P ~ U R O O T ~ V R O O T ~ O E N O M  

DOUBLE P R E C I S I O N  XSTART 
DOUBLE P R E C I S I O N  XEND 
DOUBLE P R E C I S I O N  URAPPtVRAPP 
DOUBLE P R E C I S I O N  EPS4 
O l H E N S l O N  U A P P ( ~ ~ , ~ ) ~ V A P P I ~ ~ ~ ~ ) ~ U R A P P I ~ ~ S ~ ~ ~ V R A P P I ~ ~ ~ ~ ~  
DIMENSION U P l 2 6 J ~ V P ~ 2 6 l ~ M U L T l 2 5 ~ r U D D 0 o r V O D O 1 Z 6 ~ ~ U D ~ l Z 6 ~ ~ V O l ~ Z 6 ~  

l ~ U D 0 1 1 2 6 ~ r V O O 1 1 2 6 ~ ~ U O 2 1 2 6 ~ 1 V D 2 l 2 6 ~ ~ U G l Z 6 ~ ~ V G I 2 6 l ~ U O 3 I 5 l ~ ~ V O 3 l 5 l ~ ~ U  
2 O 4 l 5 1 1 ~ V O 4 ~ 5 1 ~ ~ U A P l 2 6 ~ ~ V A P 1 2 6 ) r U Z R O S ~ 2 5 ~ s V Z R O S l Z 5 ~ ~ U R O O T ~ Z 5 ~ ~ V f l O D ~  
3( 25) 9 AMAHE L 2 1 s  UDOd 26 I Y VDOt 2 6  b I ENTRY 1 26 

COMMON E PS 1 s  EPSZ I EPS3 t EPS4 9 IO2 9 MAX 
DATA PNAME,GNAHE/2MP(,ZMG(/I DLNAME/3HDi6/ 
0 AT A AS 1 E R/  4H** * */ 
DATA ENTRY/1H1~1HZ~1M3~1Wt~l~5rlH6r1H7rlH8~1H9a2H10~2H11~ZH1Z~2HL3 

~ ~ 2 H l 4 ~ 2 H 1 5 ~ 2 H 1 6 ~ 2 M 1 7 ~ 2 H l 8 ~ ~ H ~ 9 w Z ~ 2 O ~ 2 H Z ~ ~ 2 ~ 2 2 ~ Z H 2 3 ~ 2 ~ 2 4 ~ Z H 2 5 s 2 ~ Z 6 /  
DATA ANAHEIl)~ANAHE(2)/4HMULL,4HERS / 
1 0 1 = 5  
10216 

1 REA01 I O 1  w lOOOI NOPOLV wNP ,NAPP*HAXe E P S I I I E P S ~ ~  EPS3r  XSTARTsXENOsKCHEC 
1K 

I F I  KCHECK.EQ.1 ) STOP 
W R I T E 1 1 0 2 ~ 1 0 2 0 ~  ANAME 
W R I T E l 1 0 2 , 2 0 0 0 )  NAPP 
WRITE1 10292010) MAX 
WRITE( I0292070l E P S l  
WRITE1 I02r2020)  EPS2 
W R I T E 1  102~20801 EPS3 
WRITE1 I02~2Q40J KSTAR 
WRITE( 102~2050) XEND 
WRITE1 102 ~ 2 0 6 0  B 
KKK=NP+ 1 
NNN=KKK+l 

J JJ=NNN- I  
00 5 1x1  sKKK 

1) e ANAMEI 2 1 eNOPOLY 

5 R E A D ( i 0 1 , l O l O )  U P ( J J J ) , V P ( J J J b  
IFINAPP.NE.0) GO T O  22 
NAPP=NP 

GO TO 2 3  
CALL GENAPP I UAPP rVAPPvNAPP9 XSTARTB 

22 R E A O l I O l ~ 1 0 1 5 1  ( U A P P l I ~ 2 ) , V A P P ( K e Z ) e l l B t N B P P l  
23 WRITE1 10211030l NP 

KKK=NPt 1 
NNN=KKK+ 1 
DO 8 I Z l r K K K  
J J J= NNN- I 
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004 I 
0042 
0043 
0044 
0045 
0046 
0047 
0 0 4 8  
0049 
0050 
0051 
0052  
0 0 5 3  
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0062  
0063 
0064 
0065 
0066 
0067 
0068 
0069 
0070 
0071 
0072 
0073 
0074 
0075 
0076 
0077 
0078 
0079 
0080 
0081 
0082 
0083 
0084 
0085 
0086 
0087 

0088 
0089 
0090 
0091 
0092 
0093 
0094 
0095 
0096 
0097 

TABLE H.III (Cantinued) 

8 WRITEII02,1040) P N A ~ E D E N T R Y ( J J J I ~ M P ~ J J J ~ ~ V P ~ ~ ~ J ~  
K=O 
KO=O 
J l - l  
KKK=NP+ I 
00 10 I Z l r K K K  
U O O t 1 ) = U P i I )  

10 VDOI I I=VP(  I I 
NOO=NP 
CALL D E R I V I N O O e U O O s V D O ~ N D O O ~ U O O O ~ V O O O ~  
CALL G C D l N D O e U O O ~ V D O s N D O O o U D D O O ~ V O D O ~ N O ~ ~ U D ~ ~ V O l ~  

20 W R I  T E I  102.3000 B I 1\51 ERsiZl r33 6 
IFINOl.LE.1) GO TO 30 
GO TO 40 

30 uDz(L l=1 .0  
VO2l1)=0.0 
N02=0 
GO TO 50 

40 CALL O E R I V l N O 1 ~ U D ~ ~ V D l ~ N O O l ~ U O O l r V O D 1 )  
CALL GCO L NO 1 s UOI  e V 01 t NO01 e U001 e VOD 1 t NO2 s UO 2 I) WO2) 

50 XFlNOO+NO2.LE.2*NOl~ GO TO 60 
GO TO 70 

GO TO 170 

GO TO 90 

60 WRITE( IO29t0251 J l  

70 IFlNOl.EQ.01 GO TO 80 

80 KKK=NDO+l 
DO 85  I= l ,KKK 
U G ~ I I = U O O ( I l  

85 V G l  I I = V O O l  I b 
NG=NOO 
GO TO 110 

90 IFlNO2.EP.Ol GO TO 115 
CALL P R O O l N O O ~ U O O ~ V O O ~ N O 2 ~ U O 2 ~ V O 2 ~ N D 3 r U D 3 , V D 3 ~  

100 CALL P R O O I N O l ~ U O l ~ V O l ~ N O 1 ~ U D l ~ ~ D l ~ N O 4 ~ ~ O 4 ~ V ~ 4 ~  
CALL 

110 WRlTEl102,1035) J1 
0 I V I OE t ND 3 * UD3 s V 0 3  e N 04 P U04 9 V04 9 NO 8 UG 8 VG b 

KKK=NG+l 
NNN=KKK+l 
00 112 I = l t K K K  
JJJ=NNN-I 

KKK=NG+l 
DO 113 I = l r K K K  
U A P l I ) = U G ~ K K K + l - I )  

113 V A P l I I = V G l K K K + l - K ~  
CALL H U L L E R I N G , U A P I V A P ~ N A P P , U A P P ~ V A P P ~ ~ A P P ~ J S U Z R O S ~ V Z R O S ~ J A P ~ X S ~ A ~ ~ ~ X E N  

112  W R 1 T E ( I 0 2 ~ 1 0 4 0 1  GNAHE,ENTRY(JJJl,UGIJJJ)rVG(JJJ) 

1DtNOPOLY 9URAPPvVRAPP b 
IF(J.EQ.0) GO TO 150 

1FIJAP.EP.O) GO TO 120 
GO TO 130 

1115 KKK=NDOol 
DO 116 I= l ,KKK 
U D 3 ( I ) = U D O ( I )  

116 V D 3 ( 1 l = V D O I O  
N03=NDO 
GO TO 100 

WRITE1 1 0 2 t 1 1 8 0 1  
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TABLE H. I11 (Continued) 

0098 
0099 
0 100 
0101 
0102 
0103 
0 104 
O b 0 5  
0 106 
0107 
0108  
0 109 
01 10 
0111 
01 12 
0113 
0114 
0115 
0116 
0117 
0118 
01 19 
0120 
0 1 2 1  
0 1 2 2  
0123 
0124 
0 1 2 5  
0126 
0127  
0128  
0129 
0130 
0131 
0132 
0133 
01 34 
0135  
0136 
0137 
0138 
0139 
01 40 
0141 
0142  
0143  
0144  
0145 
0146 
0 1 4 7  

0148 
0149 

0150 

0151 

120 K K K = J A P t l  

GO TO 140 
W R I T E ( I O Z I P O ~ ~ )  I l r U L R O S ( I ) p W Z R O S ( I ) ~ ~ ~ ~ ~ ~ K ~ K * ~ ~  

130 00 135 I = l s J A P  
135 W R I T E l I O Z s l l 9 0 1  I s U L R O S ~ I I ~ W Z R O S ( I ~ r J l r U R A P P 0 1 V R A P P ~ ~ ~ 2 ~  

140 I F ( J * E Q e N G )  GO T O  155 
150 W R I T E 1  602~10951 

155 00 160 I = l t J  

I F 1 J A P . L T . J )  GO T O  120 

I F l J e E P e O )  GO T O  170 

U R O O T ( K O + I ) = U Z R O S 1 1 )  
V R O O T 1 K O + I ) = V Z R O S L I )  

160 M U L T l K O + I  l=J1 
K = I J * J l ) + K  
K O=KO+ J 
I f1K.GE.NP) GO TO 1 

170 J P = J I + l  
I F ( N O l . L E . 1 )  GO TO 200 
00 180 I = l s N O I  
U D O ( I J = U D 1 ( 1 )  
VOO 1 ! l = V 0 1 [  I b 
U D D O 1 0 = U D O 1 ( 1 )  

180 VOOO( I ) = V O D 1 1  I )  
U O O ( N O 1 t l  I = U O l ( N O l  t1 I 
W O O ( N D l + l ) = V O 1 ~ N O l t l I  
NOO=NOl 
NOOO=NOO1 
K K K = N D 2 + 1  

U O l 1  I ) = U D 2 (  I ) 
190 VD1(  I J = V 0 2 ( I  1 

NO 1-NO2 
GO TO 2 5  

K O = K O + l  
OENOM=lJO 1 12) * U O 1 (  2 l + V O l 1 2 l * V D 1 l 2 ~  
U R O O T ~ K D J = ~ - U O 1 ~ 1 l * U O l ~ 2 ~ - V D l ~ l ~ * V O ~ ~ 2 ~ ~ / O E N O ~  
V R O O T ~ K O l ~ ~ - V O l ~ l l ~ U O l ~ 2 ) + U D L o ) / O E ~ O M  
NUL T ( K 0 J = J 1 

W R I T E (  I O 2 . I O 3 5 )  J1 
K K K = N O l +  1 
N N N = K K K + l  
DO 210 I = l , K K K  
J J A = N Y N - I  

WRITE I I O 2  9 1  180) 
W R I T E 1  I02.1085J 

00 190 I = l , K K K  

200 I F ( N O l . E Q . 0 1  GO T O  1 

W R I T E ( I 0 2 r 3 0 0 0 )  ( A S T E R , I = l o 3 3 1  

210 W R I T E 1 1 0 2 ~ 1 1 0 0 J  D l N A M E o E N T R Y ( J J J D I U O l ( J J J ~ ~ ~ O ~ [ J J S D  

KO.UROOT(K0)  D WROOT(K0) o J 1  
GO TO 1 

1020 F O R M A T 1 1 H l ~ l O X o 4 8 H R E P E A T E O  USE Of T H E  GREATEST COMMON D I V I S O R  A N 0  
1 1 A 4 ~ A 4 1 5 8 H  METHOO TO EKTRACT RDOTS A N 0  H U L T X P L I C I T I E S  OF POLYMOMIA 
2 L S / l l X  1 8 H P O L Y N O M I  A L  NUMBER D I 2 / / /  ! 

1025 F O R M A T ( / / / 1 X , 2 5 H N O  ROOTS O F  M U L T I P L I C I T Y  s l Z / / i l  
1035 FORMAT 1 / / / 1 X v 8 7 H T H E  F O L L O W I N G  P O L Y N O M I A L o  G t X I e  CONTAlMS A L L  THE R 

1001s OF P ( X 1  WHICH HAVE M U L T I P L I C I T Y  r f 2 / / 1  
1085 F O R M A T ( 2 X r 5 H R O D l ( r I 2 1 4 H )  = s023e16s3H 4 oO23-116rZM l o B K s I 2 n 9 W s 2 5 H N  

1095 F O R M A T ( / / / l X s S l H N O T  A L L  ROOTS O F  T H E  ABOVE P O L V N O H I A L s G ,  UERE FOUM 
10 I N I T I A L  A P P R O X I H A T I O N S 1  
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TABLE H, 111 (Continued) 

0152 
0153 
0154 
0155 

01 56 
OS 57 
0158 

0159 

IO//! 
1000 FORHAT~3~I2elX)r9XsI3t$X13(Db.OolX)s20Xo2~O?~O~1X)~~L~ 

1015 FORMAT(ZD30eO) 
1030 FORHAT~IX IZZHTHE DEGREE OF P I X )  IS r I 2 e 2 2 H  THE COEFFBClENTS ARE//  

1040 F O R M A T ( Z X v A 2 r A 2 e 4 H )  ,023.16r3N r023.1602H 1) 
1100 F O R H A T I 2 X ~ A 3 ~ A 2 ~ 4 H l  = r 0 2 3 ~ 1 6 r 3 H  4 g D 2 3 . 1 6 ~ 2 H  I )  
1180 F O R M A T I / / / I X I I ~ H R O O T S  OF P ( X B o 5 2 X 1 1 4 H M U L T I P L I C ~ T ~ € S ~ l ~ X ~ 2 ~ H ~ N ~ T ~ A ~  

1190 FORNAT(2X,5HROOT( , I2r4H)  = r O 2 3 . l b r 3 H  0 *023 .16p2H I s 8 X v 1 2 q 8 X s D 2 3 .  

1010 FORHAT(2030.OD 

11 

1 A P P R O X I H A T I O N / / J  

P16.3H * .023.16.2H I )  
0160 2000 
0161 2010 
0 1 6 2  2020 
0163 2 0 4 0  
0164 2050 
0165 2060 
0166 2070 
0167 2080 
0168 3000 
0169 

F O R N A T ( ~ X I ~ L H N U M ~ E R  OF I N I T I A L  APPROXIHATIONS CIWEN. 9 120 
F O R X A T t I X ~ 2 9 H M A X l f 4 U N  NUMBER OF I T E R A T I O N S . r l l X c l 3 )  
F O R H A T ( l X v Z 1 H T E S T  FOR C O N W E R G E Y C E ~ , ~ ~ X D D Y . ~ )  
FORHAT( lY ,23HRAOIUS TO START SEARCHes11X,D9.2) 
F O R N A T ( L X I ~ I H R A O I U S  TO END S E A R C H I I ~ ~ X I O ~ ~ ~ )  

FORHATt lX ,34HTEST FOR ZERO I N  SUBROUTlNE GCOe ~ 0 9 . 2 )  
FORMAT(1X,34HTEST FOR ZERO I N  SUBROUTINE QUAD. o09r2) 
F ORHAT 4 / I  / 1 / P X 8 A 3  a 32 A 4  b 

FORMAT ( / /  1x1 

EN0 
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0001 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
0 0  10 
0011 
0012 
0013 
0 0 1 4  
0015 
0016 
0017 
0018 
0019 
0020  
0021 
0022  
0023 

TABLE H. 113: (Continued) 

SUBROUTINE PRODLHIUF.WFINIUG.VG~HN.UHIWMI 
* 9 * 4 * d + l * * * 0 * * * * * * + 4 * * * * * 4 * * ~ * * 4 * * * * * * * * ~ 4 ~ * d ~ 4 4 * * ~ * * * * * 4 ~ * 4 * * ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  
4 * G I V E N  POLYNOMIALS R O ( )  AND S I X l r  THIS SUBROUTINE COflPUTES THE 8 * C O E F F I C I E N T S  O f  THE PRODUCT POLYNOMIAL 1 4 x 1  = R I X ) e S t X I .  * 
4 * 
* + * $ * * a f * * 4 8 * * * B * 4 * * * * * * ~ * $ * * * * * 4 4 * 4 * * * * * * * d * * ~ ~ * ~ d d * * * * * * * * * ~ ~ * * * ~ ~ ~ * ~ * ~ ~ * ~  

OOUBLE P R E C I S I O N  UHIWHWUFOVF~UGUVG 
D I M E N S I O N  U H I S ~ ~ W V H ~ ~ ~ ~ ~ U F ~ ~ ~ ) ~ V F ( ~ ~ ) . U C ( ~ ~ I ~ V G ~ ~ ~ )  
flN=H+N 
KKK=MN+l 
DO 100 I = 1 e K K K  
K= I 
UH( I l = O . O  
VH( I )=O. 0 
I F (  I.LE.t4+1 
L I M I T = f l + l  
GO TO 20 

10 L I H I T = I  
20 DO 50 J = l v L  

I F I K . G T e N + L  
I F (  J+K.EQ.I 
GO TO 50 

GO TO 10 

M I  1 

1)  GO TO 40 
GO TO 5 0  

40 U H ~ I ~ = U H I l ~ + l U F ~ J I + U G ~ K I - V F ~ J J * V G ~ K J ~  
V H ( I ) = V H ( I ) + ( V f I J ) * U G ( K ) * U F ( J l * W G ( K l ~  

50 K=K-1 
100 CONTINUE 

RETURN 
END 
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0001 
C 
C 
C 
C 
C 
C 
C 

0002 

0 0 0 3  
0004 
0005 
0006 
0007 
0008 
0009 
0010 
001 1 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0 0 2 1  
0 0 2 2  
0023 
0024 
0025 
0 0 2 6  
0027 
0 0 2 8  
0029 
0030 
0031 

0032 
0033 

(Continued) 

SUBROUT1 N E  QUAD( Nv UA r V A r  J e  UROOTs VROOTB 
* 9 * * * 9 * + * * * * * * * * * * * 1 * 1 + , * + * * * * * * 4 * * * * + * + 4 * * ~ * * * * * * * * * ~ * * ~ * ~ ~ ~ ~ ~ * ~ * * * * ~ ~ * * ~ * *  * .$ 

3 SUBROUTINE QUA0 SOLVES D I R E C T L Y  FOR THE ZEROS A N 0  T H E I R  H U L T I P L % C I ? I E S  bt * OF E I T H E R  A P U A O R A T I C  POLYNOMIAL  OR A L I N E A R  FACTOR. S O L U T I O N  OF ?HE * QUADRATIC IS OONE U S I N G  THE QUADRATIC FORMULA. 9 * 8: 
* * * * * 4 * * 1 + 9 * * * * * * 8 8 * * * 8 + * 0 + 8 * 9 * * 8 * $ * + * * 9 * * * * * * * * * * * * * * * * ~ * * ~ * ~ * ~ * 4 * * * ~ ~ 4 ~ * ~ *  

DOUBLE P R E C I S I O N  E P S l , E P S 2 , E P S L O N ~ U R O O T , V R O O ~ ~ U A r V n r U D I S C ~ V O ~ S C ~ U D  

OOUBLE P R E C I S I O N  E P S 4  
D I M E N S I O N  U R O O T ( 2 5 I r V R O O T ( 2 5 I o U A 1 2 6 ) ~ V A ( 2 6 I  
COMMON E P S ~ . E P S ~ . E P S L O N I E P S ~ . P ~ ~ ~ ~ A X  

1 ,VO,ODD,UTEMP,VTEHPI BBtl 

IF (N .GT. l J  GO TO 10 
J=J+l 
B B B = U A ( 2 ) * U A ( 2 ) + V A ( 2  ) * V A l 2 )  
UROOTt  J I = - I U A (  LI *UA(  21+VA(  l I * V A ( 2 1  )/€%BE 
V R O O T ( J I = - ( V A ( l I * U A ( 2 l - U A ( l ) o V A ( 2 I ) / B B B  
GO TO 100 

10 U O I S C =  ( U  A (  2 1 +UA( 2 ) - V A (  2 I * V A ( 2  I I - t  4 .O* ( UA 
V D I S C = l 2 . 0 * U A ( 2 ~ * V A ~ 2 ~ ) - ( 4 . O * ~ U A l 3 J * V A ~ 1  
UD=2.0*UA( 3 )  
VO=Z.O*VA( 31  
DDO=DSQRTlUOISC*UOISC+VDIStoVDISC*VOlSC~ 
IF(ODO.LT.EPSLON) GO ro 20 
C A L L  COMSOT ( U O I S C ,  V O I S C t  UTEMPw VTEMP 1 
888=UD*UOtVD*VD 

3 ) * U A l l I - V A ( 3  
+VA( 3 I * U A l  1 I 1  

U R O O T ( J ~ l J = ( ( - U A ( 2 1 + U T E M P ~ * U O + ( - V A ( 2 I + V T E M P J * V ~ ~ / B B 8  
V R f l O T ( J + l J = ~ l - V A ( 2 ~ + V T E H P ) + U D - ( - U A ( Z l + U T E M P ~ * V O J / B B ~  
U R O O T ( J + 2 ~ = ( ~ - U A ~ Z ) - U T E M P l * U O t l - V A ~ Z ~ - V T t M P ~ * V O ~ / B B B  
V R O O ~ ~ J + 2 ~ = ~ ~ - V A ~ 2 ~ - V T E M P ~ * U D - ~ - U A l Z l - U l E M P I * V D ~ / B B B  
J = J + ?  
GO T O  100 

20 J = J + 1  
888=UD*UOtVD*VO 
U R O O T ( J J = ( - U A 1 2 ) * U D - V A ( Z I * V O I / B 8 B  
VROIJT 1 J J =  ( - V A (  21 *UO+UA(Z I * V D ) / B B B  
WRITE(I02,lOOOl U R O O T ~ J I s V R O O T ( J I  

1000 FORMAT(///lXelLHQUAO FOUND ,023 .16s3H + ~ 0 2 3 e 1 6 ~ 2 H  Ir92H TD BE A W 
l U L T I P L E  R O O T / / )  

100 RETURM 
E N 0  



TABLE H e m  (Continued) 

0001 

0002 
0003 
0004 
0005 
0006 
0007 
0008  
0009 
0010 
0011 
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TABLE HoXII (Continued) 

0001 
C 
C 
C 
C 
C 
C 
C 

0 0 0 2  
0003 

0004 

0005 
0006 
0007 
0008 
0009 
00 10 
001 1 
0012 
0013 
0014 
0015 
00 16 
0 0 1 7  
0018 
0019 
0020 
0021 
0 0 2 2  
0023 
0024 
0 0 2 5  
0026 
0 0 2 7  
0 0 2 8  
0 0 2 9  
0030 
003 1 
0032 
00 33 
0034 
0035 
0036 
0037 
0038 
0039 
0040 
0041 
0 0 4 2  
0043 
0044 
0 0 4 5  
0046 
0047 
0048 
0049 

DOUBLE P R E C I S I O N  USSSSSvVSSSSS 
DOUBLE P R E C I S I O N  U R ~ V R ~ U S ~ V S I U S S I V S S ~ U R R I V R R I U O . V D I U T I V T ~ E P S L O N ~ E P  

L S ~ ~ E P S ~ ~ E P S ~ I B B B  
D I  MENS I O N  U R ( 2 6 1  r V R ( 2 6 )  9 U S ( 2 6  26 B SUSS ( 2 6  I rVSS# 26 ) s U R R l 2 6 )  oVRR% 

126) e U T 1 2 6 1  
t VS 

V T I  26 1 

20 

25 
30 

40 

60 
7 0  

90 

9 5  

100 

130 

COMMON E P S L O N I E P S ~ ~ E P S ~ O  EPS4r  I 0 2 e N A X  
N l = N  

KKK=N+l  

U R R I  I ) = U R l  I B 
V R R ( I ) = V R I I )  
KKK=M+I 
DO 25 I=1sKKK 
u s s t  I )=US( I) 
vsst  I I = V S (  I )  
B B B = U S S ( M l + l  l * U S S ( H l + l I + V S S (  n l + l ) * V S S t M l + l )  
U D = ~ U R R ~ N 1 + 1 ~ * U S S ~ M 1 + 1 ) , V R R ~ N 9 , 1 ) 8 V S S ( H I + l ~ ~ / B B B  
W O ~ ~ U S S ~ M l + l ) * V R R ~ N 1 4 l ~ - U R R o 9 V S S ~ M I 4 l ~ ~ / ~ B 8  
K K K = N l + l - M l  
DO 40 I - K K K r N l  
U T ~ I ) = U R R ( I I - ~ U D + U S S ~ I - M 1 + M 1 ~ - V D I V S S ( I - N l + ~ l J ~  
V T ( I ~ = V R R t I ~ - ~ U D + V S S ( I - N l + ~ l ~ ~ V D * U S S ~ ~ - N l + ~ l ~ ~  
IF (M1.EQ.Nl l  GO TO 70  
K K K Z N l - M l  
DO 60 I = l o K K K  
UT(  I I=URR(  I I 
V T ( I ) = W R R ( I )  
DO 90 I = l r N l  
8 ~ B ~ D S Q R T ~ U T ~ N l + L - I l ~ U T ~ N l + l - ~ l + V T ( N 1 + 1 - i ~ * V T ~ N ~ + l - I ~ ~  
IF(BBB.GT.EPSLON1 GO TO 100 
CONTINUE 
DO 9 5  I = l r M L  
BBB=USS( Mlcl 1+USS( Hl4l ) + V S S (  M P + l  )*VSS lHL+L B 
U S S S S S = ~ U S S ~ I ~ * U S S ~ M l + l l + W S S ~ I ) s V S S ~ M l + l l ~ / ~ 8 8  
V S S S S S = ~ V S S ~ I ~ * U S S I H l + l ) - U S S ( f I * W S S ~ M l + l ~ l / B B B  
u s s ( I l = u s s s s s  
V S S (  I ) = V S S S S S  
USS ( M 1 + 1  J =1  .O 
VSS(M1+1 )=O.O 
GO TO 2 0 0  
K = N l - I  
IFlK.EQ.01 GO TO 170 
IF(K.LT.Ml1  GO TO 140 
KKK=K+l  

URRf J1 =UT( J )  
VRR ( J I =WT ( J 8 
N l = K  
GO TO 3 0  

n i = M  

DO 20 P = l s K K K  

00 130 J = l r K K K  
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00 50 
0051 
0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
0067 
0068 

TABLE H,III (Continued) 

140 K R K = K + l  
DO 150 J = l r K K K  
URR( J l = U S S (  J )  
VRR ( J I =VSS t J I 
USS( J ) = U T (  J )  

150 V S S ( J l = W T ( J I  
KKK=K+Z 
NNN=H1+1 

URR( J ) = U S S I J )  
160 V R R t J J = V S S t J l  

N I = M l  
M l = K  
GO TO 30 

170 USS(lI=l.O 
v s s ~ 1 l = o . o  
Ml=0 

END 

DO 160 J=KKKsNNM 

200 RETURN 



TABLE H.99.1 (Continued) 

DO02 
0003 
0004 
0005 
OOD6 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0 0 1 4  
00 15 
0016 
0017 
D O 1 8  
0019 10 
0020 
0 0 2  1 20 
0 0 2 2  
0023  40 
0 0 2 4  45  
0 0 2 5  
0 0 2 6  50 
002 7 100 
0028 

OOUBLE P R E C I S I O N  UPIVP,UDIVDIUQ~VQ~UTERM~VTERM~UOUHMY 
D I M E N S I O N  UPl26lrVP~26lrUD~26l,VD~26~,UQ~26l~V9l26~ 
K=N-M 
UOUMNY=UD( M+1 I *UD ( M + 1  l + V O (  M+A ) * V D ( M + l  I 
U Q 1 K + l l = l U P ( N + L I  * U D ~ H * l ~ i V P I N i l J * V O I M + l ~  l/UOUMHV 
W Q ( K t 1  I = ( V P t N + l  l * U O ( H i I I - U P ( N + l ~ * W D (  H+1 I l/UDUMMY 
I F ( K . E Q . 0 )  GO TO 100 
J = - l  

J=J+A 
UTERM=UP( N-J b 
VT E R k W  P I N-J I 
KK=K+l  
NNNzM-J 
DO 40 Ml=NNN.H 
1FIKK.GT.1) GO 
GO TO 45 
I F I H l . G E . 1 1  GO 
GO TO 40 

DO 50 I z 1 . K  

TO 10 

TO 20  

U T E R M = U T E R M - ~ U Q ( K K ~ * U D ( H l ~ - V Q l K K s * V D I H 1 ) ~  
WTERM=WTERM- (UP ( K K I * W D I M l  I *WQlKK J*UD(NL b 8 
KK=KK-l 
U D U M H Y = U D ~ ~ i l l * U D ~ M + l ~ + V D I W , 1 ~  
U P ~ K + l - I l ~ ~ U T E R M * U D ~ M + l l ~ V T E R M * V D l M ~ l l l / U D U H M ~  
VOlK+l-Il=~VTERM*UD~M+ll-UTERM*WO~H+lll/UOUMHY 
RETURN 
END 



TABLE H. 1x1 (Continued) 

000 1 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
00 10 
0011 
0012 
00 13 
00 14 
001 5 
0016 
001 7 
0018 
00 19 
0020 
0 0 2 1  
00 22 
0023  
0 0 2 4  
0 0 2 5  

SUBROUTINE COMSQT I UX 0 YX r UY qVY) 
c * * * * * * * * * * * * * C * * * * * * * * + * * t + * * * t + * * * * * * + * * ~ * C * ~ ~ C * * * * * * C * C * * * ~ C ~ ~ ~ ~ + ~ ~ ~ ~ * * ~ * *  

c *  8 
C * T H I S  SUBROUTINE COMPUTES THE SOUARE ROOT OF A COMPLEX NUMBER. 8 
c +  9 
c **P*****+*9***********+*4*8****C*C~*+*~********~~*~***C*~~~****~*~*~~~*~~***~* 

DOUBLE P R E C I S I O N  UX,YXIUY.VYIDUMHY,RIAAA~BBB 
R=DSC!RTlUX*UXtVX*YXI 
A A A = D S Q R T l O A 6 S ~ l R + U X ~ / 2 . 0 ) )  
BEB=OSQRTIDABS(~R-UX) /2 .0 ) )  
I F I V X )  10120,30 

VY=-l.O*BEB 
GO TO 100 

10 UY=AAA 

20 I F I U X )  40050160 
30  UV=AAA 

VY=8BB 
GO TO 100 

UY=O.O 
VV=OSQRTtDUMMY 1 
GO TO 100 

50 UII=O.O 
vy=o.o 
GO T O  100 

UY=DSQRTIDUMMY) 
VY=O.O 

100 RETURN 
END 

40 OUHMY=OABSIUX) 

60 OUMMY=DA6S(UX) 
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000 1 

0002 
000 3 

0004 
0005 
0006 
0007 
0008 
0009 
00 10 
001 1 
0012 
00 13 
0014 
0015 
0016 
0 0 1 7  
0 0 1 8  
0019 
0020 
0 0 2 1  
0022 
0023 
0 0 2 4  
0025 

0 0 2 6  

0 0 2 7  
0 0 2 8  
0029 
00 3 0  
0031 
0 0 3 2  
0033 
0 0 3 4  
0035 
0 0 3 6  
0 0 3 7  
00 38 
0039  
0040 
0041 
0042 
0043 
0044 

TABLE H.111: (Continued) 

SUBROUTINE C A L C ( U X l r V X l r U K 2 r V X 2 r U X 3 r V X 3 r U P X l s V P X l r U P X Z ~ V P X 2 ~ U P K 3 ~ W  
1P X3,UX4r V X 4  sUQ49 VQ4 sUH3 r V H 3  b 

* 9 * * * * 9 * * * * * * * * * * * * * * 4 4 * * * * * * * * * * * 4 4 * * * * * ~ * * * * * * * * * * * * ~ ~ * ~ * * ~ 4 ~ * * ~ * ~ ~ ~ ~ * ~ ~ ~ ~  * $: 

* G I V E N  THREE APPROXIMATIONS X I N - Z l r  X t N - l I s  AND X ( N I I  SUBROUTINE CALC 9 * APPROXIMATES THE P O L Y N O M I A L  B Y  A QUADRATIC AND SOLVES FOR THE ZERO OF 
* THE Q U A D R A T I C  CLOSEST TO X I N I .  TH IS  ZERO IS T H E  NEW A P P R O X I M A T I O N  ct * X ( N t 1 )  TO T H E  ZERO OF THE POLYNOMIAL.  * * $! 
* * * * 9 * * ~ * ~ ~ * * 4 * * * * * * * * * * * * * * * 4 * * * * * * * * * * * * * * * * * ~ * * 4 * * ~ * * ~ * ~ * * 4 * * ~ ~ * ~ * ~ ~ * ~ ~ ~ ~  

DOUBLE PREC IS1 ON A R G l  t A R G 2  
DOUBLE P R E C I S I O N  U P X 3 1 V P X 3 e U P X Z q  V P X 2 r  U X l t V X l r U X 2 ~ V X 2 o U X 3 ~ V X 3 ~ U P X ~  s 

~ V P X ~ ~ U H ~ P V H ~ , U H ~ ~ V H ~ ~ U Q ~ ~ V Q ~ ~ U O , W D ~ U B ~ V ~ ~ U C ~ V C ~ U D ~ S C ~ V D I S C ~ U C C C ~ V C  
2 C C ~ U D E N 1 ~ V O E N 1 ~ U O E N 2 ~ V D E N Z ~ U Q 4 . U X 4 , V X 4 ~ E P S R T ~ E P S O ~ E P S ~ U D D O ~ V O O  
~ D I A A A I B B B , R A D , U A A A , V A A A I U D B ~ ~ V B B B ~ V ~ B ~  

DOUBLE P R E C I S I O N  T H E T A v A N G L E c U T E S T e V T E S T  
DOUBLE P R E C I S I O N  E P S l  
COMMON E P S l . E P S * E P S O s E P S R T s  I 0 2 r M A X  
UH 3=UX3- U X 2  
VH3=V X3-V X 2  
UHZ=UXZ-UX l  
VH2= VX2- V X 1  
B B 8 = U H Z * U H 2 t V H 2 * V H 2  
UQ3=(UH3*UHZ+VH3*VHZ)/BBB 
V03=(VH3*UHZ-UH3*VH2)1888 
UOOO=1 .OtUQ3 
VDD 0 =V (53 
UO= I UPX3-  t UDDD*UPXZ-VDDD*VPXZ I I+( UP3*UPXI -VQ3*VPX 1 t 
V O ~ ~ V P X 3 - ~ V O O D ~ U P X 2 + U D O D * V P X 2 l ~ t ~ ~ Q 3 * U P X l t U ~ 3 * V P X l ~  
UAAA=%.O*UQ3 
VAAA=2 .O*VQ3 
UAAA-UAAAt l .O  
UBBB=UODO*UODO-VDOD*VDOD 
VBB8=VDDD*UOOD+UODO*VODD 
UCCC=UO3*UQ3-VQ3*VP3 
VCCC=VO3*UQ3+UQ3*VQ3 
UB=l (UAAA*UPX3-VAAA*VPX3) - (UBBB*UPXZ-V0BB*VPK2l~+ lUCCC*UPXl -VCCC*V 

V R = ( ( V A A A * U P X 3 t U A A A * V P X 3 ) - ( V B B B * U P X 2 t U 0 0 B * V P X Z ~ ~ + ( W C C C * U P X ~ * U C C C ~ V  
I P X l )  

l P X l l  

5 

7 
9 

UC=UODo*UPX3-VOOD*VPX3 
v c = v o D D * u P x 3  +UDDO*VPX3 
U O I S C = I U B * U B - V B * V B ~ - ( 4 ~ O * l U D * U C - V D * V C ~  1 
V D I  SC= (2*0*( VB*UB)  ) - (  4.0W VO*UC*UO*VC) I 
AAA=OSORT (UO I S C * U D I S C t V O I S C * V O  I S C )  
I F ~ A A A ~ E O ~ O . 0 )  GO TO 5 
GO TO 7 
THETA=O.O 
GO TO 9 
THET A=DATAN2 ( V D I S C  , U D I  SC ! 
RAO=OSQRT(AAAI  
ANGLE=THETA/Z.O 
UTEST=RAD*DCOS(ANGLE)  
V T E S T = R A D * D S I N ( A N G L E )  
UOE N 1 =UB +UT E ST 
VDE N 1 = V B t V T E ST 
UDE N 2= UB-UTE ST 
VDEN.?=VB-WTEST 
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0045 
0046 
0047 
0048 
0049 
0050 
0 0 5 1  
0052 
0053 
0054 
0055  
0056 
0057 
0058 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
0067 
0068 

TABLE B.III (Continued) 

ARGl=UDENl*UOENl*VDENl~VOENl  
ARG2=UOEN2*UDEN2+VDEN2aVDEN2 
A A A = O S Q R T ( A R G l I  
B B B = D S Q R T ( A R G Z I  
I F ( A A A . L T . B B B )  GO TO 10 
1 F I A A A . E Q . O . O I  GO T O  60 
U A A A = - 2 . 0 * U C  
VAA A=-2s O I V C  
U945 ( U A h A * U O E N l + V A A A * V D E N L  I / A R G I  
V Q 4 = (  V A A A * U D E N l - U A A A I V D E N l  ) / A R G l  
GO T O  50 

UAAA=-~C.O*UC 
VAAA=-Z.O*VC 
UP4=(UAAA*UDENZ+VAAA*VOEN2I /ARG2 
VQ4=(VAAA*UOEN2-UAAA+VOEN2 ) / A R C 2  
GO TO 50 

50  UX4=UX3+(UH3*U94-VH3*VQ4) 
W X 4 = V X 3 +  ( V H 3 * U Q 4 + U H 3 * V Q 4  I 
R E T U R N  

60 U Q 4 = 1 . 0  
V Q 4 = 0 . 0  
GO T O  50 
E N 0  

10 I F ( 8 B B . E Q . O e O )  GO T O  60 
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TABLE HoIII (Continued) 

000 1 

0 0 0 2  

0003 

0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0 0 1 3  
0014 
0015 
0016 
0017 
0 0 1 8  
00 19 
3 0 2 0  
0 0 2 1  
0 0 2 2  
0 0 2 3  
0 0 2 4  
0 0 2  5 
0 0 2 6  
0 0 2 7  

0 0 2 9  
00 30 
0 0 3 1  
0 0 3 2  
0033  
0034 
0035 
0036 
0 0 3 7  

0 0 3 9  
0040 

0041 
0 0 4 2  
0 0 4 3  

0 0 2 8  

0038 

S U 8 R O U T l N E  M U L L E R ~ N P r U A ~ V A p N A P P o U A P P e V A P P ~ N R O O T ~ U R O O l ~ ~ R O U T ~ 1 R U O T ~  
1XSTARTtXENOvNOPOLY~URAPPsVRAPP) 

* C * 8 * 0 * * * * k I * * * 4 * * 3 1 * * + + + * * + * * + * + * 9 1 * * + * ~ ~ * ~ ~ ~ ~ ~ * * * * ~ * ~ * ~ * ~ * * ~ ~ ~ ~ ~ ~ ~ ~ * ~ ~ ~ ~ ~ ~  * a 
* MULLER'S METHOD EXTRACTS THE ZEROS AND THEIR N U L T I P L l C l T I E S  OF A 81 * POLYNOMIAL  OF N A X I H U N  DEGREE 25. THROUGH THREE C6VEN P O I N T S  THE 9 * POLYNOMIAL  [S APPROXIMATED EY A OUAORATIC. T H E  ZERO OF THE QUADRATIC * * CLOSEST TO THE O L D  A P P R O X I N A T I O N  IS TAKEN AS THE NEW APPROXIMATIOM. 9 
* I N  THIS MANNER A SEQUENCE IS O B T A I N E D  CONVERGING TO A ZERO. 9 * * 
9 * * + * 4 * * * + * * * * 4 * * + + * * * * * * 4 * * I * * * * * * * t * * * * * * ~ C * * * k ~ ~ * 4 * * * * * * * * * * ~ ~ * * * ~ ~ * * ~ ~ * *  

OOUBLE P R E C I S I O N  U P X 3  r V P X 3  ,UPXZ sVPX2 wUROOT r V R O O T v U X l i  V X l o U A P P t V A P P  
~ ~ U X ~ ~ V X ~ ~ U W O R K P V W O R K ~ U X ~ . U O I V B . U X ~ ~ V X ~ ~ U A ~ V A ~ U P X I ~ V P X ~ ~ U R A P P ~ V  
2 R A P P , U P X 4 , V P X 4 t E P S R T ~ E P S O , E P S H , U H 3 ~ V H 3 , U Q 4 ~ V Q 4 9 A 8 P X 4 ~ A 8 P X 3  
~ ~ Q B P , X S T A R T I X E N O  

D I M E N S I O N  U R O O T ( 2 5 1 r V R O O T ( 2 5 ) ~ M U ~ T ( 2 5 r 3 ) ~ ~ A P P ~ 2 5 ~ 3 J ~ U W O R ~  
1 ~ 2 b l ~ V W O R K ( 2 6 ) ~ U 8 ~ 2 6 ) . Y B ( 2 6 1 . U b o 1 V A ( 2 6 ~ ~ V A ~ 2 6 ~ ~ U R A P P ~ 2 5 ~ 3 ~ ~ V R A P P ~ 2 5 ~ 3 S  

18 

2 5  
2 7  

3 0  

40 

50 

L O G I C A L  CONV 
COMMON E P S M I E P S ~ E P S O I E P S R T , I O Z * ~ A X  
D A T A  PNAMEIONAME/ZHP(I 2 H D ( /  
EPSM=O.ODOO 
EPSRT=0 .999  
NROOT=O 
I R O O T = O  
I PATH- 1 
NOMULT=O 
NALTER=O 
IT I M E = O  
I A P P = l  
I T E R = 1  
IF(NAPP.NE.01 GO TO 18 
NAPP=NP 
C A L L  
GO TO 2 7  
00 2 5  I = l r N A P P  

GENAPP I UAPP e VAP P t  NAPP ,XSTART) 

U A P P ( I , 1 ) = 0 . 9 * U A P P ( I 1 2 1  
V A P P ( l s l ) = 0 . 9 * V A P P ( I I Z )  
U A P P 1 1 , 3 L = l . l * U A P P ( I t 2 )  
V A P P ( I . 3 ) = 1 . 1 * V ~ P P ( I r 2 )  

00 3 0  l = l t K K K  
KKK=NP* 1 

UWORK( I l = U A (  I I 
VWORKI I I =VA(  1 )  
NUORK=NP 
U X l = U A P P ( I A P P v l )  
V X l = V A P P  ( I APP t 1 I 
U X 2 = U A P P I I A P P v 2 )  
VXZ=VAPP(  I A P P v 2 )  
U X 3 = U A P P ( I A P P v 3 )  
V Y > = V A P P I I A P P . 3 I  . . - . . . . . - . 
C A L L  H O R N E R ~ N W O R K o U W O R K ~ V W O R K ~ U X l ~ V X l ~ U B ~ ~ 8 ~ U P X l ~ V P X l ~  
C A L L  H O R N E H ( N W O R K ~ U W O R K ~ V W O R # ~ U X Z ~ V X ~ ~ U ~ ~ V B , U P X ~ I V P X ~ ~  
C A L L  H O R N E R ( N W O R K B U W O R K , V W O R K , U X ~ , V X ~ . U B ~ V H ~ U P X ~ ~ V P X ~ ~  
C A L L  C A L C ( U X ~ P V X ~ ~ U X ~ P V X ~ ~ ~ # ~ ~ ~ X ~ , U P X I , V P X ~ ~ U P X ~ ~ V P X ~ ~ U P X Z ~ V P X ~ ~ U P X ~ ~ ~ P X ~ ~ U X  

1 4 * V X 4 p U Q 4 1 V Q 4 , U H 3 , V H 3 )  
60 C A L L  H O R N E R ( N W O R K I U W O R K ~ V W O R K ~ U X ~ , V X ~ ~ U ~ ~ V B ~ U P X ~ ~ V P X ~ )  

AEPX4=OSQRT(UPX4*UPX44VPX4*VPX4) 
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TABLE H,III (Continued) 

0044 
0045 
0046 
0047 
0048 
0049 
0050 
0051 
0052 
0053 
0054 
0055 

0056 
005 7 
0058 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
0067 
0068 
0069 
0070 
0071 
0072 
0073 
0074 
00 75 
0076 
0077 
0078 
0079 
0080 
0081. 
0082 
0083 
0084 
0085 
0086 
0087 
0088 
0089 
0090 
0091 
0092 
0093 
0094 
0095 
0096 
0097 
0098 
0099 
0 100 

I F ( A B P X 3 s E Q e O e O t  GO YO 70 
Q Q Q = A B P X 4 / A B P X 3  
IF(OQQ.LE.10.) GO TO 70 
U Q 4 = 0  e 5 +UQ6 
V 0 4 = 0 .  5 + V Q 4  
UX4=UX3+lUH3*UQ4-VH3*VQ4) 

GO TO 60 

I F ( C O N V 1  GO TO 120 
1 F t I T E R . L T . M A X l  GO TO 110 

vx4=vx341 V H ~ * U Q ~  4 ~ ~ 3 * ~ 0 4  t 

70 C A L L  TEST I U X 3 1  W X 3  P U X 4 e  WX4,CONV) 

C A L L  A L T E R ( U A P P t I A P P , l l r V A P P ( I A P P I 1 I 1 U A P P ( l b P P * 2 ~ ~ W A P P ~ ~ a P P * ~ ~ , U A P  

I F ( N A L T E R . G T . 5 )  GO T O  75 
I T E R = l  
GO T O  40 

I F l X E N O ~ E Q . O . 0 1  GO T O  77 
I F ( X S T A R T . G T . X E M 0 ~  GO TO 77 
N A P P = N P  
C A L L  GENAPP(UAPPsWAPP,NAPPrXSTART)  
YAPP=O 

l P t I A P P ~ 3 1 e W A P P t I A P P ~ 3 ~ ~ N A L T E R ~ ~ T l M E ~  

75 1 F t I A P P . L T e N A P P )  GO TO 100 

GO TO 100 
77 WRITEt102,1090 

K K K = N W O R K 4 1  
W R I T E 1  1 0 2 ~ 1 0 3 5  

80 I F I N R O O T . E Q . O I  
1 F I I P A T H . E Q e I l  

81 I P A T H = 2  
C A L L  R E T T E R ~ U A o V A ~ N P ~ U R O O T l V R O O T e N R O O T I U R A P P s V R A P P ~ ~ R O O T ~ ~ U L T ~  
R E T U R N  

IF(IROOT.EP.01 GO TO 85 
82 I F t N R O O T . E Q . O I G 0  TO 90 

W R l T E f 1 0 2 s 1 0 8 0 1  
00 55 I = l p I R O O T  

55 W R I T E l I 0 2 ~ 1 0 8 5 l  I I U R O O T ( I I ~ V R O O T I I ~ ~ U R A P P ( H , ~ ) ~ V R A P P ( ~ ~ ~ ~  
1 F t I R U O T . L T . N R O O T )  GO TO 8 5  
GO TO 87 

85 K K X = I R O O T + l  

87 I F t I P A T H ~ E O ~ l l  GO TO 81 

90 WRITEII02slO701 NOPOLY 

W R I T E l I O Z ~ 1 0 8 6 l  ~ I e U R O O T ~ I l r V R O O T ~ I l r I 5 K K K , N R O O V ~  

R E T U R N  

R E T U R N  

I T E R = 1  
N A L T E R = O  
GO TO 40 

120 N R O O T = N R O O T + l  
I ROOT=NROOT 
N U L T t N R O O T l = 1  
NOMUL T =NONUL T i  1 
U R O O T l N R O O T I = U X 4  
V R O O T ( N R O O T l = V X 4  

aoo IAPP=IAPP+I 

U R A P P I N R O O T s l I = U A P P t l A P P t l l  
V R A P P ( N R O O T p I l = V A P P (  X A P P o l D  
U R A P P t N R O O T ~ 2 ) = U A P P I I A P P ~ 2 ~  
V R A P P  ( NROOTo 2) = V A P P (  I A P P  s2 II 
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TABLE H. IIlt (Continued) 

0101 
0 1 0 2  
0 1 0 3  
0 104 
0105 
0106 
0107 

0109 
0110 
0111 
0112 
0 1 1 3  
0114 
0115 
0116 
0117 
0 1 1 8  
01 19 
0120 
0 1 2 l  
0 1 2 2  
0 1 2 3  
0124 
0 1 2 5  
0 1 2 6  
0 1 2 7  
0 1 2 8  
0 1 2 9  
0 1 3 0  
0 1 3 1  
0 1 3 2  
0 1 3 3  
0 1 3 4  
0 1 3 5  
0 1 3 6  
0 1 3 7  
0 1 3 8  
0 1 3 9  

01 40 
0141 
0 1 4 2  

01 4 3  
0144 

0 1 4 5  
0146 

01 oa 

195 

1 3 0  

I40 

1 4 5  

150 

110 

1090 

URAPPINROOTp3)=UAPPltAPP~3B 
Y R A P P I  NROOT t 3 t = V A P P (  I A P P t  3 1 
IFINOMULT.LTINP) GO TO 130 
GO TO 8 0  
C A L L  H O R N E R l N W O R K ~ U W O R K o V W O R K ~ U X 4 9 V X 4 ~ U B ~ V B ~ ~ P X 4 ~ ~ P X 4 ~  
NWORK=NWORK-1 
K K K = N W O R K t l  
DO 140 I = l s K K K  
UWORK( I 1 =U8( I )  
VWORKI I ) = v a t  I )  
C A L L  HORNERI  NWORK , U W O R K , V W O R K J U X ~ ~ V # ~ ~ U B  e V B e U P X 4 r V P X 4 )  
CCC=OSQRT I UPX4+UPX4+VPX4*VPX4 J 
1FICCC.LT.EPSH) GO TO 1 5 0  
IFINWORK.GT.2) GO T O  75 
IROOT=NRUOT 
KKK=NWORK+l  

U B I  I )=UWORK( K K K t l - I  1 
Y B l ! I = Y W O R K I K K K + l - I )  

GO TO 80 
MULT(NROOTI=MULT~NROOT~tl 
NOMULT=NOMULT* l  
GO TO 1 2 5  
U X l = U X Z  
V X l = V X Z  
u x 2 = u x 3  
v x 2 = v x 3  
ux3=ux4 
v x 3 = v x 4  
U P X l = U P X 2  
V P X l = V P X Z  
UPX2=UPX3 
VPXZ=VPX3 
UPX3=UPX4 
v p x 3 = v p x 4  
ITER=ITERtl 
GO TO 5 0  
FORMATI///.lX.65HCOEFFlCIENTS OF D E F L A T E 0  POLYNOMIAL  FOR WHICH NO 

00 1 4 5  I = l . K K K  

C A L L  Q U A O ~ N W O R K ~ U 8 ~ V 8 ~ N R O O T ~ U R O O T ~ V R O O T ~  

1 ZEROS WERE. FOUND/ / ) 
1080 F O R M A T l / / / l X , 1 3 H R O O T S  OF G ( X J , ~ ~ X I Z ~ H I N I T I A L  A P P R O X I M A T I O N / / I  
1070 F O R M A T ( / / v 4 3 H  NO ZEROS WERE FOUND FOR POLYNOMIAL  NUMBER ,121 
1 0 8 6  F O R M A T ( ~ X I S H R O O T I I I ~ , ~ H )  = , 0 2 3 . 1 6 r 3 H  t 1 0 2 3 . 1 6 9 2 H  I s 1 9 X o 2 3 H S O L V E D  

1035 F O R M A T ~ ~ X , A Z , I Z I ~ H ~  r 0 2 3 r 1 6 r 3 H  + r D 2 3 e 1 6 p 2 H  I )  
1 0 8 5  F O R M A T ~ ~ X , ~ H R O O T ( D I ~ ~ ~ H I  * s 0 2 3 . 1 6 e 3 H  + 1023.16~2H C q 1 8 X p D 2 3 e 1 6 a 3 H  

1000 F O R M A T ~ 3 1 1 2 ~ 1 X ~ s 9 X p I 3 , 8 X o 3 o r 1 3 X e 2 ~ D 7 ~ O ~ l X ~ ~ I ~ ~  

1 BY D I R E C T  METHOD) 

1 + 1023 .16 ,ZH I )  

EN0 
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0001 

0 0 0 2  
0003 
0004 
0005 
0006 
0 0 0 7  
0 0 0 8  
0009 
00 10 
0011 
0 0 1 2  
0013 
0014 
0015 
0016 
0017 
00 18 
0019 

TABLE H.111 (Contbued) 

_I 

SUBROUTINE GENARP(APPRIAPPZINAPP,XSTART) 
c +********2+*+****+***2**+f*+**********~******~****~~~**~~*~*****~**~rt~**~~rt~~~ 
c *  rt 
C * SUBROUTINE GENAPP GENEPATES N I N I T I A L  A P P R O X l H A T I O N S r  WHERE N IS THE rt 
C * DEGREE OF THE O R I G I N A L  POLYNOMI4L .  * 
c *  8 
c * * * * * * * * 8 * * * * * 9 2 * * 9 * * * * * * * + , , 9 $ + * * * * * * ~ * * * ~ * $ 4 * * * ~ * * ~ * ~ * * ~ ~ * ~ ~ * ~ ~ r t * * ~ ~ * ~ ~ * ~ 8 ~ ~ ~  

DOUBLE P R E C I S I O N  A P P R , A P P ~ ~ X S T A R T I E P S I ~ E B S ~ ~ E P S ~ , B E T A  

0 I MENS I ON APPR I 2  5 9  3 )  v APP I I 2 5  9 3 )  
C0HMON E P S M , E P S I . E P S 2 r E P S 3 . 1 0 2 ~ ~ A X  

DOUBLE P R E C I S I O N  EPSM 

1FlXSTART.EQ.O.Ol XSTARTr0.5 
0 ETA 10.2 6 17994 
DO 10 I = I , N A P P  
A P P R I I  ,2 ) = X S T A R T * O C O S l B E T A )  
A P P 1 1 1 , 2 1 = X S T A R T * D S I N l ~ E T A ~  
B E  TA=BETA+O. 5 2 3 5 9 8 8  

10 XSTART=XSTART+0.5 
00 20 I = l q N A P P  
A P P R I I ~ 1 ) = 0 . 9 ~ A P P R l I , Z )  
A P P I I  I l ) = O e 9 * A P P I  I 1 8 2 )  
A P P R 1 1 v 3 ) = 1 ~ l * A P P R l I 1 2 )  

20 A P P 1 1 1 ~ 3 1 = 1 . 1 * A P P I I I v 2 ~  
RETURN 
END 
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TABLE H,IIL (Continued) 

0002 
0003 
0004 
0005 
0006 
0007 
0008 
0009 
00 10 
0011 
0012 
0013 
0014 
0015 
0016 
0017 

0019 
0020 
0 0 2 l  
0022 
0023 
0024 
0025 
0026 
0027 
0028 

o o i a  

0 0 2 9  

0030 

0031 

SElgROUTf&E 1 9 t T E * t 9 ( 2 R v X l l  ~ X Z R I X Z I ~ X ~ R ~ X ~ I I N A L T E R ~ I T I M E I  
c * 4 * + * 8 9 + * 9 * * * * * + * * * * * * * * * * + * * ~ * S * * * * * * * * * * * * * ~ * * * * * * * * * ~ * * * * ~ * ~ * ~ ~ * ~ ~ ~ ~ ~ ~ ~ ~ ~  

c *  4 
C * S U B R O U T I N E  A L T E R  A L T E R S  THE I N S T I A L  A P P R O X I M A T I O N S  WHICH PRODUCE NO Q 
C * CONVERGENCE TD A ZERO. T H I S  IS DONE A M A X I M U M  OF 5 T I M E S  FOR EACH ROOT. Q 

c *  a3 
c B * * * * + t + * * S * * * + * * Q * * * * * * ~ * * * S * S * * + * ~ ~ S + ~ * * ~ * * S * ~ * * ~ * * * * * * ~ * ~ ~ * * * * ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  

DOUBLE P R E C l S I O N  X ~ R ~ X L I ~ X Z R , X ~ I ~ X ~ R I X ~ I ~ E P S ~ ~ E P S ~ ~ E P S ~ ~ R ~ B E T A  

COMMON E P S H . E P S ~ , E P S Z I E P S ~ ~ I O ~ ~ M A X  
DOUBLE P R E C I S I O N  EPSM 

I F ( I T I M E . N E . O J  GO TO 5 
IT1 H E = l  
W R I T E (  102,1010) MAX 

W R I T E (  102,1000) X ~ R I X ~ ~ ~ X Z R ~ X ~ I I X ~ R I X ~ I  
5 IF(NALTER,EQ.OJ GO T O  10 

GO TO 20 
10 R = O S Q R T ( X 2 R + X 2 R ~ X 2 I + X 2 ~ ~  

BETA=OATAN2(  X21 s X 2 R )  
W R I T E (  102,1020) X l R p  X I I  9 X2R9 X21,  X3R v X 3 1  

20 N A L T E R = N A L T E R + l  
I F I N A L I E R . C T . 5 I  RETURN 
GO T O  (30~40,30140130 I t N A L T E R  

30 X2R-;-X2R 
x21=-x21 
GO Ta 50 

40 B E T A = B E T A + 1 . 0 4 7 1 9 7 6  
XZR=R*OCOS(BETAI  
X 2  I = R * O S I N ( 8 E T A )  

50  X1R=0.9*X2R 
X I  I = O a 9 * X 2 1  
X 3 R = l . l * X Z R  
X31=Lr 19x21 
RETURN 

1000 F O R M A T ( l X s 5 H X 1  = 1 0 2 3 e L 6 , 3 H  4 ,023. 
l A T I O N S / l X * 5 H X 2  = , D 2 3 ~ 1 6 , 3 H  * ,023. 

6n2H I s  OX,22HALTE6ED APPROXIW 
6 o 2 H  1 /1X ,5HX3 5 v D 2 3 r l b r 3 H  4 

2r023.l6,2H I / J  
1020 F O R M A T ( l H O p 5 H X l  = ,023.16e3H 9 r D 2 3 . 1 6 r 2 H  I r l O X p 2 2 H I N I T B A L  APPROXg 

~ M A T I O N S / I X I ~ H X ~  = r D 2 3 . 1 6 1 3 H  9 o D 2 3 . 1 6 r 2 H  I / l X , 5 H X 3  = o D 2 3 e 1 6 r 3 H  + 
2 .023.16.2H t / l  - - -  .. . 

1010 F O R N A T ( / / / 1 X ~ 5 4 k i N O  CONVERGENCE FOR THE F O L L O U I N G  A P P R O X I W A T I O N S  AF 
1 T E R  e 1 3 s 1 2 H  I T E R A T I O N S e / / J  

END 



TABLE HJII (ContintlRd) 

000 L 

0002 

0003 
0004 
0005 

0006 
0007 
OOOB 
0009 
0010 
0011 
OOL2 
0013 
00 14 
0015 
0016 
00 17 
0018 
0019 
0020 
0 0 2 1  
0022 
0 0 2 3  
0 0 2 4  
0025 
0 0 2 6  
Ob27 

0 0 2 8  
0029 
0030 
0 0 3 1  
0032 
0033 
0 0 3 4  
0 0 3 5  
0036 
0 0 5 7  
0038 
00 3 9  
0040 
ab41 

‘ ‘0042 

SUBROUTINE B E ~ T E R ~ U A ~ V A ~ N P ~ U R O O T ~ V R O O T ~ N R O O ~ ~ U R A P P I V R A P P ~ ~ R Q O T ~ M U L  
11) 

********************************r)l****I**I************~************+*9***lp**$ * IP * SUBROUTINE BETTER ATTEMPTS TO IMPkOIFE THE X C U R A C V  OF THE ZEROS FOWO 9 * B Y  USING THEM AS l N l T I A L  APPROXIMATIONS WITH WLLER’S METWOD A P P L I E D  TO * * THE FULL* UNOEFLATEO POLYNOSlALt.  lb * * 
********************+**********++*rC***************************+********89*~*8+~9 

W U B L E  P R E C l S f O N  U R O O T ~ V R ~ O T ~ U A ~ V A ~ U B I P P I V B A P P ~ U X ~ ~ V X ~ ~ U X Z ~ V X ~ ~ U X ~  
V P X l  ~ U P X Z I V P X ~ ~ U P X ~ ~ V P X ~ ~ U B ,  VBcUROOTSr V R Q O T S t E P S R T r U X I r V  1 r V X 3  ( U P X l  

2x4. URAPP r VRAPP ~ E P S O p E P S r U O I t V W r U H 3  tVH3 
OOUBLE P R E C I S I O N  EPSM 
LOGICAL CQNV 
OtMENSlON U R O O T ~ ~ ~ ~ ~ V R ~ O ~ ~ ~ ~ ~ ) ~ U A ~ ~ ~ ~ ~ V A I ~ L ~ ~ W ) A P P ~ ~ ~ ~ ~ ~ ~ V B A P P ~ ~ ~ I ~  
1 l r U ~ l 2 6 ~ ~ V B ~ 2 6 l r U R Q O T 3 ~ 2 5 ~ r V R O O T S ~ 2 5 ~ ~ U R A P P ~ 2 5 ~ 3 ~ ~ V R A P P ~ 2 5 r 3 ~ r M V L T  
3 I Z S l  

LO 

20 

COMAON E PSM t E P 5 p E P SO ,E PSRT r I 0 2  MAX 
1FtNROOT.LE.ll RETURN 
LOO 
DO 10 I f l r N R O d T  
UBAPPt I ~ l ) = U R O O T ( I I * E P S R T  
VBAPP(ttlltVROOf(fJ*EPSRT 
UBAPPt f r Z l * U R O O T {  1 )  
VBAPPl  I r t l l V R O O l (  I 
U B A P P ~ l r 3 ~ ~ U R O O T ~ l ~ * ~ 2 ~ O ~ E P S R T )  
V B A P P ( I t 3 ) ~ V R O O T ( I I * ( 2 . 0 - E P S R T ~  
00 100 J s l t N R O O T  
UX l *UBAPP 1 J 9 1 l 
V X l = V B A P P l  J ~ l t  
UXZ=UBAPP( J r 2 )  
VXZPVBAPPI J t Z i  
UX3nUBAPPt J r 3 i  
VX3=VBAPP( J r 3 i  

CAkL H O R N E R ( N P r U A r V A ~ U X l r V X I I U B r V B ~ U P X l e V P X 1 )  
C h L L  HORNERtNP rUA1VArUX2*VXZ,UBtVB,UPXZ r V P X 2  1 
CALL HORNER(NP,UAtVAtUX3tVX3rUBrVBrUPX3tVPX3J 
CALL C A C C ~ U X ~ ~ V X ~ ~ U X Z I V X ~ ~ U X ~ ~ V X ~ ~ U P X ~ ~ V P X ~ ~ U P X ~ P V P X ~ ~ U P X ~ ~ V P X ~ ~ U X  

I T E R = 1  

30 

3 3  

3 4  
35 

14 t VX4 , U 0 4 t  V 0 4  t UH 3 VH 3 1 
C h L l  TEST(UX3rVX3,UX4mVX4,CONVJ 

1Ft lTER.LT.NAX) GO TO 40 
W R I T E ~ I O 2 r 1 0 0 0 1  J t U R O O T I J ) , V R O O T l J ~ r M A X  
WRITE( 102,1010)  U X 4 r V X 4  
IFIJ.LT.fROOTl GO ‘10 33 

I F t C O N V )  GO TO 50 

~F(;,EQ.IROOTB GO TO 35 
GO TO 100 
KKK= SRDOT-1 
DO 3 4  K ~ J I K K K  
U R A P P ( K , l t r U R A P P ( K + l t l ~  
V R A P P I K , l b J V R A P P ( K + l * l b  
URAPPt K * Z i = U R A P P ( K t l t 2  b 
V R A P P 1 K , 2 ) l V R A P P ( K C l t ~ )  
U R A P P ( K t 3 1 P U R A P P ( K + l r 3 )  
V R I P P I  K r  3 J * V R A P P # K + l 1 3 )  
[ROOT= IROOT- 1 
GO TO 100 
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0046 
0 0 4 7  
0 0 4 8  
0049 
0 0 5 0  
0 0 5 1  
0 0 5 2  
0053 
0 0 5 4  
0 0 5 5  
0056 
0 0 5 7  
0 0 5 8  
0 0 5 9  
0060 
0061 
0 0 6 2  
0063 
0064 
0065 
0066 
0067 
0068  
0069 
0 0 7 0  

0071 

0 0 7 2  

40 

5 0  

100 

a 10 

1 2 0  

1000 

TABLE H. I11 (Continued) 

u x I = u x 2  
V X l = V X 2  
u x 2 = u x 3  
v x 2 = v x 3  
u x 3 = u x 4  
v x3= v x 4  
U P X l - . U P X 2  
VPX l = V P X 2  
u p x 2 = u p x  3 
v p x 2 = v p x 3  
I T E R = I T E R * 1  
GO TO 2 0  
L = L + l  
U R O O T S I L ) = U X 4  
V R O O T S l L ) = V X 4  
CONI  I N U E  
IF(L.EQ.0)  GO T O  120 

U R O O T I 1 ) = U R O O T S I I l  
VROOTt I I =VROOTS( I I 
NROOT=L 
RETURN 
NROOT=O 
RE TURN 

DO 110 I = l , L  

F O R M A T l / / / 4 Z H  I N  T H E  ATTEMPT TO INPROVE ACCURACY9 ROOVlr12,4H) e 
l D 2 3 . 1 6 9 3 H  4 9023.16,ZH 1/2W D I D  NOT CONVERGE AFTER r I 3 9 1 1 H  I T E R A T  

LO10 FORHAT(3OH THE PRESENT A P P R O X I M A T I O N  XS aD23.1613H * rD23.1692H I /  
Z I O N S )  

1 / )  
END 
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000 1 

0002 

0003 
0004 
0005 
0006 
0007 
0008 
0009 
O(J I0 
O U l l  
00 12 
0013 
0014 
00 15 
0016 
0017 
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(Oontslnued ) 

SUEROUT I N E  T E S T (  U X 3  s V X 3  pUX4r VX4,CONV) 
t**t**4*+t*+t6*t+t*bt**~*4**********~*+***4t***t*t*+*4****t49~********4*~*~* 
t 9 

* S U B R O U T I N E  T E S T  C H E C K S  FOR CONVERGENCE OF T H E  SEQUENCE O f  APPROY- * * I M A T I O Y S  BY T E S T I N G  THE E X P R E S S I O N  * * A B S O L U T E  V A L U E  O F  l X ~ N + 1 1 - X l N ) I / A B S O L U T E  V A L U E  OF X l N + l l a  . *  
* HHEN I T  I S  AS S M A L L  A S  D E S I K E D I  CONVERGENCE IS O B T A I N E D .  4 
8 le 
~+*8*+8***t**~*6*4+*****4****************~t***t****t**4le~9***+***~+*******9~ 

DOUBLE P R E C I S I O N  U X ~ ~ V X ~ ~ U X ~ ~ V X ~ I E P S R T . E P S O , E P S O ~ E P S I A A A * U O U M M Y , V D U M M Y ~  
l D E N f l M  

DOUBLE P R E C I S I O N  E P S M  
L O G I C A L  CONV 
COMMON E P S M , E P S I E P S O I E P S R T I I O Z ~ M A X  
UOUHNY=UX4-UX3 
VDUMMY=VX4-V%3 
AAA=DSQR T I UDUMMY*UOUHMY +VOUMMY*VDUHMY b 
DENOM=OSORT I U X 4 * U X 4 +  V X 4 * V X 4 1  
I F ( D E N U M . L T . E P S O 1  GO TO 20 
I F l A A A / O E N O M , L T , E P S l  GO T O  10 

5 CONV=.FALSE. 
GO TO 100 

10 CONV=. TRUE. 
G I )  TO 100 

20 I F l A A A . L T . E P S 0 )  GO TO 10 
GI) T O  5 

END 
100 RETURY 
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0 0 1 3  

S U B R O U T I N E  HORNER(NAIUA,VA~UX*VX.UB~VB~UPXIVPX~VPXI  c * * 0 t * C 1 * t * 4 0 + 9 4 + 0 * 4 * ~ * * * ~ t * * * * * ~ * * * * * ~ * * t * ~ 4 4 * * ~ * ~ 4 * * * * * * ~ * * * 4 9 * * 4 * * 4 * ~ ~ * ~ 4 4  

C *  le 
C * HORNEReS METHOD COMPUTES T H E  V A L U E  OF T H E  P O L Y N O M I A L  P I X I  A T  A P O I N T  0. * 
C 8 S Y N T l i E T I C  D I V I S I O N  I S  U S E 0  T O  D E F L A T E  T H E  P O L Y N O M I A L  B Y  D I V I D I N G  OUT T H E  * 
C * F A C T O R  4 X - 0 ) .  1 
C *  * 
c 88886~*++*++~*9489~**4~*~~4~**t****t********~*~9t***4***~4~***4**~9**+le**le** 

ooue.LE PRECISION U X , V X . U P X , V P X ~ U B ~ V B , U A ~ V A  , 
O I M E N S  I O N  U A ( 2 6 l  s V A l 2 6 l r U 8 ~ 2 6 l  P V B I  26) 
U B l I I = U A l l )  
Y B I l l = V A ( l l  
N U M = N A + l  
D O  10 I=2rNUH 
U B I  I I = U A l  I ) * I U B l  I - l t * U X - V B l I - l ) * V X l  

10 VBII I ~ V A l l ~ t l V B ~ I - 1 l * U X ~ U B o o V X )  
U P X =  UB ( N U M I  
V P X - V E I  NUM I 
R F T U R N  
END 


